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EECOEDS  OF  PEOCEEDINGS  AT  MEETINGS 


SESSION    NOVEMBER,  1904— JUNE,  1906. 

Thursday^  November  10th,  1904. 

Annual  Gbneral  Mbbtino. 

Prof.  H.  LAMB,  President,  in  the  Chair. 

Present  nineteen  members  and  two  visitors. 

Dr.  G.  H.  Hallett  was  elected  a  member. 

The  President  referred  to  the  losses  sustained  by  the  Society  by  the 
deaths  of  the  late  Prof.  Pirie  and  Mr.  B.  W.  H.  T.  Hudson. 

The  Treasurer  presented  his  Report*  On  the  motion  of  the  President, 
seconded  by  Prof.  Hill,  the  Report  was  received. 

Dr.  Leathem  was  appointed  Auditor. 

Prof.  Love,  as  Secretary,  reported  that  the  number  of  members  at  the 
beginning  of  the  previous  Session  was  260.  During  the  year  the  Society 
had  lost  4  members  by  death  and  1  by  resignation.  The  number  of  new 
members  elected  was  14.  The  number  of  members  at  the  beginning  of 
the  Session  was  269. 

In  connexion  with  the  election  of  a  Council  and  Officers  for  the  ensuing 
Session,  the  President  stated  that  Prof.  Bumside  was  retiring  from  the 
office  of  Honorary  Secretary.  He  expressed  the  appreciation  of  the  Society 
of  the  services  which  Prof.  Bumside  had  rendered  during  his  tenure  of  the 
office,  and  referred  to  the  advantage  which  had  accrued  to  the  Society 
through  having  had  Prof.  Burnside  as  a  Secretary. 

The  Council  and  Officers  for  the  ensuing  Session  were  elected.  The 
list  is  as  follows:  —  President,  Prof.  A.  R.  Forsyth;  Vice-Presidents, 
Prof.  W.  Burnside,  Prof.  E.  B.  Elliott,  Prof.  H.  Lamb ;  Treasurer,  Prof. 
J.  Larmor ;  Secretaries,  Prof.  A.  E.  H.  Love  and  Mr.  J.  H.  Grace ;  other 
members  of  the  Council,  Mr.  A.  Berry,  Mr.  J.  E.  Campbell,  Dr.  J.  W.  L. 
Glaisher,  Dr.  E.  W.  Hobson,  Major  P.  A.  MacMahon,  Mr.  G.  B.  Mathews, 
Mr.  A.  E.  Western,  Mr.  E.  T.  Whittaker,  Mr.  A.  Young. 

Prof.  Forsyth  having  taken  the  Chair,  the  retiring  President,  Prof. 


BrCOBBS   of   PR00BBDING8   AT  MBBTINGS*  V 

Lamb,  delivered  an  address  on  "  Deep- Water  Waves/'      The  Address 
was  ordered  to  be  printed  in  the  Proceedings  of  the  Society. 
The  following  papers  were  communicated : — 

*Note  on  the  Application  of  the  Method  of  Images  to  Problems 

of  Vibrations  :   Prof.  Volterra. 
*0n  the  Zeroes  of  certain  Glasses  of  Integral  Taylor's  Series  (two 

papers) :   Mr.  G.  H.  Hardy. 

•  ^^  ^^  ^^^ 

*The  Linear  Difference  Equation  of  the  First  Order :  Bev.  E.  W. 

Barnes. 
Bemarks  on  Alternants  and  Continuons  Groups  :   Dr.  H.  F.  Baker. 
^Expansions  of  the  Elliptic  and  Zeta  Functions  of  %K  in  powers 

of  q  :   Dr.  J.  W.  L.  Glaisher. 
^Examples  of  Perpetuants  :   Mr.  J.  E.  Wright. 
Two  Simple  Besults  in  the  Attraction  of  Uniform  Wires  obtained 
by  Quaternions,  with,  for  comparison,  their  Verification  by  the 
Geometry  of  the  Complex  :   Prof.  B.  W.  Genese. 
*0n  the  Beducibility  of  Covariants  of  Binary  Quantics  of  Infinite 

Order :  Mr.  P.  W.  Wood. 
A  Theorem  relating  to  Quotient  Groups :   Prof.  G.  A.  Miller, 
f  On  certain  Classes  of  Syzygies  :   Mr.  A.  Young. 


Thursday,  December  Sth^  1904. 

Prof.  A.  B.  FOBSYTH,  President,  in  the  Chair. 

Present  fifteen  members  and  a  visitor. 

Messrs.  H.  W.  Chapman,  I.  0.  Griffths,  L.  N.  G.  Filon  were  elected 
members. 

The  following  papers  were  communicated  : — 

*0n  a  Deficient  Multinomial  Expansion  :   Major  P.  A.  MacMahon. 
IThe  Application  of   Basic  Numbers  to  Bessel's  and    Legendre's 

Functions  (Second  Paper)  :   Bev.  F.  H.  Jackson. 
*0n  Groups  of  Order  p^  q^  (Second  Paper) :   Prof.  W.  Bumside. 
tOn  the  Failure  of   Convergence  of  Fourier's  Series :    Dr.  E.  W. 

Hobson. 
lAn  Extension  of  Borel's  Exponential   Method  of  Summation  of 
Divergent  Series  applied  to   Linear  Differential  Equations : 
Mr.  E.  Cunningham. 
On  the  Linear  Differential  Equation  of  the  Second  Order :    Prof. 
A.  C.  Dixon. 

^  Printed  in  Froettding*,  Ser.  2,  Vol.  2.  t  Printed  in  this  volume. 


Vi  BbCORDS   of   PR0GBBDIN08   AT   MBBTIN08. 

Thursday,  Jantuiry  12th,  1905. 
Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 
Present  seventeen  members  and  a  visitor. 
Mr.  0.  Glaaert  was  elected  a  member. 

Messrs.  J.  H.  Jeans  and  H.  W.  Chapman  were  admitted  into  the  Society. 
The  President  stated  that  the  Report  of  the  Auditor  had  been  received. 
On  the  motion  of  the  President,  seconded  by  the  Rev.  F.  H.  Jackson,  the 
Report  of  the  Treasurer  (presented  in  November)  and  the  Report  o{ 
the  Auditor  were  adopted,  and  the  thanks  of  the  Society  were  given  to 
the  Treasurer  and  Auditor. 

The  following  papers  were  communicated  : — 

Basic  Generalisations  of  well  known  Analytic  Functions :    Rev. 

F.  H.  Jackson. 
^Current  Flow  in  Rectangular  Conductors :  Mr.  H.  Fletcher  Moulton. 
*0n  the  Kinematics  and  Dynamics  of  a  Granular  Medium  in  Normal 

Piling  :   Mr.  J.  H.  Jeans. 
^Generational  Relations  for  the  Abstract  Group  simply  isomorphic 

with  the  Group  LF[2,  jp"]  :   Dr.  W.  H.  Bussey. 
*0n  Alternants  and  Continuous  Groups  :  Dr.  H.  F.  Baker. 
*A  Generalization  of  the  Legendre  Polynomial :  Mr.  H.  Bateman. 
*A  Class  of  Expansions  in  Oscillating  Functions  :  Prof.  A.  C.  Dixon. 
Isogonal  Transformation  and  the  Diameter  Transformation :   Mr. 
H.  L.  Trachtenberg. 


Thursday,  February  9th,  1905. 
Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 
Present  sixteen  members  and  a  visitor. 
Mr.  E.  Cunningham  was  elected  a  member. 
Dr.  L.  N.  G.  Filon  was  admitted  into  the  Society. 
The  President  referred  to  the  loss  sustained  by  the  Society  by  the 
death  of  Mr.  R.  Tucker,  who  was  Honorary  Secretary  for  thirty-five  years, 
and  moved  a  resolution  of  condolence  with  Mr.  Tucker's  surviving  relatives. 
This  was  seconded  by  Dr.  Glaisher  and  carried  unanimously. 
The  following  papers  were  communicated  : — 

*0n  the  General  Theory  of  Transfinite  Numbers  and  Order  Types  : 
Dr.  E.  W.  Hobson. 


«     ^n 


On  the  Function    2  ^ :   Mr.  G.  H.  Hardy. 

*  Printed  in  this  volume. 


BeOORDS   of   PBOCBBDINOS   at    MBBTIN08.  vii 

*0n  the  Beducibility  of  Govariants  of  Binary  Qnantdcs  of  Infinite 

Order.    Part  II. :   Mr.  P.  W.  Wood. 
*The  Maclaorin  Som-Formula  and  the  Asymptotic  Expansion  of 

Integral  Functions  of  Finite   Non-zero   Order:    Bev.  E.  W. 

Barnes.  

Thursday,  March  9th,  1905. 
Prof.  A.  B.  F0B8YTH,  President,  and,  temporarily,  Dr.  E.  W.  H0B80N, 

in  the  Chair. 
Present  eighteen  members  and  a  visitor. 

Dr.  W.  H.  Eccles  and  Mr.  J.  F.  Cameron  were  elected  members. 
Dr.  W.  H.  Eccles  and  Mr.  H.  Bateman  were  admitted  into  the  Society. 
A  cabinet  photograph  of  the  late  Mr.  Tncker  was  placed  in  the 
Society's  Album  by  Prof.  Hill. 

The  following  papers  were  communicated  :— 

*0n  the  Projection  of  two  Triangles  on  to  the  same  Triangle :  Prof. 

M.  J.  M.  Hill,  Dr.  L.  N.  G.  Filon,  and  Mr.  H.  W.  Chapman. 
"^The  Weddle  Quartic  Surface :  Mr.  H.  Bateman. 
*0n  the  Complete  Beduction  of  any  Transitive  Permutation  Group  ; 
and  on   the  Arithmetical  Nature  of  the  Coefficients  in  its 
Irreducible  Components  :  Prof.  W.  Bumside. 
*0n  the  Theory  of  the  Logarithmic  Potential:   Prof.  T.  J.  I 'A* 

Bromwich. 
"^Alternative  Expressions  for  Perpetuant  Types  :   Mr.  P.  W.  Wood. 
Prof.  Forsyth  made  an  informal  communication  : 
"  On  the  Theory  of  Geodesies." 


Thursday,  April  13th,  1905. 
Dr.  E.  W.  HOBSON  in  the  Chair. 
Present  nine  members  and  a  visitor. 
The  following  papers  were  communicated  : — 

*0n  Irreducible  Jacobians  of  Degree  Six :   Mr.  P.  W.  Wood. 
^Ordinary  Inner  Limiting   Sets  in  the  PlanlB  or  Higher   Space  : 

Dr.  W.  H.  Young. 
tNote  on  a  case  of  F{a,  )8,  y,  S,  e,  1) :  Bev.  F.  H.  Jackson. 
Informal  communications  were  made  as  follows : — 

f  Fermat's  Numbers  and  the  Converse  of  Fermat's  Theorem  :  Mr. 

A.  E.  Western. 
On  the  Strains  that  accompany  Bending :   Prof.  A.  E.  H.  Love. 

*  Printed  in  this  volume. 

t  Abttnoted  in  thie  yoltime  under  the  heading  "  Notes  and  Garreotions." 
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Thursday 9  May  11th,  1906. 

Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  eighteen  members  and  two  visitors. 

Mr.  W.  M.  Roberts  was  admitted  into  the  Society. 

The  following  papers  were  communicated : — 

*0n  the  Intersections  of  two  Conic  Sections :  Mr.  J.  A.  H.  Johnston. 
On  a  System  of  Conies  yielding  Operators  which  annihilate  a  Cubic, 
and  its  bearing  on  the  Reduction  of  the  Cubic  to  a  Sum  of 
Four  Cubes :  Mr.  H.  G.  Dawson. 
Informal  communications  were  made  as  follows  : — 

f  High  Pellian  Factorisations :  Lt.-Col.  A.'Cunningham. 
The  Stability  of  a  Loaded  Column  :  Prof.  A.  E.  H.  Love. 


Thursday,  June  8th,  1906. 

Prof.  A.  R.  FORSYTH,  President,  and,  temporarily.  Prof.  W. 
BURNSIDE,  Vice-President,  in  the  Chair. 

Present  eleven  members. 
Mr.  y.  Ramaswami  Aiyar  was  elected  a  member. 
The  President  announced  that  the  De  Morgan  Medal  for  1905  had 
been  awarded  to  Dr.  H.  F.  Baker  for  his  researches  in  Pure  Mathematics. 
The  following  papers  were  communicated  : — 

*0n  the  Conditions  of  Reducibility  of  any  Group  of  Linear  Sub- 
stitutions :  Prof.  W.  Bumside. 
*0n  Criteria  for  the  Finiteness  of  the  Order  of  a  Group  of  Linear 

Substitutions :  Prof.  W.  Bumside. 
tOn   a  Class  of  many-valued    Functional  defined   by  a  Definite 
Integral :  Mr.  G.  H.  Hardy. 
Informal  communications  were  made  as  follows : — 

The  First  Principles  of  Cauchy's  Theory  of  Functions  :  Mr.  G.  H. 

Hardy. 
Differential  Equations  whose  Integrals  are  expressible  by  Partial 
Quadratures  :  Prof.  A.  R.  Forsyth. 


*  Printed  in  this  Tolnme. 

t  Abstracted  in  this  Yolume  under  the  heading  **  Notes  and  Correctioiie." 

{  Printed  ih  this  Yolnme  with  the  title  *'  On  a  Glass  of  Analytic  Functions." 


LIBEART 


Presents. 


Bbtwbbn  January  and    October,  1905,   the  following  presents   were 
made  to  the  Library : — 

Vrom  the  Right  Hon.  Sir  James  Stirling : — 

G.  G.  J.  Jaoobi.>-*'  Ckwimmolte  Werke,"  7  toIs.,  and  Supplement ;  Berlin,  1881-1891. 
H.  Beeal.— '*  M^chanique  (Hndrale,"  7  voli. ;  Ftaie,  1878-1889. 

Tram  La  Sooi^  HoUandaiae  dee  Scienoea : — 

'*  (Euvres  Compl^tee  de  Ghristiaan  Hnygens,"  rol.  10 ;  Harlem,  1906. 

IVom  the  respeotiye  Authors  or  Publishers : — 

Anthony,  E. — "  Decimal  Coinage  and  the  Metric  System  "  ;  London,  1906. 

Dini,  U| — **  Stodii  solle  Equazioni  diff.  lineari." 

Eiepert,  L. — <*  Ghrondriss  der  Diff.-  u.  Litegral-Bedmung/'Teilz.,  lOeAoflage,  ed.  Dr.  H. 

Stegemann;  Hannover,  1905. 
Kiseljak,  M. — '*  Zahlentheorie  eines  speziellen  Systems  von  komplexen  Grossen**;  Bonn, 

1905. 
Lucas,  A.  Santos. — '*  Quelques  Hots  sur  Math^matiquea  en  Portugal." 
Picard,  E.— *<  Sur  le  D^reloppement  d' Analyse  "  ;  Paris,  1905. 
Zeuthen,  H.  G.~**  Th^or^me  de  Pythagore,"  and  "Gebranoh  u.  Misshrauoh  historischer 

Benennungen. " 

Breslauer  Naturforscher-Versammlung,  Verhandlungen,  1905. 

Hamburg:    Math.  Gtesellschaft,  Mittheilungen,  bd.  4,  heft  5,  1905. 

Indian  Engineering,  toI.  36,  noe.  26,  27,  1904 ;  vol.  37,  1905 ;  vol.  38,  nos.  1-12,  1906. 

La  Plata,  Buenos  Aires :  Demografia,  afios  1900,  1902. 

London :  Mathematical  Gazette,  vol.  3,  nos.  50-52,  1905. 

London  :  Educational  Times,  vol.  58,  nos.  526-530, 1905. 

London :  Educational  Times,  Math.  Questions  and  Solutions,  voL  7,  1905. 

Nautical  Almanac  for  1908  (presented  by  the  Admiralty). 

Paris:  L'Enseignement  Math.,  ann.  7,  nos.  1-5,  1905. 

Sad  Paulo,  Brazil:  <*  Revista  da  Soc.  Scientifica,"  no.  1,  1905. 

South  African  Association  for  the  Advancement  of  Science,  Report,  1904. 

Tokyo :  Mathematioo-PhyMical  Soc.,  Sugaku,  vol.  2,  nos.  13-20,  1905. 

Warsaw  :  Wiadomosci  Matem.,  tom  8,  zeszyt  4-6,  1904  ;  tom  9,  zeszyt  1,  2,  1905. 


Exchanges. 

Between  January  and  October,  1905,  the  following  exchanges  were 
received : — 

American  Journal  of  Mathematics,  voL  27,  nos.  1,  2,  3,  1905. 
American  Mathematical  Society,  Transactions,  vol.  6,  nos.  1,  2,  3,  1905. 
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American  Hatliematioal  Sooietj,  Bolletin,  toL  11,  nos.  4-10,  1905;  yoL  12,  no.  1,  1905. 
American  Philoflophical  Sooieiy,  Proceedings,  toI.  43,  no.   178,   1904  ;    toI.  44,  noe.  179,  180, 

1905. 
Amsterdam :  Nieaw  Arohiev,  deel  6,  stok  4,  1905  ;  deel  7,  atok  1,  1905. 
Amsterdam  :  Beme  Semestrielle,  tome  18,  pts.  1,  2,  1905. 
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ROBERT  TUCKER 

[For  this  noUoe  the  Gounoll  is  indebted  to  Plof.  M.  J.  M.  Hill.] 

It  was  with  a  deep  sense  of  responsibility  that  the  writer  of  this 
notice  undertook  the  task,  committed  to  him  by  the  Council  of  the 
London  Mathematical  Society.  The  Council  desired  that  an  adequate 
presentment  of  the  life  and  work  of  one  who  counted  for  so  much  in 
the  fortunes  of  the  Society  should  be  prepared  for  the  Proceedings. 
Without  the  kindly  co-operation  of  several  members  of  the  Society^ 
and  of  others  acquainted  with  the  work  of  our  late  honoured  Secretary^ 
no  approximation  to  the  desired  ideal  would  have  been  possible. 
Fortunately,  the  most  ready  help  has  been  rendered  by  those  to  whom 
the  writer  has  applied  for  imformation. 

Mr.  Tuokbr's  Life.* 

Robert  Tucker  was  bom  at  Walworth,  in  Surrey,  on  April  26th,  1882. 
His  immediate  forefathers  were  men  of  the  Isle  of  Wight  who  had 
probably  migrated  from  Devon  or  Dorset ;  and  his  near  kinsmen  were, 
for  the  most  part,  of  military  profession,  and  therein  did  good  service 
for  the  King.  His  father,  Robert  Tucker  (who  died  in  his  son's  early 
infancy),  was  in  the  Commissariat  branch  of  the  Army  during  the 
Peninsular  War.  His  mother,  Fanny  Tucker  (husband  and  wife  being 
second  cousins),  was  daughter  of  Richard  Tucker,  who  was  for  many 
years  in  His  Majesty's  Customs.  Uncles  on  both  sides  followed  careers 
of  equal  loyalty.  His  father's  brother,  Richard  Tucker,  served  also  in 
the  Commissariat  in  the  Peninsular  War,  and  afterwards  was  manciple 
at  the  Charterhouse. 

Robert  Tucker's  early  training  commenced  at  a  school  in  Newport. 
Later  on  he  was  transferred  to  the  "  Woodard  "  School  at  New  Shoreham, 
of  which  the  temporary  head  was  his  cousin,  Henry  Jacobs,  Michel  Fellow 
of  Queen's  College,  Oxford,  and  afterwards  Dean  of  Christchurch,  New 
Zealand. 


*  This  aooount  is  taken  in  Bubetanoe  from  an  artiole  in  the  Univertity  ColUge  MagasiM^  by 
one  of  Mr.  Tucker^s  former  pupils,  Mr.  (Geoffrey  T.  Bennett,  who  has  kindly  plaoed  the  artiole 
at  the  writer*B  dispoeal. 
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It  was  with  this  cousin's  assistance  and  advice  that  he  became  a 
candidate  for  a  sizarship  at  St.  John's  College,  Cambridge.  The  first 
attempt  was  unsaccessfol ;  but  a  second,  in  the  following  year,  was 
rewarded,  and  the  Johnian  freshman  entered  upon  his  University  career 
in  the  Michaelmas  term  of  1861. 

St.  John's  in  those  days  was,  doubtless,  not  greatly  different  from  the 
St.  John's  of  to-day  ;  yet,  at  least,  some  present  features  must  be 
counted  new,  and  some  few  old  ones  have  disappeared. 

The  EaglCf  the  faithful  chronicle  of  all  good  Johnians  since  1858, 
was  not  then  fledged.  In  the  matter  of  college  examinations,  the  viva 
voce  and  the  "  Seven  Devils  "  had  yet  to  disappear.  The  latter,  thus 
profanely  nick-named,  was  nothing  worse  than  an  examination  paper  in 
algebra,  consisting  of  seven  problem-puzzles  of  the  most  trying  de- 
scription, in  which  the  data  mostly  translated  themselves  into  simul- 
taneous equations  inun  appalling  number  of  unknowns.  The  mathematical 
"  vivas  "  must  have  been  truly  a  terror.  Imagine  being  asked  to  expand 
tan  X  in  series  to  the  first  few  terms  as  a  mental  exercise !  Such  is  one 
of  the  recollections  of  the  subject  of  this  notice,  nor  did  his  success 
stop  at  the  first  term  of  the  expansion.  How  many  of  us  would  get 
beyond  the  cheerful  x  with  which  we  should  promptly  start  ? 

The  reward  of  steady  work  did  not  fail :  three  years  later  he  was 
promoted  to  a  Foundation  Scholarship,  and  in  the  Tripos  list  of  1855 
he  came  out  thirty-fifth  Wrangler.  He  next  turned  his  attention  to 
Hebrew,  gaining  a  prize  for  his  effort,  and  afterwards  to  Moral  Science, 
in  which  he  was  beaten  only  by  his  friend  Leonard  Courtney,  second 
Wrangler  of  the  same  year,  and  afterwards  Member  of  Parliament  for 
Bodmin.  At  this  time  he  had  the  intention  of  undertaking  the  Voluntary 
Theological  Tripos,  which  was  soon  afterwards  abolished.  His  plans, 
however,  were  changed,  and  he  took  his  first  mastership  under  the  Bev. 
J.  B.  Pears,  of  Windlesham,  Bagshot,  who  was  the  Head  Master  of  a  pre- 
paratory school  for  Haileybury.  After  eighteen  months  spent  here,  there 
followed  a  short  period  of  mastership  at  a  private  school  (Mr.  John 
Ogle's)  in  St.  John's  Wood.  In  February,  1859,  he  took  his  M.A.,  and 
went  as  a  master  to  the  school  of  the  Bev.  J.  A.  Wall  at  Portarlington. 
Here  he  taught,  with  success,  for  five  years.  Among  the  pupils  he  recalled 
with  pride  the  name  of  W.  M.  J.  Morgan,  who  afterwards  took  a  brilliant 
degree  at  Trinity  College,  Dublin,  and  became  Head  Master  of  the  Boyal 
School,  Armagh.  In  1864  he  returned  to  the  Isle  of  Wight  for  a  year's 
rest.  After  this  he  took  a  mastership  at  Brighton  College,  where  he 
had  part  charge  of  the  Civil  and  Military  Department.  In  September, 
1865,   University  College   School  had  need  of  a  successor  to  the  late 
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George  Campbell  De  Morgan  as  Mathematical  Master.  The  Head  Master 
of  the  school,  Professor  Key,  inftaenced  chiefly  by  the  warm  support  of 
Mr.  Tucker's  candidature  by  Isaac  Todhunter,  appointed  him  to  the  post 
which  he  was  to  fill  so  well  until  July,  1899.  He  is  remembered 
with  respect  and  affection  by  all  those  pupils  who  had  the  good  fortune 
to  come  within  the  sphere  of  his  influence.  As  to  his  saccess  as  a 
teacher,  let  the  Tripos  lists  of  the  University  of  Cambridge  bear  evidence. 

In  the  year  1866  there  was  founded  the  London  Mathematical  Society, 
and  in  October  Mr.  Tucker  was  elected  a  member.  This  was  followed,  in 
November,  1867,  by  his  appointment  to  the  Honorary  Secretaryship  of 
the  Society,  which  office  he  held  until  1902,  and  to  his  work  therein 
a  special  section  of  this  notice  is  devoted  below. 

In  April,  1866,  he  married  Elizabeth  Byles,  the  only  daughter  of 
William  Byles,  of  Freshwater,  by  whom  he  had  three  daughters. 

In  1871  the  Association  for  the  Improvement  of  Geometrical  Teaching 
was  formed.  The  impulse  to  which  the  origin  of  this  Society  was  due 
^as  given  in  a  correspondence  in  Nature^  in  which  Mr.  Tucker  took  part ; 
and  its  success  was  in  no  small  measure  due  to  his  influence  and  geo- 
metrical enthusiasm.  This  Association  he  first  served  as  local  Secretary 
for  London,  and  subsequently  as  Honorary  Secretary  and  Vice-President. 

In  the  year  1896  he  was  elected  an  Honorary  Fellow  of  the  College 
of  Preceptors. 

To  his  duties  as  master  were  added,  for  a  long  period  of  years,  those 
of  examiner  at  South  E^nsington,  the  College  of  Preceptors,  and  the 
Scotch  Education  Department.  It  is  difficult  to  record  this  without 
a  groan.  How  much  of  the  energy  of  the  teaching  profession  is  expended 
upon  a  system  which  an  unenlightened  public  opinion  insists  upon 
demanding!  Will  the  members  of  that  profession  never  earn  a  living 
wage  for  their  professional  services  ?  Mr.  Tucker,  at  any  rate,  did  not. 
Though  he  resigned  his  mastership  after  a  period  of  service  and  at  an 
age  which  entitled  him  to  rest,  it  was  necessary  for  those  who  knew  the 
obligations  of  mathematical  science  to  his  unselfish  devotion  to  make 
an  application  to  the  Crown  for  a  Civil  List  pension.  In  this  application 
they  were  happily  successful — a  pension  of  £40  a  year  being  obtained  in 
the  year  1900.  Though  small  in  amount,  it  must  have  relieved  to 
some  extent  the  anxiety  which  weighed  upon  him. 

The  members  of  the  Society  will  learn  with  sorrow  that,  when  he 
left  London  for  Worthing  in  1902,  he  was  obliged  to  sell  his  fine  mathe- 
matical library,  and  that  the  necessity  of  parting  with  it  affected  him 
deeply.  He  died  at  Worthing  on  January  29th,  1905,  after  a  long 
period  of  illness. 


Robert  Tucker.  xv 

As  Secretary. 

The  first  meeting  of  the  Society  which  Mr.  Tucker  attended  was 
held  on  the  20th  November,  1865,  when  he  made  the  acquaintance  of 
the  then  President,  Augustus  de  Morgan,  of  Sylvester,  and  of  others 
who  have  made  valuable  contributions  to  mathematics.  On  the  death 
of  the  younger  De  Morgan  in  1867  he  succeeded  him  as  Secretary  to 
the  Society.  He  told  the  Society  that  from  this  latter  date,  until  he 
vacated  office  in  1902,  he  was  absent  from  only  three  meetings  of  the 
Society.  He  edited  the  Proceedings  from  No.  12  to  No.  766.  Comparing 
this  editorial  work  as  it  was  when  he  began  with  what  it  had  become 
when  he  laid  down  his  office,  we  may  note  that  Vols.  i.  and  n.  contain 
110  and  256  pages  respectively,  and  extend  over  four  years  (1866-9), 
whilst  Vol.  XXIX.  (1897-8)  contains  741  pages  and  extends  over  one 
Session  only.  Only  one  meeting  of  the  Society  failed  through  the 
absence  of  a  quorum  during  the  whole  period  of  his  tenure  of  office. 

It  is  impossible  to  estimate  the  value  and  the  extent  of  his  services 
to  the  Society,  especially  during  its  early  years.  No  one  was  so  anxious 
as  he  to  obtain  new  members  for  the  Society,  and  for  it  no  one  worked 
with  more  unselfish  devotion.  The  large  amount  of  time  which  he 
devoted  to  the  Minutes  of  the  Society,  to  the  editing  of  the  Proceedings, 
and  to  the  correspondence  with  authors  of  papers,  involved  great  personal 
sacrifice  to  one  so  ill-paid  for  his  professional  work.  To  his  unfailing 
promptness  and  courtesy  in  conducting  that  correspondence  is  largely 
due  the  successful  establishment  of  the  Society  upon  its  present  assured 
foundation. 

In  his  Presidential  Address  on  November  10th,  1898,  Prof.  Elliott 
said  of  Mr.  Tucker  :  '*  Nearly  all  the  papers  which  the  Society  has 
ever  received  have  caused  him  correspondence.  Sixteen  Presidents  have, 
like  myself,  found  their  office  free  from  anxiety  because  of  his  and 
his  colleagues'  assiduity.  There  has  been  no  limit  to  the  burdens  he 
would  willingly  take  upon  himself  in  his  absolutely  unselfish  devotion 
to  the  interests  of  the  Society.  Such  a  use  of  what  might  have  been 
the  leisure  of  half  a  life-time  has  put  mathematical  science  under  an 
obligation  for  which  no  gratitude  would  be  excessive.  May  he  long  be 
good  enough,  and  have  the  health  and  strength,  to  add  to  this  load  of 
obligation !  " 

His  tenure  of  office  was  unique.  In  most  cases  the  secretary  of  a 
scientific  society,  after  a  few  years  of  service,  passes  on  to  one  of  the 
higher  offices,  and  then  withdraws  gradually  from  active  co-operation 
in  its  work.  He  held  this  office  for  thirty-five  years  without  loss  or 
diminution  of  interest  in  its  work. 
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In  1902,  when  he  ceased  to  live  in  London,  he  resigned  the  office 
of  Secretary,  and  the  Society  nnanimonsly  passed,  on  the  18th  November, 
on  the  motion  of  the  President,  seconded  by  Dr.  Glaisher,  the  following 
resolution : — 

**  That  the  thanks  of  the  London  Mathematical  Society  be  offered  to 
Mr.  Robert  Tucker  for  the  eminent  services  which  he  has  rendered  to  the 
Society  during  the  thirty-five  years  in  which  he  has  held  the  office  of 
Honorary  Secretiftry." 

This  resolution  but  faintly  indicates  the  warmth  and  the  depth  of  the 
feeling  expressed  in  their  speeches  by  the  proposer  and  seconder  of  the 
resolution. 

On  the  8th  January,  1908,  a  testimonial  was  presented  to  Mr.  Tucker 
by  the  members  of  the  Society.  Li  returning  thanks  he  said  that  he  had 
served  under  nineteen  Presidents  of  the  Society,  of  whom  the  first  six  were 
gone,  and  three  later  ones  as  well,  and  he  concluded  with  these  words : — 

''  There  is  one  man  who  stands  out  as  a  brilliant  mathematician  and 
kind  friend — I  mean  W.  E.  Clifford.  He  and  H.  J.  S.  Smith  made  our 
meetings  delightful  to  look  back  upon.  To  the  former  I  was  glad  to  be 
able  to  render  such  service  as  it  was  in  my  power  to  show.  His  wish  that 
I  should  edit  his  papers  was  totally  unexpected,  and  would  have  been 
impossible  of  execution  had  it  not  been  for  the  promise  of  aid  from  others. 

"  The  resignation  of  the  Secretaryship  to  which  I  have  devoted  half 
my  life  will  at  first  exercise  a  depressing  effect  upon  me ;  but  the  rest 
I  shall  obtain,  and  the  knowledge  that  I  shall  have  acquired  that  my 
labouTB,  though  falling  short  of  what  they  might  have  been,  have  been 
valued,  wiU  cheer  me  m  my  retirement. 

**  And  now  I  conclude  with  a  quotation  which  I  used  in  my  preface  to 
Clifford's  papers :  '  If  I  have  done  well,  it  is  that  which  I  desired ;  but,  if 
slenderly  and  meanly,  it  is  that  which  I  could  attain  unto.' " 

His  Scientific  Work. 

From  1868  onwards  he  was  a  constant  contributor  to  the  mathematical 
columns  of  the  Editcational  Times.  His  memorial  and  biographical 
notices  of  Gauss,  Sylvester,  Chasles,  Spottiswoode,  and  Hirst  may  be 
found  in  Nature.  There  are  others  in  the  Academy ^  the  Saturday  Beview^ 
and  the  Journal  of  Education.  He  edited,  as  has  been  already  mentioned, 
the  late  Prof.  Clifford's  papers. 

His  own  contributions  to  mathematics,  a  list  of  which  is  given  at  the 
end  of  this  notice,  deal  with  the  Modern  Geometry  of  the  Triangle  and 
investigations  arising  out  of  this  subject.  Of  these  I  select  the  three 
which  attracted  most  attention  for  special  notice,  viz.,  the  investigations 
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dealing  with  the  Triplicate-Ratio  Circle,  the  gronp  of  circles  now  known  as 
Tucker  Circles,*  and  the  Harmonic  Quadrilateral. 

THE  TRrPLIGATE-BATIO  OR  FIRST  LEMOINE  GIBCLE.t 

If  through  the  insymmedian  point  of  a  triangle  parallelB  be  drawn  to  the  three  sides,  the  six 
points  in  which  they  meet  the  sides  wiU  be  oonojolic. 

This  oirole  was  first  disoorered  by  Lemoine  in  1873.  Ten  years  later  Mr.  Tucker  {Quartsrly 
Jommalf  Vol.  xiz.,  1883,  pp.  344-346),  unaware  of  M.  Lemoine*8  researches,  rediscovered  the 
ouole,  and  obtained  some  new  properties,  viz. : — 

OaUing  the  triangle  ABC,  the  insymmedian  point  K,  and  the  points  in  which  the  oirole 
meets  the  sides  2>,  1/;  E,  E\  F,  F*,  Mr.  Tucker  showed  that  the  triangles  out  off  from  ABC  by 
BF,  FL^  l/B  are  together  equal  to  the  triangle  DBF  or  UfFfF ;  that  the  following  six  angles 
axe  equal :  DFB,  BDC,  FBA,  DEC,  FI/B,  EFA. 

If  each  of  these  angles  be  denoted  by  «,  then 

lAFB^  LAEF  ^B-tC'-m, 
LBBF^  IBFI/  ^C-^A^m, 
I  CBD  -  I  CITE  -  A^B-u. 
The  foUowing  points  are  ooncyclic :— B,  C,.F,F;  C,  A,  F\  D;  A,  B,  IT,  E. 


A 


The  circle  is  caUed  the  Triplicate-Ratio  Circle  because  DiX,  BE,  FF'  are  proportional  to  the 
cubes  of  BCy  CA,  AB. 

THE  TUCKER  CIRCLES.  J 

If  two  triangles  ABC^  A^BiCi  be  similar  and  similarly  situated,  and  have  K  the  insymmedian 
point  for  centre  of  similitude,  then  the  six  points  D,  D',  E,  E,  F^  F'  in  which  the  sides  of  AiBiCx 
meet  the  sides  of  ABC  are  ooncyclic. 

The  circle  on  which  these  six  points  lie  is  called  a  Tucker  Circle.  Its  centre  is  at  the 
mid-point  T  of  the  straight  line  joining  the  circumcentres  0,  Oi  of  the  triangles  ABC  and 
A^B^Ci* 

•  For  Mr.  Tucker's  detailed  account  see  Vol.  xiv.  of  the  Proceedings  of  the  London  Mathe- 
matical Society,  pp.  316-319. 

t  Quarterlif  Journal  of  Fure  and  Applied  Mathetnatict,  Vol.  xix.,  1883,  pp.  342-348. 
I  Ibid.,  Vol.  zx.,  1884,  pp.  67-69. 
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The  irianglfls  FBS^  VfDf  aie  direotly  rimihir  to  ABC  and  oongnient  to  each  oUmt.  If 
VFy  FD^  DfB  be  prodaoed  to  meet  and  form  a  triangle  A^B^  C^,  tlien  T  is  tlie  inoentre  of  the 
triangle  A^B^Cf  and  the  radiua  of  the  indrole  is  half  the  sum  of  the  ndii  of  the  cironmoirdles  of 
ABC  and  AiB^Ci,  When  the  triangle  ^i^iC,  becomes  the  triangle  ABC  the  Tooker  oinle 
beoomee  the  einmrnoircle  of  ABC, 
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When  the  triangle  A^  B^  C^  rednoes  to  the  point  JT,  i.#.,  when  the  pazallelB  B^Ci^  C^i-^u  -^i^i 
to  the  sides  of  the  triangle  ABC  pass  Ihrongh  JT,  the  Tooker  oixde  LUfBEfFF  becomes  the 
tripHcate-ratio  or  first  Lonoine  circle. 


THE  HABMONIG  QUADRILATERAL.*  t 

The  first  systematic  stndj  of  harmonic  quadrilaterals  was  made  by  Hr.  Tooker.  In  his 
artide  '*  Some  Properties  of  a  Qaadrilateral  in  a  Circle  the  Rectangles  under  whose  opposite 
Bides  are  equal,"  read  to  the  London  Mathematical  Society  on  12th  February,  1885,  and  printed 
in  JUathematieal  Questiofu  from  th$  Bdueatumal  Time*,  Vol.  xijt.,  pp.  125-136,  1886,  he  states 
that  in  his  attempt  to  extend  the  properties  of  the  Brocard  points  and  circle  of  a  triangle  to  a 
quadrilateral,  he  was  brought  to  a  stand  at  tlie  outset  by  the  fact  that  tlie  equality  of  the  angles 
does  not  involye  the  similarity  of  the  fig^ures  for  figures  of  a  higher  order  than  the  triangle. 

*  Mathemntical  Questiont  from  the  Bducational  TimsM,  Vol.  zlit.,  1866,  pp.  125-135. 
t  This  account  is  due  to  Dr.  Mackay. 
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Limiting  his  oonsideratum  to  quadrilaterali  whioh  can  be  oirouiiiBoribed  by  a  oirole,  he  arriyed  at 
■everal  beaatifnl  resultB,  of  wbioh  the  most  important  are  the  following : — 

Let  ABCD  be  a  qnadrilateral  inBoribed  in  a  ciiole.  Let  its  diagonals  meet  at  Jf .  Suppose 
that  a  point  Pexists  snoh  that 

IFAB  -  LFBC^L^B  -  L  PDA. 

The  oondition  for  the  existence  of  snoh  a  point  is  that  the  rectangles  contained  bj  opposite  sides 
of  the  quadrilateral  must  be  equal. 

[It  was  pointed  out  bj  Ftof .  Neuberg  that  the  yertioes  of  a  quadrilateral  of  this  kind 
were  four  harmonic  points  on  the  droumference  of  the  oirde  ;  and  thej  are  now  generallj 
described  as  harmonic  quadrilaterals.] 

Mr.  Tucker  further  showed  that,  if  there  were  one  such  point  F  for  the  quadrilateral,  there 
would  be  another  point  P,  just  as  there  are  two  Brooard  points  for  any  triangle.  He  proyed 
further  that  the  four  points  in  which  PA  meets  PB^  FB  meets  PC^PC  meets  PD^  FD  meets  PA^ 
and  the  pdnts  P,  P'  lie  on  the  circumference  of  a  cirde  whose  diameter  is  OS^  where  0  is  the 
centre  of  the  circle  ABCD,  Next,  if  through  E  parallels  be  drawn  to  the  sides  of  the  quadri- 
lateral, these  parallels  will  meet  the  sides  in  eight  points  which  lie  on  a  cirde  concentric  with 
the  preyious  one. 

Lastly,  he  shows  that  the  symmedian  points  p|,  p^  of  ABD,  BCD  lie  on  ^(7;  the  symmedian 
points  «-|,  9^  of  ABC,  ADC  lie  on  BD ;  the  lines  0^,  Opf,  0«-|,  Oc^  are  the  diameters  of  the 
Brooaid  drdes  of  the  triangles  ABD,  BCD,  ABC,  ACD  rsspectiydy ;  the  centres  of  the  four 
Brooard  drdes  lie  two  and  two  on  straight  lines,  paraUd  to  AC,  BD ;  the  drdes  themsdyes 
intersect  two  and  two  on  the  diagonals  AC,  BD  at  their  mid-points,  that  is,  where  the  Brooaid 
drde  of  the  quadrilateral  meets  the  diagonals. 

Mr.  Tucker's  researches  were  taken  up  by  Messrs.  Neuberg  and  Tany,  Dr.  Oasey,  and  the 
Rey.  T.  G.  Simmons,  and  there  now  exists  a  tolerably  extendye  theory  of  hannonic  polygons. 
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34.  Qeometrioal  Notes,  Vol.  xn.,  1894,  pp.  61-54. 

36.  Two  Triplets  of  Ciroum-hyperbolas,  VoL  xn.,  1894,  pp.  69-76. 

36.  Three  Parabolas  connected  with  a  Plane  Triangle,  Vol.  xn.,  1894,  pp.  79-84. 

37.  Notes  on  an  Orthooentrio  Triangle,  Vol.  xn.,  1894,  pp.  118,  119. 
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41.  Some  Properties  of  a  Quadrilateral  in  a  Oirde  the  Rectangles  onder  whose  Oppo- 

site Sides  are  Eqaal.t 

In  addition  to  the  aboye  Hr.  Tucker  contributed  a  large  number  of  questions  to  the  Educa^ 
tiomU  Hmee, 


•  The  Tucker  cirdes. 

t  The  harmonic  quadrilateral. 


NOTES    AND    CORRECTIONS. 


Dr.  W.  H.  BusBfiT  sends  the  following  correction  of  his  paper  printed 
in  this  volame,  pp.  296-815  : — 

P.  312,  line  8, /or  «'  [A^BA^B  {A^^B  ...*' rtad  «'  [A^BA^BA^*{B  ... ." 

Mr.  P.  W.  Wood  sends  the  following  corrections  of  his  paper  printed 
in  this  volume,  pp.  816-888  : — 

P.  818.  In  the  expansion  of  ?« the  ooeffident  of  «[<^«,^  thonld  be  **  -1/'  instead  of  **  1"  ; 
and  the  coefficient  of  »y^J^^»\  should  be  **  -14,*'  instead  of  "  14." 

The  Rev.  F.  H.  Jackson  sends  the  following  abstract  of  his  paper 
**  Note  on  a  case  of  F{a,  13,  y,  S,  e,  1),"  communicated  at  the  April 
meeting :— 

In  connection  with  the  product  expressions  for  the  sum  of  the  series  of  cubes  of  the  binomial 
coefficients,  and  the  sum  of  the  series  ^(o,  a— 8+ 1,  a— c -l- 1»  8,  c,  1),  investigated  bj  Prof.  F. 
Morley  and  Plrof.  A.  G.  Dixon  in  the  ProeMding»,  Vol.  xxxiy.,  p.  897,  and  Vol.  zzzt.,  p.  284,  I 
think  that  the  following  binomial  form  analogous  to  Vandermonde*s  may  be  of  some  interest. 

If  W-(^-l)/to-l)    and    Wr-W[*-l]...[*-r+l], 

it  is  easy  to  establish 

^[*l[y]i-[2]W[y]W[y]  +  ^[*],[y], — [2]W[y][*+y-i]. 

and  similar  identities  corresponding  to  binomial  forms  for  m  -■  4,  6,  8.  I  have  verified  for 
M  -  2,  4,  6,  8 

in  which  the  index  (r)  of  the  ^-factor  of  the  general  term  on  the  left  is  ^  {3  (m— 2r)S~2  (m-  2r)}, 
and  fhown  that  for  n  an  even  integ^  in  general  the  ^t*") -factor  of  the  g^eral  term  must 
neoessarily  be  of  this  form  if  the  equation  (A)  is  to  be  valid.  Although  such  forms  are  easUy 
obtained,  it  is  not  easy  to  establish  them  in  their  generality.  Form  (A)  may  be  of  interest  be- 
cause, if  II  be  unrestricted  except  by  conditions  for  convergence,  it  contains 

^^^      *V    [2]!     /*      *••      (^'•  +  l)5t(WrJ(l-iii)* 
(cf.  Prof.  Morley's paper,  VoL  zzziv.),  S^{n)  being  a  certain  sigma-function  reducing,  in  case 
^  «  1,  to  sinnir. 

Mr.  Western  sends  the  following  statement  concerning  his  ''  Note 
on  Fermat's  Numbers  and  the  Converse  of  Fermat's  Theorem,"  com- 
municated at  the  April  meeting  : — 

The  note  contained  a  statement  that  the  author  had  calculated  the  residue  of  8^*^(mod2^<"-i- 1), 
and  had  thence  proved  that  2*>  -i- 1  is  not  a  prime  number.    Reference  should  be  made  to  Lucas, 
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Thiorie  dtt  Nbmbrei,  1. 1.,  p.  441.    The  oalonlatioii has  been  ouriad  out  simaltaneoiulj  uid 
pendently  by  Dr.  J.  C.  Morehoad    {BttUetin  Amer.    Math.  8dc,,    for  July,   1906,  Vol.  to.,' 
pp.  643-645),  and  the  two  calcolationt  have  been  found  to  agree  ezaotly.    The  oompoaition  of 
2** -I- 1  is  therefore  definitelj  established. 

Lt.-Gol.  Cunningham  sends  the  following  abstract  of  his  **  Note  on 
High  Pellian  Factorisations,"  commonicated  at  the  May  meeting ; — 

A  method  was  explained  for  oonatnioting  yery  large  factorisable  numbers  of  the  form 
iV  -■  jf*  -I- 1  (with  complete  resolution  into  prime  ftMStora)  from  the  Pellian  equation  y*—  D^  —  —  1 . 
Examples  were  giren,  ending  with  a  number  of  78  figures, 

^'-  (2«+  8  .2^V+ 1  -  (2«  +  1)(2«+ 1)«. 

The  resolution  of  the  factors  on  the  right-hand  side  has  been  given  by  Lucas. 
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Introduction, 

In  a  previous  paper  the  basic  exponential  function  Ep(x)  was  used  to 
obtain  a  generalized  form  of  Neumann's  addition  theorem  for  Bessel's 
function  Jq.  The  generalized  functions  /[»]  belong  to  the  class  commonly 
known  as  q  functions.  In  this  paper  the  function  Ep{x)  will  be  used  to 
obtain  various  relations  l)etweeu  the  generalized  forms  of  Bessel's  and 
Legendre*s  functions.     An  example  of  such  a  relation  is 

Ep(ircos0)  =  ;?-4;!  2  i-{2n+q-i] ^.(g, cos 0) '^^''%\^^''\ 
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which  reduces  when  j?  =  1  to 

a  result  due  to  Dr.  Hobson  ("  Bessel  Functions,**  Proc.  London  Math. 
S0C.9  Vol.  XXV.,  p.  69). 

A  variety  of  such  forms  will  be  obtained,  and  by  means  of  these 
theorems  the  following  series  of  generalized  Legendre  functions  will  be 
formed  and  its  summation  effected  for  all  values  of  n : — 


2(-lV 

r»0 


[rJlLw— rj!        ^      ^ 


This  series  and  another  of  similar  type  afford  remarkable  parallels  to  the 
binomial  form.  As  in  previous  papers,  [n] !  is  a  convenient  expression  for 
Tp{n+1)  and  |2n}!  =  [2]"r^(n+l)  while  [n]  =  (i?*-l)/(jp-l). 

The  function 


X      .      X 


2 


Ej,{x)  =  U  |H-x(p-l)i)-»-}  =  H-j^,  +  i^  +  ...    (|i>|>l); 


llft«l 


[1]!  ■  [2]! 


80  E,(:r^  =  U{l-Xp-**). 

\l P/  «„1 

This  infinite  product  expression  for  the  basic  exponential  enables  us  to 
connect  the  theory  of  the  functions  J^n^  and  P^n-]  with  the  q  theory  of 
theta  function  products.  In  previous  papers  it  was  found  that  on 
inverting  the  base  p  in  the  function  Jin]{x)  another  form  of  function 
/>*'3rrt]  ix)  was  obtained,  and  that  /[«]  3[m]  =  3w  «^C«»3  (P- 19^»  8®^^-  2,  Vol.  2). 
In  this  paper  a  very  simple  equation  is  found  to  connect  the  functions, 

which  leads  to  many  i*emarkable  identities,  and  opens  up  a  theory  for  a 

double  /  function,  denoted  J^^Jx).     The  function  E,,  will,  moreover,  be 
used  to  form  a  function 

3rni(2a-,cos0)  =  2  (-  D'  .  0  uL  1 .  P^'^  ^^s^  ^  CQs'  (^+^)  •  ■  -  cos^  (e+rww) 


00 


such  that        3\o\ (2.r.y.  cos  9)  =  '7[o]3[o]+2  2  (— ir /wSc*], 

in  which  the  arguments  of  the  functions  J  and  3  on  the  right  side  of  the 
equation  are  xh^^  and  y^e'^jp  respectively. 

In  the  section  of  the  paper  which  deals  with  tlieta  function  products 
reference  is  made  to  the  memoirs  on  q  products  and  series  by  Prof.  L.  J, 
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Rogers  ("  Certain  Infinite  Products/*  Proc.  London  Math,  Soc,  Vols, 
xxrv.,  XXV.).  Various  relations  are  obtained  between  the  coefficients 
denoted  by  Prof.  Rogers  AAO)^  Br(d)  and  the  functions  denoted  Jr.,-}  in 
this  and  previous  papers.     As  an  example, 

in  which  the  argument  of  J  is  xe~'^l{p—\)y  and  the  argument  of  3  "is 
xf'^lip^—p),  I  is  used  to  denote  the  generalized  Bessel  series  in  which 
all  the  terms  are  positive.  A  coefficient  analogous  to  Legendre's  is 
expressed  in  terms  of  Rogers'  coefficients  as 


r^^H 


A  series  of  novel  form  is  found  to  express  the  theta  function  product 


Jt  (l-2jy-^"co8e+jV'')  _  y  L     „ 
!ii(l+2xp^-cose+j:V"^)  ■"  ' 


,    . 1^^    cos^...cos (^4"^<«> — ^) 

"  ~  ^  ^  (2,''-i)(p*-i)...(p»''-i) 


/r-n 

X        2 

'r«0 


*"'*  |2n[! cos  6 . . .  cos  (fl+^ft> — «>) 


,f*— r» 


^         {2n— 2r}!  |2r}!  cos(d+^^— •<«>)•.. cos (d+^^— >'<«>)' 

The  properties  of  the  functions  ^r(d)>  i^rCd)  and  their  use  in  the 
investigation  of  theta  function  products  is  shown  in  the  papers  of 
Prof.  L.  J.  Rogers  (toe.  cii,).  Finally,  two  theorems  analogous  to  Neu- 
mann's theorems  for  the  expansion  of  arbitrary  functions  in  series  (1)  of 
Bessers  functions,  (2)  of  Legendre's  functions,  are  given. 

GO 

.    /(a:)  =  2a„/[n](^). 

0 

where  a.  =  ^\  0„  (0/(«  rf^ 

and  o,W=iMl{i__^^  +  ...|. 

The  expression  for  /(x)  in  a  series  of  P,  „-,  (x)  functions  gives 

I  hope  that  the  results  given  in  the  paper  may  be  of  interest  not 
merely  because  of  their  remarkable  likeness  to  well  known  results  in  the 
case  of  ordinary  functions,  but  because  they  link  the  functions  J^,  P»,  ... 

B   2 
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by  means  of  their  q  generalizations  with  the  q  theory  of  elliptic  functions. 
With  regard  to  the  expansions  of  arbitrary  functions  in  basic  (or  q)  series, 
it  seems  noteworthy  that  functions  not  involving  p  should  be  capable  of 
expression  in  terms  of  functions  involving  this  arbitrary  parameter. 

§1. 

It  will  be  well  to  collect  together  in  one  section  certain  subsidiary 
results  required  in  subsequent  work.  The  analysis  required  to  establish 
these  results  has  no  novelty  of  method,  and  if  given  at  length  would  be 
somewhat  tedious,  so  the  main  points  only  of  the  analysis  will  be  given. 
Some  of  these  results,  such  as  Lemma  II.,  Lemmas  lY.,  Y.,  have  a  certain 
interest  in  themselves  apart  from  the  work  which  is  based  upon  them. 

Lbmma  I.— 

2r]r2n+g-6] 


P       [21 


[2??+?— 2r— 4] 


+  p^'^r  [2r1[2r--2]         [2n+g--4][2n+g--10]        . 

L2J[4]       [2n+?-2r-4][2n+?-2r-6]      •"' 


the  p  prefix  of  the  general  term  being  p-C'+o-^^^  («  =  i,  2,  8,  ...).  The 
sum  of  this  series  to  (r+1)  terms  is  zero.  In  general  the  series  can  easily 
be  summed  term  by  term ;  the  sum  of  s  terms  is  always  a  factor  of  the 
(s+l)-th  term  :  for  example,  the  sum  of  the  first  three  terms  is 


^6-4. 


2r--2][2r-4][2n+y4][2n+g-6' 
|2J  [4J  [2n+?  -  2r- 4J  [2n+g  -  2r-  6' 


In  case  r  is  a  positive  integer,  the  sum  to  (r+ 1)  terms  is  zero,  owing 
to  the  appearance  of  a  zero  factor  in  the  numerator  of  the  product  which 
represents  the  sum  of  the  series. 

Lemma  II. — 

X*     _  J.     ,  [2n+4]  r         . 

+i>'<-)[2n+4,]  l^n±2s^^^^^  ,^^^^^^ 

There  is  no  difficulty,  on  taking  out  the  terms  involving  aj*"^^,  in 
showing  that  the  sum  of  the  coefficients  of  a?"**"*^  vanishes,  «*  arises  only 
from /[n],  and  its  coefficient  is  l/{2n}!  The  convergence,  <fec.,  of  this 
series  is  discussed  in  a  note  at  the  end  of  the  paper.  A  similar  series  for 
3  functions  is  there  given. 
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Lemma  III. — 

P,.,,.)=p..-->z,-wr.-iT^.|..-^+.i 

It  has  been  shown  in  a  preceding  paper^  Ser.  %  Vol.  2,  p.  215,  that 

f„,.,=.,.r»ir|-^yr»-^+ii(^-g)(,._^...(,„-,_e^). 

(IS) 
Invert  the  base  p  in  this  theorem  ;  then 

P(;n](x)     becomes    i)-*J^*<*-^»-*'Pw(irp") 

and  the  expression  on  the  right  side  of  (/9)  becomes 

On  replacing  x  by  xp'^  we  have  the  theorem  as  stated  in  (a). 
Lemma  IV. — 


X* 


+?'r°'+''-*iy''-'''if.-,+...].  (r) 


[2]  [4] 

The  j)  prefix  of  the  general  term  of  the  series  within  the  large  brackets 
is  p^^,  and 


p«(„.)=i(-«y-^5i^±^^|j=litj-r 


»-2r 


Comparing  P[*](g,  m)  with  the  function  denoted  PniPf  fJi)  by  Dr.  Hobson 
(see  Proc.  London  Math.  Soc,  Vol.  xxv.,  p.  57),  it  is  seen  that  when 
the  basei?  is  unity  the  function  P[ii](9)  fi)  reduces  to  Pnip*  m)*  allowing 
for  the  use  of  ;  in  place  of  Hobson's  parameter  p,  since  p  is  already 
appropriated  to  denote  the  base  of  the  functions.  In  series  (y),  if  we 
expand  the  P  functions  and  arrange  according  to  powers  of  /li,  it  is  plain 
that  M*  arises  only  from  P^n-]  and  that  the  term  involving  it  is  fi'^Hn] !, 
and  the  coefficients  of  the  terms  involving  /li^~^  form  the  series 

y^,r  j2n+a-2r-4l!  i         o,^,     [r][2n+g--6]       ,       ) 

^       ^^        |2n+g-4[!i2rl![M-2r]!  I       ^       [2][2n+g-2r-4]^"*l  * 

which  is  identically  zero  by  Lemma  I.,  and  so  the  required  result  (y)  is 
established. 
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Lemma  V. — 


^[2n+Y-gi^[^2n+g-10]^^_^^^^^^^      I 


(Si 


^  (a  u)=   Y  (     1)V^-"      {a*t+g-2r-4}!  _,, 


r-0 


Series  (^  differs  from  the  analogous  series  in  Lemma  lY.,  in  that 
there  are  no  p  prefixes  to  the  terms  of  the  series.  This  lemma  may  be 
established  on  just  the  same  lines  as  Lemma  lY.,  and  depends  on  the 
identity  given  in  Lemma  I.     \Ye  notice  that 

In  case  9  =  8,  Lemma  lY.  reduces  to  a  result  given  in  a  previous  paper 
[(74),  page  217,  Ser.  2,  Vol.  2].  The  double  forms  of  these  theorems  afford 
examples  of  the  double  forms  of  all  (q)  function  series  and  products. 
This  duality  of  form  ib  necessary  to  give  convergent  series,  as  the  base 
I  p  I  >  1  or  <  1. 

§2. 

Form  the  product 

in  which  Aq,  Ai,  ...  are  ji>  functions  of  d,  vis., 

J    _  ,     1  ,„  (/-/cos^euy --/ cos'a...  (/*+*-«*»-« cos^ 6) 
^"  "  ^""^^    [2}»[4?...  M * 

The  series  S^n^^**  and  -E?p(rcoBfl)  are  absolutely  convergent  if  |i>|  >  1. 
The  coefficient  of  r*  in  the  product  is  therefore 

1     v,,,.g[n][n--l].     [n-2r+l](;>«--l)«cos^g)...(p'-^^ 
[n] !  ^ ^«  ^         [27[47...[2r7  cos^'^d 

and  this  series,  by  Lemma  III.,  is  ^-y-  P^^^  (cos  d) ;   so  that  we  write 


^  A.A 


E,(r  COS  6)  B{r,  6)  =   2   Xr-.  P[«](co8e), 
in  which 


5(r  6)=   i  ,     i)n  ip'-p'  COB*  0)  ■  ■  -y -^-p^-^  cob'  6)   >. 
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reducing  when  p  =  1  to 

e"^*J.(r  sin  6)  =  2^  Ph  (cos  6). 

In  a  similar  way,  forming  the  product  £?p-i(r  co8d)J8(r,  0),  viz., 

£?y.i(rcose){flo+*r'^+*9^*+---}. 

Y  COS  Q         I   COS  Q 
in  which  ■gp-i(rcoBg)  =  1+    ..  -.,    +jM     rj^, — I----. 

a    _.     ,.n (p'-coB'e)(p»-co8*e) ... (?>"'^'-coa''e)  ...2. 
*"-^~^^^ [2]*[4>...[2»T ^     • 

we  find  that  the  coefficient  of  r"  in  the  resulting  series  is 

1    «*[»(-»] 2 cos"  «  Mfn-n  ■■.[«- 2r+ll 
jnj!^  ^^  [2J'[4J' ...  [2r7 

V  (jj"— cos' 6)  ...  (p"'-''— co8'6)    j,^+,._,„ 

COS       (7 

This,  by  (a).  Lemma  III.,  is  ?=-y^  PrHj(coB0). 
We  write  the  theorems 


E^  (r  cos  0)  jB(r,  fl)  =  2  X,  P^  (cos  «), 


£;.  .  (r  cos  9)  » (r,  (9)  =  2  =2^  P^^^^j  (cos  6). 


(1) 


Since    Ep(r  qoh 6)  Eip(^reoQd)  =  1    and  the  JB  functions  involve  only 
even  powers  of  r,  it  follows  that 

B(r,  0)«(r.  fl) 

(cf.  Proc.  Londofi  Math.  Soc,  Vol.  xxv.,  p.  66). 

Again,  since  for  the  E  function  Ep(a)Ej,-i{—a)  =  1,  we  can  write 


X 


£?^.,(-r  cosd)  2  f^  P[n](cos0)  =  jB(r,  6).  (2) 

This  gives  us  a  new  form  of  B  (r,  0)  expressed  in  a  series  of  ascending 
powers  of  r.      The  coefficient  of  r^  in  the  expression   on   the  left  side 
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of  (2)  is 


CT!  [^W-  [^  COB  aP[,-„+p  W [>.| ,   ^3  C08«  e  f  [.-,3 


-...(-  1)»|)K"<*~'"  008"  0P[ol]. 


(8) 


The  coefficients  of  the  series  within  the  large  brackets  follow  the  binomial 
form 

{Proc.  London  Math.  Soc,  Ser.  2,  Vol.  2,  p.  198). 

Now  B{r,  d)  is  an  even  function  of  r  ;  so  that  when  n  is  an  odd 
integer  it  necessarily  follows  that  the  expression  (8)  is  identically  zero. 
In  case  7i  is  an  even  integer  we  obtain,  by  equating  coefficients  of  r^  and 
replacing  cos  6  by  x, 


[SH  [fc..,-l^»i'c..-.=+pB=^Fa  x-P..-.:-...] 


Similarly,  from  the  second  expression  of  (1)  we  obtain  that,  if  n  be  odd, 

f  M-  ^  a^f  c^-.i+  M[^-^3  x'Pt,-,]-...  =  0. 


and  for  2;i  (even  integer) 


^r««l  —  T7n    icPr>,i-n  + 


r2nir^»-i] 


[2]! 


»  Pr4«-«i— ... 


[i»-S] 


=  [2»] ! 


(3?~p^  (.x'-p^) 


■)  {.ar—p-) 


.  L2nT'  ^        •     ^®^ 


These  theorems  are  easily  verified  for  integral  values  of  n,  and  suggest 
interesting  extensions  in  case  n  be  not  integral. 

In  (5),  if  we  take  out  the  terms  involving  x'^'*"^'  from  the  left  side, 
the  coefficient  of  x^'^  is  found  to  be 


P 


r(*"+2) 


[4n— 2r 


{2r}!|4n-2rl! 


;2n— 2r]! 


V  ^      [2n]     [2n-2?-]      .   [2n][27t-l]      [2;f-2r][2n->2r-l] 
I         [1]   [4n-2r-l]'^         [2]!  [4n - 2r- 1] [4n - 2r - 3] 


.  • .  r  • 


The  sum  of  the  Heineaii  series  within  the  large  brackets  is  easily  found 
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to  be  for  all  values  of  n 


[2n]!{2n— 2r-l!f 
t2»;!  ;4n-2/— 1'!' 


and  the  coefficient  of  x''"'*'  may  be  written 


,r(r+t)   [.^y- 

|2n 


I!  |2n}! 

t?  i2«-2r}! 


{27[T- 


(6) 


Now 


x*»  L 

ITS* 


may  be  expanded  without  difficulty  (cf.  Proc.  London  Math.  Soc,  Ser.  2, 
Vol.  1,  p.  78)  as 

%•  [2n][2n-2]  ...  [2n-2r+2]    ,(.^2)^2»-2r 
r = 0  [2][4]  ...  [2r]  ^ 

On  comparing  this  with  (6),  viz.,  the  coefficient  of  x^"^"^  obtained  from 

Pf^]  — W-JxP[.2«-i]  +  ...,    we  are  justified  in  writing   generally  for  all 

values  of  2n,  except  positive  odd  integral  values, 


;2n]!*.=->  (x«-^''«+»)(x«-p*«+*)  ...  (a^-j)*"*"'**) 
A  similar  theorem  may  be  obtained  as  a  general  expression  of 

l(ijV-^»)  ...  (i)*»->a;«-/>»»+').      (8) 


{2n 


A  result  which  is  easily  derived  from  (1)  is 


(,      2(1+ 


=  1+  2  (-1)» 


\  L4J !  ) 


P      -lMp  p      .  [2n][2n-l]  „  „      , 


PJ! 


reducing,  in  case  p  =^  1,  to 


■'■^f'"^)  [2nfT'     ^*^ 


cos(2rcosa)J2('-8ine)  =  1+  S,  (-1)"  '2P«„+2  ^*  P,,._,P^+...J.  ^. 


,«  ( 


n  =  l 
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§8. 
Writing  (Lemma  Y.) 


*"^*''^'       [n]!{g-4}!r       [2][an+g-4]  '^ 


I  .    uir«-i]rn-2irn-8i       ,     1 

^  [2M[2»i+V-4][a;t+gl6]'*      +-r 
consider  the  series 


nsO 

The  coefBcient  of  r*  in  this  series  is 


_itiii^^j^„,rt+B»+^,..,„.„,+...l. 

and  this,  by  Lemma  V.,  is  equal    to  m^/L^]!  ;    so  that  we  are  able  to 
write,  subject  to  the  absolute  convergence  of  the  series, 

{,_4}|  £  l^+i-^1  Ir,^t,-i](r)g,(g.  eo8^ 


1  J  rcosd  ,  r*cos*d  ,  ^  ,         m      /i/x\ 

[l]\    "^     [21!     "^••*  =^p(r cos d).     (10) 


Replacing  r  by  tr, 


ig-4M  Zf^^^''j;;,g,   ^J  J[n^i,.i](r)gn(g,cose)  =  £p(ir cosfl).       (11) 
By  means  of  Lemma  lY.  we  may  show  in  the  same  way  that 
{q-4]\  i  t>-^- ^^"'t.^r^-*  Ji.^^,-iAr)Pin^iq,cose)  =  £p(i7y-*co8e)  (12) 

n  =  0  ^ 

and  again  from  these  theorems,  by  inversion  of  the  base  p, 

l?-4}!  i  i^i^^^te=^l>^^*^»*^'*-^>^3[n^j,-ij(r)»;(j,cose)  =  £p-,(ircose), 

(13) 

{9-4}!  i  t'y"^^^^i^i'*f"<"-'» J[..i.-.]('-)i'w(?.«>8e) 

=  JSp-i(i/-^*co8  0},     (14) 
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in  which  Pin-^  and  ¥„  are  defined  as  in  Lemmas  IV.  and  V.,  while  we  define 

The  four  forms  (11),  (12),  (18),  (14)  reduce  to  Dr.  Hobson's  result  if 
the  base  p  be  made  unity.  When  the  parameter  q  =  S  the  functions  P 
reduce  to  the  basic  generalizations  of  Legendre's  function. 


§4. 
It  can  be  shown  without  difficulty  that 

In  a  previous  paper  it  has  been  shown  (p.  198,  Ser.  2,  Vol.  2)  that 


^"([f])^'''!- w)  =  ^+[T]<^-^"^+[lTw^'-'-')<^-^**"'>+- 


Replacing  t  by  e**,  p  by  «**,  we  can  write 


^nr^i  .-.  .11^8 


=  1+  fjT?  2  sin  6+  FTTfTn  4P  sin  d  sin  (d+w)  + . . . 


+  TTtV.  1>*^*^*-^>^  2*  sin  e  sin  («+«) ...  sin  (d+nw-o)).    (16a) 
Similarly 


(_^^ 


'S'r  =  1+  f§i  2  sin  e+  r^^  4p  sin  6  sin  (0-«))+... 


+  nrrrl'"'"""'^-  2"  sin  0  sin  (0-w) ...  sin  (e-n«+a»).    (16/8) 
-J  2w  [ ! 

Take  the  product  of  these  series  ;  then,  by  result  (8),  p.  196,  Ser.  2,  Vol.  2, 
we  obtain  ^^ 

2^Vcn](X) 


—  00 


TZ =  l+CiX+c,X''+..., 

2rVM(X) 
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in  which 

en  =  -^n^'-***"'"  Mn  ^  «n  (d+») .-  Bin  (0+fi«-«) 

X  i  T  „M-~  lg»l '  Bine... Bio (g-r«+»)         )     ,- _  . 

1,-0^        {2rf!{an-2r}!  Bin  (e+««-») ...  Bin  (O+nw-rw)) "   ^     '^' 

The  product  of  the  E  functions,  besides  being  expressed  in  series  of 
J[»]  functions,  may  be  expressed  in  theta  function  product  form :  for 

On  replacing  X  by  ixl{l—p)  we  obtain 


(16) 


80  that  the  product  of  (16a)  and  (16)8)  gives  us,  if  |p  |  >  1, 

^  (l-2gp-«"8ine+a^l?-^)  _  -^    . 
Jf  1  (l+2ay-»-8ine+a:^-^  ""  .to'**''  ' 

_/     ^XH    8ine...sin(g+n«— tt>)    f  ;^  ^^,n,  {2n}! 

^'^""^     "  (p*-l)(y~l)...(p^-l)iio^        i2rf!r2n~2r}! 

X  sine...sin(g+tt)— ro))  |    i(n«-.H) 

sin  (d+wo)— «) ...  sin  (d+w«— ra))l  ^ 

Similarly, 

f:  (l-2ay'»'^cose+j)'^g^  =  T  *  ^» 

,    _  /     ^xnCQ8^"-cos(0+ym)— tt>)  (^    ,4,yn  {2n[! 

^*""^     ^^       (p«-l)...(p«*-l)     r^         {2r}!|2n-2r[! 

X  cosg...co8(g+ct)— rtt>)  I    !(»«_«) 

COB  (5+710)— ft))...  C08(d+Wc«)—rct)))  ^ 

Since 
^;^(^^^iy(^^)  =  H-^2co86+Pj^2»co80co8(e+«)+... 

^.„j[«(-i)]  ^^  2"  COS  6 . . .  cos  [e+ («  - 1) «]+ . . .    (18) 


(17) 
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and 

J?  (     ^*"'^  I?     /     ^~^\ 

=  l-™^2eo8  0+i>jS7^2»co8dco8(e+a.)+...,   (19) 
also  we  know  that 

(20) 

^"''([iii)^"''("rfn) 

=  3ra(^)+i.(«-.-')3m(^)+y(*»+'c-*)3M(^J+....   (2i) 

On  taking  the  product  of  (20)  and  (21)  we  find 
{j[o](Xe^+  i  [*"+(--c)"]7w(X«")l 

=  3[o](2X,  cos  e)+2i)»'[/c^'+(-^)-'*]3[n](2X,  cos  &),  (22) 

in  which  c7'[n](AO  and  3[«]  (X«"**/p)   ai'e  the  generalizations  of  BessePs 
function  defined  p.  196,  Ser.  2,  Vol.  2,  but 

3r.i(2X,cose)  =  2(-.ir  fo  ),  ^o    «  o  ,,j>^^^'*^^^co8gco8(e+co)... 

X  cos  [d+(M+r— Do)]  cos  e  cos  (0+ct)) ...  cos  [d+(^-—  !)<«)].   (23) 

In  case  j)  =  1,  this  function  reduces  immediately  to  t7H(2X  cos  6), 

By  equating  coefficients  in  (22)  we  obtain  interesting  forms  of  quasi- 
addition  theorems.    For  example,  from  the  terms  independent  of  k  we  find 

•^[o]3[o]+22(-l)VVcn]3[n]  =  3[o](2X,  cos  6), 
in  which 

3[o](2X,cose)  =  i(-l)^Tzr^^S-ril>'^cos»^cos»(e+co)...cos«[e+(r-l)a>], 

(24) 

the  arguments  of  the  functions  J  and  3  on  the  left  side  of  (24)  being  \e^^  and 
Xe'^^lp  respectively.    By  similar  reasoning  we  may  show  that  more  generally 

3w(2xy,  cos  6)  =  /[o](xV^3^o](y';)-'^-")+22(-l)'»i)«Vcn]3[*].     (24a) 

and  other  theorems  of  similar  kind  may  be  obtained  by  equating  co- 
efficients of  k""  in  (22). 
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§5. 
1 


(26) 


The  expansion  ^j_^__^-j-^j^  =  J^a:-P.(?.co8  0) 

is  well  known  (cf.  Proc.  London  Math.  Soc,  Vol.  xxv.,  p.  57),  and  the 
properties  of  the  coefficients  Pm(9,  cosd)  have  been  investigated  by  Dr. 
Hobson.  It  may  be  of  interest  to  form  the  basic  coefficient  analogous  to 
Pniq,  cos  6)  and  connect  it  by  means  of  the  E  function  with  other  general- 
izations of  Pn  and  Jn-     Take  the  basic  analogue  of  the  binomial  theorem 

-     (1  ^p^x)    _        ^  W  :c  4  >j8  [n]  [n- 1]   o 


;=i(i-p*^-j-)       ^[1] 


w 


and  let  us  apply  this  to  obtain  the  anjilogae  of  (25).     Changing  p  into  p*, 
and  making  7j  =  1  —  ^q,  we  find 

-      a-p'^xe'*)     _        ■■a[2-<y]^  .  „»[2-(7ir-g1   ,  o^  „-. 

In  the  usual  way,  by  taking  the  product  of  two  such  series,  we  find 

TT         (l-2p*'-gcose+a;V0         -  i4.v/_ t^»;,»«(4-«)»p,  ,(„  „„afl\    {vn 

in  which 

p„(?,  cos  6) = [?-^][?]^-i:?+^^-^i 

X  {2cosnfl+^.j?-_^1W^2coB(n-2)e+...}.  (28) 

The  infinite  products 

TT  \ =  1  -I-  y    ^T^       T 

r^o  (1  -  ^xp"-  COS  e+a:"!?**)         ^     (l-pO!     ' 

fl  (l+2a^'*+'cose+a-V*+-^)  =  i  +  S-j^M^^r 

r^O  (1— pO! 

have  been  discussed  by   Prof.  L.  J.  Rogers  (Proc.  Londmi  Math.  Soc, 
Vols.  XXIV.,  XXV.).     In  tlie  notation  of  Rogers'  papers  we  have 

=  H-2(-l)»a;V*"''"^'^»l(9.cosd).   (29) 
Equating  coefficients  of  x",  we  see  that 

;,-->'P,:.„,cose)  =  aj^'i^-^^2r}fi2;-2.|!^'^""-      ^'"^ 
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The  discussion  of  this  for  general  values  of  n  would  be  interesting,  but  is 
not  attempted  here. 

The  properties  of  the  coefficients  Ar,  Br  are  discussed  by  Prof.  L.  J. 
Rogers  (loc.  cit.).  Some  interesting  relations  may  he  found  between  the 
coefficients  Jp*]  a^d  -4».     We  have 

_  \^  ,    Kxe^   .         K^x^e^'^        .       »  1^  I  Kxe~*^  ,       » 
""  1    "^i7-l'^(i7-l)(i)«-l)"^")  i^'^/?-l"^--| 

=  l  +  ^^^^^l^^+l — ^Tnr-n^2W+—  (81) 

(/?— 1)  (jD—lX/)*— 1) 

^.(d)  ==  2cosre+2^co8(/-~2)0+2l^^ligf^ 

Consider  the  product       Ep.  (j^)  -E?i  ^^  ( -  j^j^^) .  (82) 

Since  £„(a)£«-i(— a)  =  1,  we  can  write  (32)  as 


^'^^^0^'^([2p) 


\[2ir'^V[2py  (88) 

Replace  X  by  xHp—1),  k  by  e'*.  <  by  c";  then  the  infinite  product  (88)  is 

^     (l+2,rx/)-="'  C08  0+ic'x'p-**)  04. 

^\  (1 +2*p-=-  cos  (0+^)+xV"*)' 


M 

00  00 


while  (82)  becomes       2  icV,>j+  2  (-ly p"" k'' 3ir^. 

the  arguments  of  J  and  3  being  respectively  xe'^/ip—l)  and  xe'^Kp^—p) 
[cf.  (22),  p.  201,  Ser.  2,  Vol.  2].     Hence 

•  1 

.?!  (l+2icp"'"cos(0+^)+^';>"n 


=  {l+ 2^(-l)^(Yzff,^^<^l  {|^^/cr:,+f  (-ir^-^i>'*3[rj|. 


(86) 


The  infinite  product  on  the  left  may  be  expressed  in  a  series  of  generalized 
Bessel  functions  as 

^m  (^)  +}^y  cos  (rd+r^)/,..,  (^) .  (86) 
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in  which  ^W<'^>=j,|2rNl+2rH^'^^"^^' 

because  in  E  function  form  the  product  is 


1  /  KXt      \  (        xk    t      \ 


=  leo]+  2  (-i)"/)-(-f''r+*-r")7[«i. 

Equating  coefficients  in  (85)  and  (86),  we  find 

^ra  (^.)  =  Jm-P  (^)  3[i]^i  +i'\^_i)(p4_i)3m^--, 

(87) 

i'-e-*'/w  =l>"3w-y''*^''(^3[i]^i+-.  (88) 

in  which  the  argument  of  7  is  xHp—p^,  of  3  is    xe'*^/{p^^p),  of  J 
is  j:«"**/(p— 1). 

§  6. 
Expafision  of  an  Arbitrary  Function  in  Series  of  Functiom  Jfjt-j  or  3[i.]. 

«ui>ki. 


Now  express  each  power  of  x  in  a  series  of  •/:»]  fuuctiouR  by  Tieinma  II.  as 

x"    _  ;2«;!  !  .      I  [2«+4l  ,  .  „a[2>t+8l 


2»+2] .         . 

^ '/  [  rt+ 41  "r  •  •  • 


[4] 


AiTange  the  series  according  to  the  order  of  the  J  functions.     Terms 
involving  e7[»]  will  arise  from  the  series  which  represent 


a:"        0-'*-*       x''-"^ 


and  these  terms  will  give 


Jw(^)-^  I  ^-L2n-2][2]+^'[2n-2][2»-4][2][4l  --  (  '  ^^^^ 

"  Ow'*>  --^  •i^+C2Ka«-aj+^  [2]C43[aH-2j[2n-4j+-| 
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in  which  the  p  prefix  of  the  general  term  is  p''^''~^\  we  may  write 
(of.  Heine,  KugelfuncHonen,  Vol.  i.,  p.  249).     Thus 

=  2^  (  At)  { 0[o]W/[«]W+  io^.](t)Ji.iM  \  dt  ■ 
=  do^m  (*)+ai  7[i]  (x)  +a9«?^[«]  (x)+ . .  •, 


(40) 


a,  =^[  O[,](0/«)i<. 


(41) 


In  a  similar  way  by  means  of  (77),  p.  218,  Ser.  2,  Vol.  2, 


/ix)=  2  a«PM(j;), 


§7. 

In  connection  with  the  theory  of  the  function  Ep(x),  we  may  show  that 

/[,](x)  =  Epiix)Ep(—ix)  3(;„]  (x), 
and  derive  thence  many  interesting  results.     It  is  easily  shown  that 


£,..(-x)J[,](x)  =  - 


.2«[! 


^     *+[2][2«+2]''       [8]![2»+2]-' 


Iin](x)  =  i"'J[n]{ix). 

Inverting  the  base  p,  we  obtain 


.       r2«+5l[2»+7]        . 
+  [4]![2«+2]L2n+4j'~- 


(48) 


£?p(-x) Iw(x)  _  Tg^^j  ■(  1     0;+ 1-2][2„+2] •"  1 


U3«) 


in  which 


I,-„3(x)  =  i-'Jj:"]  ('"')> 


because  rfj,  becomes  p'^jj-j,  ■f.:»](^)  becomes  p"*Ir„:(x),  and  the  series 
within  the  large  brackets  of  (43)  is   unchanged  by  the  inversion    of  p. 

IIK.  3.     VOL.  3.     NO.  883,  ' 
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Hence  ^^^  ^_^^  j^^^^^^  ^  jg^^^^j  I^^^^^j^  (44) 

and  it  easily  follows  that 

E^.ii-'ix)  /[»]  ix)  =  £p(— ix)  3in]  ix) ,  (45) 

also  J[n]  ix)  =  Epiix)  Epi—ix)  3^  (x) ;  (46) 

so  that  the  extension  of  the  series  for  Lommers  product  Jm{x)J[%]{x) 
(Proc.  B,S.f  Vol.  Lxxrv.,  p.  67)  may  be  written 

Ep  (ix) Epi—ix)  3|:«]  Jcn] 

=  E^-i  (ix)  J?^,.i(— tx)  c^M  J^n] 

_    y  r-ir., |2m+2n+4rH  ^m.n>^2r    ,47^ 

"■  ,to        ^   |2m+2n+2r[!  {2m+2r}!  {2n+2r}!  {2r}!  '^    ' 

It  follows  also  that 

Jim]  Jw  =  -2?J(ia;)  -BJ(— ix)  3^  3^. 

At  this  point  we  see  that  interesting  equations  may  be  formed  giving 
relations  between  the  functions  J[n]  and  analogous  functions  which  may 
be  conveniently  termed  multiple  Bessel  functions.  The  notation  for  such 
a  function  will  be 


^2ti+2m+4r 


•'^^•"^^^      r?o^     ^^'|2m+2n+2r}!  {2m+2r[!  {2n+2r}!  {2r]V 


(48) 


In  the  denominator  of  the  general  term  we  have  the  same  expression  as 
appears  in  the  denominator  of  the  general  term  of  (47),  which  is  a 
generalization  of  a  series  due  to  Lommel. 

When  m  and  n  are  integers  the  function  may  be  derived  from  the 
function  J^n]  in  the  same  way  that  /[«]  was  derived  from  E  (cf.  p.  196, 
Ser.  2,  Vol.  2). 

Consider  the  product        J[»]  (xt)  c7[n]  {xt'^). 
We  may  arrange  in  a  series  of  ascending  and  descending  powers  of  t  as 

J'S.o(«)+   i  (~l)"(^'"+^-"")^lU(^).  (49) 

Consider  the  equations 

Bp.  ^^)  E^  (-7^)  =  Jm(x)+  2^  «»+r») J-M  W.  (50) 
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Since 


Ep3[n]   =  E     \J\ 


[n] 


(51) 


[cf.  (45)],  we  can  write  the  quotient  of  the  two  expressions  on  the  left 
sides  of  (50)  and  (50a)  as 


j.»   (  ixt  \   ^  I     ixt-\ 
«p«   I  ixt  \  «p»    /      ixt-\ 

^w\p+i;^wl  ^+lj 


(52) 


the  index  p^  being  necessary  to  indicate  that  the  base  of  the  functions 
is  j^.  This  quotient  may  be  expressed  in  series  of  cT^, »  functions  by 
means  of  result  (49),  viz.,  as 


(58) 


9«,»  denotes  the  function  derived  from  the  product  %\yc\{xf)%i^i{xt'^)  in 
the  same  way  that  J^  «  was  derived  from  J\n\* 

Equating  the  above  expression  to  the  quotient  of  the  two  series  which 
form  th^  right  sides  of  equations  (50)  and  (50a),  we  obtain  from  cross 
multiplication,  equating  constant  teims  (independent  of  0, 


J'mC 


''^^^^(S) 


+2  2  (-l)*/[2«]3 


=  3[o]<  +2  2  (-)"1)*^3[^]<,.  (54) 


1II»1 


I  do  not  propose  here  to  enter  any  further  into  the  theory  of  multiple  J 
functions ;  but  I  consider  that  the  simple  relations 


J^[i»](a5)3ICm](«) 

J'r»i  (3?) 


ai[m]  (a:)  /[n]  («) 

Ep(ig) 


£,(x)^,-.(y)  =  1+ ^  +  <^±iSfet£2) +... 


in 


[2J! 


(55) 


will  afford  a  considerable  field  for  investigation,  in  forms  connecting  tbeta 
fonotion  products  with  the  basic  or  q  forms  of  Bessel's  and  Legendre's 
fanetioDs. 

c  2 
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Taking  the  product  of  (48)  and  (48a), 
Ef{-x)  JS?,..  (-«)  I[,]  (*)  Jf«3  (x) 


(66) 


The  left  side  of  this  may  be  written 

.      2x   ■  2(1 +p).     2(l+p)(l+j)«)    .. 
Pl^T^ [3]!  '^^- 


/ 


^  y  {2n+2m+4r|!  ,»+«+*• 

rto  ]2m+2n+2r[!  {2w+2r}!  {2n+2r}!  |2r}! 


Also,  since 


<« 


■0  ]2m+2»+2r 


E,(x)Ej,.i(x)  = 
2n+2m+4r[! 


E^.x{-x)Ef{-x)' 


!{2m+2r}!i2»+2r[!|2r[! 


X 


m+n+ir 


may  be  expressed 


as  the  product  of  three  series,  viz., 

x**"         I, ,      [2OT+31      ,_     ) 

{2mf!]2nni       '^■'"  [2][2m+2]'      •■•) 


r2n+ 

i*  " '  [2jr2;r+2] 


!-«+ 


>+8]     ^- 


1+ 


du     ""^  •  •  •   J 

g  +  2(M^^+2M^a±£^;^+..|     (57) 


By  equating  coefficients  and  by  substituting  ix  for  x,  various  identities 
may  be  deduced  from  these  series :   for  example,  taking 


2C{x)  =  Ep{ix)+Ej,{-ix)  =  1- 


X 


I    r  A~\  I        •  •  •  I 


W^iiTJ 


.8 


2tS(x)  =  ^„(»«)-£:.(-ta;)  =  a;-  p^.  +..., 


«/[«](«)  — 


(2)nr„(n+l)  I 


.'l- 


2n+3 


x' 


[3]! 

1 


[2?i+2]  [2]!  "•"•■•] 


g"S(x)        I        [2re+6 


"•"  (2),r,(n+l)  l^     [2n+2]  [sjl  ■*"-[• 


I 


(58) 


This  theorem  reduces,  when  ^  =  1,  to  a  well  known  theorem  in  Bessel's 
function  theory.  I  hope  that  the  results  given  may  be  interesting  not 
merely  because  of  their  remarkable  likeness  to  well  known  results  in 
the  case  of  ordinary  functions  Jn,  Pn,  ■••,  but  because  the  theory  links 
the  functions  J„,  P„,  ...,  by  means  of  their  basic  or  q  generalizations, 
with  the  q  theory  of  elliptic  functions, 
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Addition  to  the  preceding  paper. 

[Beoeiyed  January  18th,  1905.] 

EXPANSIONS   OF   FUNCTIONS   IN   SERIES   OF   BASIC    BESSEL 

COEFFICIENTS 

We  may  show  that,  if  f{x)  be  a  function  capable  of  expansion  in 
an  absolutely  convergent  series      ^ 

0 

then,  on  replacing  each  power  of  x  by  its  expression  in  an  infinite  series 
of  c7'[n]   functions,   we  obtain  an  infinite   series    Z&«c7'[«],    and  that  the 

0 

absolute  convergence  of  this  series  depends  only  on  the  absolute  con- 
vergence of  XagX*  (cf.  Gray  and  Mathews,  Treatise  on  Bessel  Functions, 
pp.  19-20,  29-80 ;  Neumann,  Leipzig  Berichte,  1869).  A  similar  general- 
ization of  Neumann's  result 


00  oo 


Za«2'  —  2(6aae7r,-|  +  62i+i«7*«/«+i) 

will  be  given. 

Firstly,   we   may   establish    without    difficulty    the    three    following 
identities : — 


x« 


•!_  —  T      .  [2yi+4]  r         I 
.  ^.g-nra^,  ^^■|[2n+25-2][2n+25~4]  ...  [2n+2]  ^  , 

=  2c,t7'[,+2,]  (a) 

[cf.  Gray  and  Mathews,  Bessel  Functions,  (47),  p.  19], 

g"'  _  T     «      ,  [4n+4]  r        «  ■ 

{2n}!  {2»}!  ~  ''W^W+  ^^ .^[«+n3[«+i]+... 

j_  ,(.-nr*     ■  A  T[4n+2a— 2l[4n+2a— 4]...[4n+2]  r        «         i 
+i>'<'  "  [4n+4«]l— -!- i^'li^  ..Hsi — -'--'«'^[«+.]3[,+.j+..., 

08) 
a?^'-'  «      I  [4n+2]  ^     -         , 

|2n}!i2n-2}!  "  ''[»-«^W+'^-[2]     •^W^t.-H.]  +  - 

I    .f.-«r,i  in   _L-i       »T  [4»+2][4»t+4]  ...  r4?t+2<— 4] 
+y<'  .)[4n][4n+4«-2]L ^^[;2J[4]  ...[2.] 

Xt7[»+,_i]3lin+«j+...    (y) 

[cf.  Gray  and  Mathews,  Bessel  Functions,  (75),  (76),  p.  29]. 
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In  series  (a),  if  we  take  out  from  the  J  series  in  each  term  the  part 
involving  a:""^***,  we  find  that  the  coefficient  of  x*^*^  is  a  series  of  r+1 
terms,  which  reduces  identically  to  zero  by  a  simple  property  of  Heine's 
series.  Moreover,  it  may  be  shown  that,  if  8%  denote  the  sum  of  the 
first  h  terms  of  series  (a), 

1 2n  M  /?^  —  J-**-! {2n+2ft}! ^n+2*+2 

^ln\.bK  ^x  +  |2n+4A+2}!  {2A+2}!'^ 

^r^[2A+4][2n+2A+4][2]  ■•"•••]• 

The  series  within  the  large  brackets  on  the  right  is  absolutely  convergent 
for  all  values  of  x  if  j)  >  1,  and  for  limited  values  of  a;  if  jp  =  1  or  jp  <  1. 
In  case  p>  \  or  j}  =  1  the  right  side  may  be  made  as  near  to  x*  as  we 


00 


please  by  taking  h  large  enough.       The    series     S    CtJrn^^-]  becomes 
infinitesimal  by  taking  h  infinitely  large.     The  relation 

m 

oc 

a:*=  {2n}!  2  c, /[n+a,] 

0 

holds  then  for  all  finite  values  of  x  if  j)  ^  1. 

In  series  (a),  if  we  invert  the  base  p,  we  find  (since    j2n}!  becomes 
p""'  |2n}!  and  /[«]  becomes  jp'**3l[„])  that 

In  case p  <\  this  series  is  absolutely  convergent. 

Now  suppose  f{x)  =  ao+aia;+ajX*+... 

an  absolutely  convergent  series ;  then,  on  substituting  for  each  power  of  x 
its  expression  in  J^  functions  {p  >  1)  or  y  functions  {p  <  1),  we  obtain 

in  the  case  of  the  J  functions  a  series  £  &«/(«],  where 

0 

6.=  {^\\  [a,+  [■25!:2][2]  +  [25-2][^~4][2][4]  +-J 
If  the  series  are  both  absolutely  convergent,  we  may  put 
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An  important    special  case  is  when  the  series  l,atX'  satisfies  Cauchy's 

first  test  of  convergence, 

Usxla.^i  <  k, 

where  A;  is  a  definitely  assigned  proper  fraction. 
In  this  case 

6,-.ie7'[,-i] 


=  L 


I 
J 


and  the  series  2  &«/[«]  is  absolutely  convergent. 

Similar  arguments  will  suffice  to  show  that  we  may  expand  /(x)  in  a 

In  the  same  manner,  if  in  series  (JS)  and  (y)  we  replace  each  term  on  the 
right  sides  of  these  equations  by  a  series  of  powers  of  x  of  the  form 

«^W^W-^^^i     I)  |2m+2n+2r}!  {2m+2r}!  {2n+^]\  \2r}\^ 

the  terms  involving  x^'^'^^^  in  (jS)  are  r+1  in  number,  and  the  sum  reduces 
identically  to  zero  by  a  property  of  Heine's  series,  and  similar  arguments 
to  those  used  above  would  suffice  to  give  us  a  generalization  of  Neumann's 
expansion  ^       t« 

I  do  not,  however,  discuss  this  case,  my  aim  being  to  justify  in  one  case 
the  expansion  (41)  of  the  previous  section. 
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ALTERNANTS  AND  CONTINUOUS  GROUPS 

By  H.  F.  Baker. 

[Receiyed  January  8Ui,  1905.— Raad  January  12tli,  1905.] 

The  present  paper  is  concerned  with  the  proof  of  a  fundamental  pro- 
position of  non-commatative  algebra,  and  with  shewing  that  this  leads  at 
once  to  various  results  fundamental  for  the  theory  of  continuous  groups 
which  are  usually  developed  only  with  much  more  detailed  considerations 
than  are  here  employed. 

One  of  the  most  noticeable  peculiarities  of  the  algebra  of  two  non- 
commutative  quantities  ^,  £  is  the  occurrence  of  the  alternant 

U,  B)  =  AB-BA  ; 

from  this  we  may  form  the  alternants  {A,  {A,  B)),  (B,  {A,  £)), 
and  so  on,  each  new  quantity  being  the  alternant  of  a  previous  quantity 
with  either  A  or  B;  and,  if  these  be  called  simple  alternants,  we  may 
proceed  to  form  alternants  of  simple  alternants ;  it  is,  however,  easy  to 
see  that  these  are  expressible  by  simple  alternants  with  numerical  co- 
efficients. Now  it  is  an  obvious  suggestion  of  Lie's  theory  of  groups 
that  the  product 

e-«»=  (1+4  +  I5  +  ...)  (1+B+I  +  ...) 

is  of  the  form  e^,  where  C  is  a  series  of  alternants  of  A  and  B.  For,  if, 
in  the  ordinary  notation, 

we  have 

e^e^Xi  =  e^fiix,  e')  =  /i[/(x,  e),  e']  =  fi(x,  e^  =  e^'xu 

and  the  ground  for  this  simplification  can  only  be  the  alternant  relations 

The  fact  that  the  product  e'^e'^  is  capable  of  the  form  e^  has  been  insisted 
on  by  Mr.  Campbell  in  his  recent  interesting  book  on  groups,  and  he  has 
given  an  elementary  proof  of  it  (Proc.  London  Math,  Soc,  Vol.  xxix.,  1898, 
p.  14),  which  cannot,  however,  I  think,  be  regarded  as  final.     It  follows 
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from  this  that  the  terms  of  any  the  same  dimension  in  A  and  B 
in  the  expansion  of 

must  be  simple  fidtemants  or  sums  of  such  with  numerical  coefficients ; 
and  to  the  fourth  dimension  we,  in  fact,  find  for  this  expansion 

A+B+^{A,  B)+^^{A-B,  U,  B))-^^^{A,  (B,  U,  B))). 

On  the  other  hand,  starting  with  Schur's  formulae  for  the  first 
parameter  group,  and  using  the  notation  of  the  theory  of  matrices,  I  have, 
in  several  papers  in  these  ProceedUigs^  deduced  from  the  theory  of  groups 
various  propositions  primarily  for  the  parameter  group;  and,  in 
particular,  if  «i.'=  V^,r(«,  ^'),  which  we  shall  write  c"  =  ^(«,  e'),  be  the 
equations  of  that  group,  with  canonical  variables  e,  e"  and  canonical 
parameters  «',  if  £  be  the  matrix  whose  general  element  is 

Eaa  =   2  c^.€t     (p,  <r,  t  =  1,  2,  ... ,  r), 

T 

and  A  =  e^,  while  E\  A'  and  -B",  A"  depend  respectively  on  e'  and  «",  as 
E^  A  depend  on  e,  it  has  been  shown  {Proc,  London  Math.  Soc,  Vol.  xxxiv., 
1901,  p.  98)  that  ^„  ^  ^,^^ 

leading  (tft..  Vol.  xxxv.,  p.  888)  to 

£"  =  (A'A-l)-i  (A'A--1)^+... . 

The  present  paper  professes  to  show  that  these  investigations  for  the 
matrix  E,  so  long  as  they  refer  to  the  general  group  of  unassigned  order, 
have  a  much  wider  bearing,  and  that,  in  fact,  they  furnish  a  proof 
of  the  general  theorem  e^eP  =  e^,  of  a  simple  character,  and  so  also  of  the 
fundamental  group  propei*ty  which  arises  when,  as  in  Mr.  Campbell's  work, 
A  and  B  are  linear  differential  operators.  But  there  is  more  than  this  : 
we  have  proved  {ib.,  Vol.  xxxnr.,  1902,  p.  852)  that  the  E  matrix  of  the 
row  Ee'  is  the  alternant  {E,  E') ;  hence,  it  Ei,  . . . ,  E^,  be  each  E  matrices, 
either  of  e,  or  e\  or  of  some  other  row,  the  E  matrix  of  the  row 
£?i£j...  E^Ee'  is  the  alternant  (E^,  (Ej,  ...,  (£«,  {E,  £'))...));  thus  eveiy 
alternant  of  E  matrices  is  an  £7  matrix.  From  this  it  follows  that  the 
equations  of  the  first  parameter  group  are  of  the  form 

where  Hu  is  a  homogeneous  polynomial  of  dimension  n  in  the  matrices 
E,  E* — in  itself  a  remarkable  result,  since  this  is  then  the  parameter 
group  of  every  possible  continuous  group  when  the  appropriate  matrix  E 
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is  employed — but  it  also  follows  that  every  term  in  this  expression  gives 
rise  to  one  of  the  terms  in  the  expansion  of 

and  that  there  are  no  terms  in  this  latter  but  such  as  arise  in  this  way. 
The  series  for  ^  is  manifestly  simpler  to  deal  with  than  the  series  of 
alternants :  in  this  paper  it  is  obtained  without  the  assumption  of  any  of 
the  propositions  of  the  theory  of  groups,  or  the  use  of  the  theory 
of  matrices ;  and  a  law  of  recurrence  for  its  terms,  whereby  any  term  is 
deducible  from  the  preceding,  is  obtained.  The  result  can  then  conversely 
be  used  to  establish  the  existence  of  general  functions  possessing  the 
group  property,  and  in  particular  it  gives  incidentally  the  origin  of 
Schur's  formulfe.  The  method  employed  is  of  the  kind  usually  called 
symbolical,  the  quantities  being  defined  by  their  laws  of  operation  and  not 
belonging  to  the  ordered  aggregate  of  natural  number ;  if  it  be  not  con- 
ceded that  sufficient  explanation  is  given  to  shew  that  these  laws  are  in 
this  case  self-consistent,  the  work  retains  its  validity  when  interpreted 
in  terms  of  the  theory  of  matrices ;  but  it  is  claimed  that  the  paper  is  a 
contribution  to  the  calculus  of  alternants  of  any  non-commutative 
quantities. 

1.  Alternants  apid  their  Bases, 

The  capitals  A,  B,  C,  ...  denote  any  quantities  which  can  be  added 
and  subtracted  associatively  and  commutatively,  and  can  be  multiplied 
associatively  and  distributively,  but  not  commutatively.  We  do  not 
recognise  the  existence  of  solutions  of  the  equations  xA  =  1  or  Ax  =:  1. 
With  each  capital,  A,  we  associate  a  quantity,  a,  which  we  call  its  basct 
and  we  call  A  the  derivative  of  a,  either  determining  the  other  uniquely. 
By  the  base  of  a  sum  or  difference  of  derivatives  we  understand  the  sum 
or  difference  of  their  bases ;  thus  the  base  of  —^1  is  ~a,  and  the  base  of 
zero  is  zero,  and  conversely ;  and  bases  can  be  added  associatively  and 
commutatively.  Further,  with  every  alternant  of  capitals  we  associate  a 
definite  base  of  which  it  is  the  derivative ;  and  a  derivative  is  either  a 
capital  or  an  alternant  of  capitals.  As  we  have  not  as  yet  introduced 
products  of  capitals  and  bases,  it  is  legitimate  to  denote  the  base  of  (A,  B) 
by  Ab  ;  the  identity  (A,  jB)+(B,  A)  =0  will  then  require  Ab+Ba  =  0 ; 
in  particular  Aa=^  0.  The  base  of  an  alternant  (A,  (£,  O)  will  then 
naturally  be  denoted  by  Ad,  where  d  is  Be,  the  base  of  (jB,  C),  and  so  may 
be  denoted  by  A  (Be) ;  we  shall,  however,  denote  this  by  A  Be;  it  being 
observed  that  the  notation  Ab  has  as  yet  been  introduced  only  for  the 
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case  when  id  is  a  single  capital,  and  b  a  base,  there  is  no  confusion 
possible  of  A  Be  with  the  symbol  AB,c  regarded  .as  the  base  of  {AB,  O  or 
ABC ^  CAB.    In  general  we  assign  similarly,  to  an  alternant 

(ill,  yA^i  (•••>  A  Hi  B)  ...)))> 

a  base  denoted  by  A1A2'*'  Anb ;  if  c  =  AkAk+i  --^  Anb,  the  alternant 
takes  the  form  {Ai,  (A^f  ...  {Ax^u  C) ...)),  and  its  base  has  the  notation 
Ai...  Ak-ic;  so  that  in  the  product  Ai.,.Anb  the  symbols  are 
associative. 

We  shew  next  that  this  notation  for  the  base  of  a  simple  alternant 
may  conveniently  be  extended  to  the  base  of  a  compound  alternant ;  as  a 
compound  alternant  is  expressible  by  a  sum  of  simple  alternants,  its  base 
is  a  sum  of  bases  of  the  foim  considered;  we  shew,  however,  that  its 
expression  in  a  succinct  form  is  equivalent  to  allowing  the  symbols  in  the 
base  of  a  compound  alternant  to  obey  a  distributive  law.  First,  the 
alternant  ({A,  B),  C)  is  easily  verified  to  be  the  sum  of  (A,  {B,  G))  and 
— (B,  (Af  G)),  of  which  the  bases  are  respectively  A  Be  and  —BAc ;  if  then 
the  base  (A,  B)c  be  assigned  to  ((A ,  B),  C),  we  have 

U,  B)c  =  ABc-BAc      or       {AB—BA)c  =  ABc-BAc, 

as  is  most  natural.     In  passing  we  notice  that  the  base  of 

(U,B),  C)=-(C,  U,B)) 

is  also  denoted  by  ^CAb;  so  that  we  have 

ABc+BCa+CAb  =  0. 

In  general,  if  ^1  =  {Ai,  (^9,  ...  (An-u  An)  ...))  be  any  alternant,  and  B  be 
a  single  capital,  we  denote  the  base  of  {A,  B)  by  Ab,  and  we  examine  now 
the  implications  of  this  notation.     Suppose,  in  expanded  form, 

il  =  2#  X  ^i  ^2  '  *  *  ^n  * 

where  KiK^ ...  ir«  is  a  permutation  of  ^1^9 ...  Ant  so  that 

Ab  =  (2±ifiifj...ifJ6. 

Any  term  KiK^ ...  Knb  is  the  base  of  an  alternant  (iCx,  (ifs, ...  (Kn,  B)  ...)) ; 

we  show  that 

U,  B)  =  2  ±  (ifi,  (if,,  ...  (jr„  B)  ...)); 

when  this  is  proved  we  can  write 

{l.±K^K^..,Kn)b  =  ^±{K^K^...Knb). 

Let  Pn-i  denote  {A^AA^y  ...  Wn-i,^») ...));  then  U,B),  =  (Wi,P»-,),B), 
is,   as  just  remarked,  equal  to  Wi,  (P»-i,  B))— (P»_i,  Ui,  B)) ;   denote 
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(A  I,  B)  by  C,  and  assume  the  law  of  expanBion  just  stated,  which  we  wish 
to  prove  time  for  an  alternant  (A,  B)  of  (n+1)  dimensions,  to  be  true  for 
alternants  (Pn-i>  B)^  (Pn-ii  G)>  of  n  dimensions ;  we  have  remarked  that  it 
holds  for  n  =  8.     Supposmg 

we  have  thence     (P^-i,  B)  =  2  ±  {Hi,  (. . .  (jffn^,  B)  . . .)), 

(P«-„  O  =  2  ±  (Hi,  (...  (H,.i,  O  ...)), 
and  thus 

U,  P)  ^  Ui,  (P,_i,  P))-(Ph-i,  O 

=  2  ±  Ui,  (Hi,(...  (Hn-i,  P)  ...)))-2  ±  (Hi,  (...  (Hh-i,  (^i,P))  ...)), 

while     A  =  (^1,  P,_i)  =  2  ±  ^iHi ...  Hh-1-2  ±  H,  ...  H^-Ui ; 

so  that  the  result  is  established. 

More  generally,  let  B  =  (Pi,  (P^,  ...  (Pw-ii  PJ  •••))  be  any  alternant, 
of  which  the  base  is  PiPs  ...  P^-i^m*  When  A  was  a  single  capital,  we 
agreed  to  denote  the  base  of  {A,  B)  by  ^ Pi ...  Pm-i&»;  it  is  natural  to 
seek  to  extend  this  to  the  case  when,  as  above, 

A  ^  \Ai,  (A^,  ...  \An-\i  •"»)  •••))> 

and  to  denote  the  base  of  {A,  B)  by  (2  ±  jfiCi-ffa ...  K^B^B^ ...  Pm-i 6«  ;  in 
fact,  the  proof  given  above  for  the  expansion  of  {A,  B)  when  P  is  a  single 
capital  holds  equally  here,  and  we  have 

2  i  (jfiCi  jBCji  . . .  KnBi . . .  Pm-l  W  =  (2  i  ifiifj . . .  Kn)  Pi Pj  . . .  Pm-l 6m« 

Again,  if  C  =  (Cj,  (Cj  ...  {Ck-u  Ck)  ...))»  the  equation 

2  X  Ci  Cq  . . .  C\KiK^  . . .  KnBi  . . .  Pm-l  Om 

=  Ci  Cg  . . .  C*  (2  i  -Jfi  ...  -Jfn)  Pi  . . .  Pm-l  6m 
=  Ci  Ca  . . .  Cfe  2  +  (ifi  . . .  Kn  Bi  ...  Pm-l  im) 

requires  the  obvious  identity 

2  ±  (Ci,  (Ca  ...  (C  (ifi ...  {Kn,  B)  ...))•...)) 

=  (Ci,  {C,  ...  [C  (2  ±  (ifi,  (...  {Kn,  B) ...)))]  ...)). 

Thus  in  a  product  or  sum  of  products  of  the  form  Ai ...  An-^Ony  where 
A 19  ...,  ^n  are  single  capitals,  when  the  sum  is  of  the  form 

Ai'...  Ah-t^Ajc  ...  An—l(^nt 

where  P  is  an  alternant,  the  symbols  obey  the  associative  and  distributive 
laws.  The  same  is  true  when  Ai,  ...,  An  are  themselves  alternants,  as 
may  be  similarly  shewn.      For    instance,  returning  to  the  theorem    of 
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expansion  proved  above,  the  base  of  (^,  B)  or  {{Ai,  {A^ ...  M»-i,  An)  ...))i  B) 
may  equally  be  denoted  by  —BAi ...  An-ictn;  let  pn-\  =  A^A^  ...  An-iOn, 
so  that  the  derivative  Pn-i  is  as  above  ;  then 

—BAi ...  -4tt-ia»  =  —  BAiPn^i'f 

the  alternants  shew,  as  in  the  work  above,  that  this  is  the  same  as 

A^Pn-ib+Pn^iBa.^A^Pn-ib-Pn.iAib; 

but  the  base  of  U,  J5),  =  (Ui,  P«-i),  B),  is  Ui,  P«-i)6;  thus  we  have 
UiPm-i— Pn-i^i)6  equal  to  AiPn-ib—Pn-iAib.  And  so  on.  And  by 
the  way  we  notice  the  identities  such  as 

B^l  ...  ^n-lOn+S  ±  iCi ...  K.b  =  0, 

the  general  form  of  which  is  -46+Ba  =  0,  including  i4a  =  0,  where 
^,  £  are  any  two  derivatives,  that  is,  either  single  capitals  or  alternants 
of  capitals. 

It  is  manifest  that  the  notation  of  bases,  once  established,  as  here, 
furnishes  a  compendious  way  of  expressing  the  relations  among  alternants, 
and  may  be  of  great  use  in  expressing  a  compound  alteiiiant  by  simple 
alternants. 

Many  identities  anse  from  the  relation  Ab'\'Ba  =  0,  by  supposing  a 
to  be  a  base  of  the  form  ^i^^...  ^m^+i>  and  b  a  base  of  the  form 
BiB^'.'  Bnbn+if  where  Ai,  ...,  Am+u  Bi,  ...,  P»+i  are  any  derivatives. 
Restricting  ourselves,  as  sufficient  for  purposes  of  illustration  and  as 
giving  results  to  be  utilised  below,  to  the  cases  When  each  of  i^i,  ...,  ^M+if 
jBi,  ...,  Bn+i  is  either  A  or  B,  we  find  on  examination  that  the  following 
are  all  the  identities  so  obtainable  up  to  those  of  the  sixth  dimension. 

(1)  From  Aa  =  0,  putting  Ab  for  a,  we  have  (AB^BA)Ab=0. 
This  corresponds  to  the  alternant  relation  ((A,  P),  {A,  B))  =  0,  which  is 
the  same  as  (A,  (P,  U,  P)))  =  (P,  U,  U,  P))). 

(2)  Also  from  Aa  =  0,  by  putting  A^b  for  a,  we  have 

{AAA,B))A^b  =  0, 
that  is  (A^B-2ABA  +BA^  A%  =  0, 

or  (A^B-2ABA^+BA^  Ab  =  0. 

This  corresponds  to  the  identity 

(U,U,P)),  M,  U,P)))  =  0, 
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which  is  equivalent  to 

U,  W.  (B,  U,  W,  B)))))~2U,  (B,  M.  W,  (A,B))))) 

+(B,W,U,(^,U,B)))))=0. 
an  identity  which  we  may  agree  to  denote  by 

[l«21«2]-2  [121»2]  +  [21*2]  =  0. 
By  interchange  of  A  and  B  we  derive 

{AS^-2BAEl^+S^A)Ab  =  0. 

(8)  From  Ab+Ba  =  0,  putting  A%  for  a,  -B-46  for  6,  we  derive 

U,  U,  B))B^6+(B,  (A,  B))A^b  =  0, 
which  is  the  same  as 

(A^S^-S^A^+2BABA+BA^B-2ABAB-AB^A)Ab  =  0, 
or,  in  virtue  of  {AB'-BA)Ab  =  0,  the  same  as 

{A^&-S^A^+QBA^B-8AB^A)Ab  =  0. 
This  corresponds  to  the  identity 

(U,  U,  B)),  (B,  W,  B)))+  ((B,  W,  B)),  U,  W,  B)))  =  0, 
which  expanded  is  the  same  as 

[1«2«12]-[2»1»2]+8[21«212]-8[12«1*2]  =  0. 
The  identities 

S{A,B)Ab  =  {A^B+BA^-2ABA^Ab  =  0, 
TUfB)  Ab  =  {A^EI^-EI^A^+9BA^B''SAS^A)  Ab  =  0 
are  not  really  independent ;  for  we  find 

SW+B,  B)Ab  =  [SU,  B)-S{B,  A)+T{A,  B)']Ab, 
rU+B,BM6  =  [rU,B)-2S(B,.4)]^6, 
while  (A+B)b=:Ab. 

In  what  has  preceded  we  have  considered  only  bases  of  the' form  Ab^ 
therein  A  and  B  are  alternants  (or  simple  capitals) ;  and,  if 

it  has  been  shown  that   Ab  =  ^  ±  (KiK^  ...  Knb). 

If  now  Pi,  Pa,  ...  be  simple  capitals  or  alternants,  it  is  natural  to  regard 
(PiPq  ...  Pfc+P*+iP*+2 ...  Pfc+  ..)6  ftB  an  appropriate  notation   for  the 
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base  which  is  the  sum  of  the  bases  PiP^ ...  Phbf  Pk+iPk+t ...  Pkb,  ... ;  so 
that  its  derivative  will  be 

(Pi,  (Pj.  ...  (P»,  B)  ...))+(P*+„  (P»+2.  ...  (Pi.  B) ...))+... . 

When  PjPq  ...Pfc+P^+iP^+j ...  Pib+...  is  an  alternant  we  have  shewn 
this  to  be  legitimate ;  we  extend  it  to  the  general  case,  for  which  there  is 
no  corresponding   condition    for  alternants  satisfied,  the  derivative  not 

being  equal  to  ((p^      P,+P,^r ...  P,+  ...),  B); 

this  expression,  in  fact,  not  being  an  alternant  of  alternants,  is  not  under 
consideration. 

A  particular  case  of  this  definition  is 

where  ^4  is  a  derivative  ;  this  we  regard  as  the  base  of 

C  =  XoP+XiU,  B)+\(A,  W,  P))+... . 

If  fAf^  Mi>  ...  be  such  functions  of  X^,,  X^,  ...  that 

we  have  6  =  OLt0+/Aii4+/A2i4'+...)  c, 

and  the  substitution  in  the  series  above  given  for  C  of  the  series 

B  =  MoC+MiW,  O+MaU.  U,  C))+... 
reduces  that  series  to  C. 

2.  Of  the  Substitutional  Operation. 

We  introduce  a  symbol  to  express  the  operation  of  replacing  a  base  a 
by  a  base  6,  and  write  .    ^. 

the  operation  of  replacing  the  capital  A  by  the  capital  B  is  also  con- 
sidered, and  may  be  denoted  by  the  same  symbol,  so  that 

and,  if  P  be  a  product  of  capitals,  some  of  which  are  A ,  by  the  e£fect  of 
the  operator  upon  P  is  meant  a  sum  of  terms  each  differing  from  P  by  the 
substitution  of  B  for  A  in  one  factor  without  change  of  order ;  for  instance, 

(ft^)  ABA  =  B^A+AB\       (b^  A^Ca  =  BACa+ABCa+A^Cb. 
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Denoting  lb  -^j  by  S,  and  the  operation  of  forming  the  derivative  A 

of  a  by  e,  so  that  ea  =  A,  we  have 

Sea  =z  SA  =^  B  =^  eb  =^  eSa, 

Let  the  alternant  {A,  (A^ ...  {A^  C) ...)),  where  A  occnrs  m  times,  be,  for 
brevity,  denoted  hy  (A^O\  then 

Se(Ac)  =  S{AC-CA)  =  BC-CB  =  €(Bc)  =  €S(Ac\ 

&U"c)  =  <5U«0  =  (B,U«_iC))+U,(B,U«.2C)))+...+W«.i(B,C)) 

(SeU^D^-c)  =  &{A^{D(A^C)))  =  iiU  JDU«0))+<5jU,(DU«,0)), 

where  ^i  operates  on  A  occurring  under  An,  and  ^9  on  A  occurring 
under  Am, 

and  so  on.  Thus,  if  F{A)  be  a  symbol  for  the  sum  of  a  finite  or  an  infinite 
number  of  products  of  capitals,  of  which  each  product  involves  A^  and  the 
other  capitals  in  the  product  are  unaffected  by  S,  we  infer  that 

S€F(A)c  =  €&FU)c. 

We  shall  presently  be  concerned  with  a  base  b  which  is  a  particular 
case  of  the  form  F{A)c,  namely,  is 

6  =  (Xo+Xi^+M'+...)c; 
then  B  =  XoC+XiWiO+X2M20  +  ..., 

and  ^a=  (i  ^-^a  =  ^6  =  [XiB+Xa(J5^+.4B)  +  ...]c 

is  also,  clearly,  on  substitution  for  B,  of  the  form  F{A)c^  and  the  same  is 
similarly  true  of  every  expression  S^a  ;  thus 

e^a  =  €S{8a)  =  €&b  =  SeiSa)  =  S{€&a)  =  Si&ea)  =  ^ea, 

e^a  =  6i(^a)  =  Se  (^a)  =  ^  (e^a)  =  i«ea, 

and  80  on  ;  and  in  general         eS^a  =  S^ea, 

Now,  with  the  same  by  let  ^  be  an  ordinary  number,  and  put 


so  that 


/=[>+'(4)+l,(4)+-]* 


F=.«+,^a+|:^.+...=[l  +  ,(i|)+^(6|y+...]^. 


Put,  further,  V  =  Mo+Mii^+Ma-P^+.-M 


dt 
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BO  that,  after  snbetitation  for  F  and  arrangement  according  to  powers  of  t, 

'=''-+'(S)...+l(^-.+  - 

We  have    ^  =  [i+«*+...]^  =  S[l+tS+...]A  =  6F, 

and  thus 

_,   dFj_     (dF„,„dF\,/dFj,i,j,dFj,,„,dF\, 

=  ^iiSF+^ij(SF.F+F.SF)+,tt(SF.F*+FSF.F+F'SF)  +  ...  =  iV. 

from  which  (|^ ,  o  ~  ^^^'""  ~  ^^'""" 

Therefore,  the  sabstitntion 

where  Vq  ^  /uj+jUiil  +/ttj4  +  •  •  •  • 

Here  b  is  any  series  of  the  form 

b  =  (Xo+Xi^+M'+-)c- 

We  shall  presently  utilise  this  result.  It  is  convenient  to  give  here 
another  particular  result.  If  b  reduce  to  Ac,  and  F{A,C),  or  simply  F, 
denote  any  sum  of  terms  each  of  which  is  a  product  of  powers  of  A  and 
C,  with  a  numerical  coefficient,  we  have,  as  we  shall  now  prove, 

d 


{b^  F(A,  O  =  FC-CF  =  (F,  Q. 


In  particular,  ii  F(A,C)  reduce  to  A, 

a 


(b£jA=B=(A,C). 


To  prove  the  result,  notice 

d 


(b^  A^  =  {A,  QA+A  (A,  O  =  A'C-CA'  =  (A\  O, 
and.  if  (b^H=  (H,  O,         {b^K  =  {K.  O, 


.  2.    yoL.  S.    NO.  884. 
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then  (b^\cHC*  =  C(H,  OC"  =  C»ffC*+>-C»+>HC?"  =  (C"ffC",  O 

and       (*^)sir  =  (H,  C)K+H{K,  C)  =  HKC-GHK  =  {HK,  C). 

Another  result  to  be  utilised  follows  hence.    We  have 

UsO  =  {AAA,  O)  =  A'C-2ACA+CA\ 
and  in  general,  easily,  by  induction, 

(ArQ  =  ^J^-IyQa^-'CA', 
and  so 

=  UC-CA)(^)a''-^+(A^C-2ACA  +  CA*)(^'^A''-* 
+(.A'G-9A*CA  +9A  CA'-  CA*)  (^\  A'-'+ . . . 
+  \a*C-  (^)  ^"->C7J  + . . . +(- 1)—'  (^)  A  CA*-'+(-  D-C^-] 

=  C4»[(i-ir-i]+  (^)  jc^"->[(i-ir-'] 

and  thus,  if  ^(-4)  =  VQ+viA+v^^+...f        b  =  Ac, 

where     i/>'{A)  =  i/i+2i/gi4+8i/8i4^+...,       ^"M)  =  2i^^+9.2.v^  +  .... 
This  is  the  same  as 

and  this  result,  though  proved  for  JB  =  (^^C),  can  easily  be  shown  to  hold 
for  arbitrary  B.  A  particular  case,  given  by  Mr.  Campbell,  Proc.  London 
Math.  Soc,  Vol.  xxix.,  1897,  p.  16,  is 

BA^''+ABA^-^+,..+A^-'B  =  (^)b^*-^+(^)UiB)^"*-^ 

+  (^){A^)A'--'+...  +  {A^-iB). 
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3.  The  Exponential  Theorem, 
Applying  the  theorem  just  obtained  for  arbitrary  A  and  B, 

to  the  case  where  for  ^(^4)  we  have 

A^      A^ 

so  that  each  of  <f>'(A),  ^i^A)^  ...  is  also  A,  we  obtain 
Now  put,  with  arbitrary  a', 

where  isti  =  ^,  nrg  =  —  ^,  ...   are  Bemoolli's  numbers  with  associated 

signs;  then, as 

p,   (A,B)  .  UAA,B))  . 

^+-^r'*" — 8! — +•• 

is  the  derivative  of  (^+|t  +  ^+-)* 

or  a',  we  shall  obtain 

p,   U,B)  ,  U,  U.jB))   ,       _., 
B+-2J-  + 8! +    •-^• 

Thus,  with  the  particular  b  so  defined  from  A  and  A',  we  have 

and  hence  (^  T )    ^  ~  ^"*A. 

Next.put  -"  =  [l+(^|)  +  M*l)+-]«' 

and  A''=l+4''+^  +  ...; 

D  2 
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then,  as  follows  from  a  result  proved  in  the  previoos  section  (p.  88), 

which  we  appropriately  write    A**  =  A'A ; 
this  is  then  the  consequence  of 

«'=D+('D+^(4)*+-]«- 

where,  a  and  a'  being  arbitrary. 
This,  however,  gives 

where  [Bil— ^  =  BA^-^+ABA'^'^+ . . .  +il— ^B, 

80  that  \b-$-)b  is  of  the  form  F{A,A')a\  where  F{A,A')  is  a  series  of 
polynomials  in  A  and  A'  with  numerical  coefficients.     So  therefore  is 

b^j    a.    Hence,  m  A'a'  =  0,  we  have  an  equation 

a"=a+a'+(Ho+H,+H^+H^+..Ma\ 

where  Hr  is  a  homogeneous  polynomial  in  A  and  A\  of  dimensions  r. 
As  A",  the  derivative  of  this,  is  a  series  of  alternants,  we  infer  therefore, 
with  arbitrary  non-commutative  symbols  ^,  ^4',  if 

and  the  expansion  of 

(A'A-l)-i(A'A-l)«+i(A'A-l)»-... 

be  arranged  according  to  homogeneous  polynomials  in  A  and  A'  of 
ascending  dimension,  that  each  polynomial  is  an  aggregate  of  alternants 
of  A  and  A\  any  one  such  aggregate  being  the  derivative  f)f  the  terms  of 
the  same  dimension  in 
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For  instance,  as  will  be  presently  seen, 

Ho=-i      H,  =  ^(A-A'),      H^  =  ^AA', 

and  we  find  on  trial,  as  was  remarked  in  the  introduction,  that  to  the 
fourth  dimension  the  expansion  in  question  is 

A+A'-i{A,A')+^(A-A'AAM'))+j^{AAA'AA,A'))). 

The  theorem  has  a  converse.    When  A^  A'  are  perfectly  general  there 
exists  no  other  derivative  An  such  that 

is  equal  to  A'A. 

For  otherwise  A^  =  A",  AiV  A"  =  1,  and  so,  if  we  put 

Vr(a,  aO  =  a+a'+  (Ho+Hi+HaH-  -Oila', 

and  denote  by  i4o  the  derivative  of  V^(a",  —  aii)»  we  shall  have  Aq  =  1, 

namely,  /       A       A^         \ 

(l+|f  +  ^+...)^.=  0; 

or,  on  multiplying  by  1— ii4o+T^-4o+...>  we  shall  have  Aq  =  0,  namely, 

V^Ca",  —  Ou)  =  0.  The  only  solution  of  this  which  holds  for  all  values  of 
a"  must  be  one  for  which  the  terms  of  any  order  are  separately  zero ;  in 
particular,  from  the  terms  of  the  first  order  a^'^-an  =  0 ;  while,  con- 
versely, if  this  be  so,  A"  =  A^^. 


4.  On  certain  Properties  of  \ff(a,  a'),  and  the  Determination  of  its 

Coefficients. 

The  actual  form  of  \lria,a')  can  be  determined  from  its  definition 

it  is  at  once  seen,  however,  that  beyond  the  first  few  terms  this  is  an 
intricate  process,  and,  moreover,  the  terms  then  appear  arranged  according 
to  ascending  dimension  in  a'  only,  and  not,  as  will  appear  more  proper, 
according  to  ascending  dimension  in  a  and  a'  jointly. 

Some  information  appears  on  the  face  of  the  series.    First  we  have 
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For  A-^A'-^A'A  =  1,  or  A"-^  =  A'^A'-S  namely,  as 

we  have  -A"  =  (A-^-^-D-i  (A-W-^-l)«+... . 

Thus  in  the  series 

\lr{a,a')  =  a+a'+(Ho+Hi+H^+..,)  Aa' 

H2n  is  symmetrical  in  A  and  A',  while  Hm-i  is  changed  in  sign  by  inter- 
changing A  and  A\  Next,  the  terms  of  the  first  dimension  in  a'  in 
^(a,  a')  are      ,    ^v .  /a  \ 

thus  JJq  =  —  J,  while  ffsn  has  no  terms  in  ^4**  or  ^4'*^*,  and  H^n-i  contains 


m. 


the  terms -gjW**-^-/^**-^      This  gives   Hi  =  ^{A-A'),    and    H^ 

=    numerical  multiple  of  AA'+A'A  ;    we  have    seen,  however,   that 
{AA''-A'A)Aa'  =  0,  so  that  H^  is  a  numerical  multiple  of  AA'. 

To  obtain  further  information  we  prove  first  two  lemmas :  (a)  if  a,  a' 
be  arbitrary  and  c  =  Aa\  then  C  =  Ai4'A~S  and  hence 

Ac  =  l  +  C+^  +  ...  =  AA'A-^ 

(fi)  we  have  \ff(a\a)  =  A^(a,  a')  =  ^(a,  Aa'),  which  are  both  included  in 

\lr(a,  AV)  =  A^-^V^(a',  a). 
The  result  (a)  is  obvious  on  forming  the  expression 

in  which  the  terms  of  dimension  (n+ 1)  are 

n!^       (n-l)«.       l!^(n-2)!'^  2!        -^^     ^^  ^  ^Tl  ' 

1  i4*a' 

which  is  — ,  {AnA')f  the  derivative  of  — r-.     Or  it  follows    thus  :   From 
n\  nl 

c  =  Aa',  we  have 
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where  b  =  Aa' ;  by  previous  theorems  (§  2),  this  is 

A'/i+  (ft  ^)  ^  =  ^'A+(A,  A')  =  A^', 

so  that  C  =  AA'A'^.  To  prove  the  result  \fr{a\  a)  =  ^\fr{a,  a')  of 
lemma  (fi)  we  have  only  to  notice  that,  ii  a^^  =  Aa'\  then  A^  =  AA''A"\ 
and  so,  if  a''  =  V^(a,  a'),  and  therefore  Un  =  A^(a,  a'),  we  have 

Au  =  AA'AA-^  =  AA', 

which  establishes  o^  =  V^(a',  a).  The  same  proof  stated  differently 
gives,  from  o^  =  A^  (a,  a'),  the  series 

An  =  A^^A-^  =  A(A'A-l)A-i-JA(A'A-l)«  A-^+... 

=  (AA'-1)-J(AA'-1)«+..., 

which  shows  that  On  =  V^(a',  a).  The  result  ^(a,  AaO  =  A^(a,  a')  of 
lemma  (/8)  is  obvious  from  the  form 

For  consider  any  term    P  =  A^A'^A'^A"^' ...  Aa' ; 

if  herein  we  replace  a'  by  Aa',  and  therefore  A'  by  A^'A~\  it  becomes 

^^A^'^'A-»^'*A^"*'A-^ ...  AAa', 
or,  since  A  and  A  are  commutable, 

or  AP :  while  a+a'  becomes  Aa+ Aa',  it  being  noticed  that  in  virtue  of 
Aa  =  0  we  have  Aa  =  a ;  thus  ^(a,  Aa')  =  A^(a,  aO. 
Consider  now  the  equation 

— ^(— a,  —a')  =  A^(a,  a') ; 
it  gives 

=  {  1+^  +  1^  +  ... I  {a+a'+(H^+H,+H^+,..)Aa'}  ; 

comparing  here  terms  of  second  dimension,  we  have 

-H^Aa'  =  HoAa'+A(a+a')  =  (Jffo+D^a', 
80  that  JB^o  =  *~  i  >  comparing  terms  of  third  dimension, 

HiAa'  =  H,Aa'+{Ho+i)A^a', 
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giving  also  Hq  =  —i;  comparing  terms  of  (n+2).th  dimension,  we  have 


( 


thus  when  n  is  even,  =  2m,  say,  we  obtain 

from  which  HiM^a'  can  at  once  be  calculated  when  all  the  preceding 
terms  are  known  ;  f  orn  =  2m+l  we  obtain  a  less  convenient  equation  in 
which  the  term  of  highest  dimension  is  again  the  term  involving  J?sm  ;  if, 
however,  in  the  equation  just  obtained  we  interchange  a  and  a',  and 
subtract  the  result  from  this  equation,  we  obtain 

we  proceed  to  show  that  this  equation  determines  Hjm-i  Aa'  when  all 
preceding  terms  are  known.  To  explain  this,  let  Kn,  denote  what  Hn 
becomes  when  A— A'  is  put  for  A  ;  it  K^  were  determined,  Hn  could  then 
be  found  by  putting  A+A'  for  A  ;  we  have  thus,  since  {A-'A')a'  =  Aa\ 

[ak        I  {A^Af-A'\        .  U-^^T"--^^^/  1     W 

XAa'  =  0; 

this  gives  AKtni^\AaJ  when  preceding  terms  are  known;  we  say  two 
solutions  for  K^wi^i  are  not  then  possible ;  for,  if  so,  and  P  were  their 
difference,  there  would  exist  an  equation  APAa'  =  0,  in  which  P  is  an 
integi*al  polynomial  in  A  and  A' \  we  have  remarked  the  existence  of 
identities  QAa'  =  0,  in  which  Q  is  such  an  integral  polynomial ;  we  say 
that  Q  is  incapable  of  the  form  AP\  for  let  PAa*  =/,  so  that  APAa*^=^  0 
is  equivalent  to  ^/  =  0  or  ^F  =  FA  ;  let  F  =  A^Gy  where  G  is  incapable 
of  a  form  AGi,  in  which  Gx  is  an  integral  polynomial  in  A  and  A* ;  then 
^^+^6  =  A^GA,  clearly  an  impossible  result,  since  the  highest  powers 
of  A  occurring  as  left-side  factors  are  different  for  these  two  quanti- 
ties. 

As   illustrations  of  these  formulaB  we  proceed  to    calculate   H^,  H^^ 
Hq,  H^.     For  ifi  we  have 
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or,  in  the  notation  above, 

A*-AA'-A'A' 


(^gi-^         ^a^^'^)^a'  =  0; 


in   virtue  of   {AA'-A'A)Aa' =  0,   this   gives   H^Aa'  =  ^{A-A')Aa'. 
For  £s  we  then  have 


and  hence  at  once  H^Aa'  —  ^AA'.Aa'.    Hence  we  have  for  K^ 

r^zr  ,   {A-A')^-A"  {A-A')A'  ,  {A-A')'+A"  A-2A' 
^AK,+  2 + jg— 

Taking  accoant  of  (AA'—A'A)Aa'  =  0,  this  is  found  to  be 
[720AKt+A*+9A'A'-4A'A"+iAA"-9AA'^A-AA'A'+Q^Aa'  =  0, 

where     QAa'  =  l4A'AA''-SA'A'A'-A'A'+A"A'-2A"A'\Aa', 

which  must  then  be  capable  of  the  form  APAa' ;   in  fact  the  previously 
given  identities  (§  1)  lead  to 

U"A-2A'AA")Aa'  =  -AA"Aa', 

{A''A'-9A'A'A')Aa'  =  {A'A''-SAA"A)Aa', 

A'AKia'  =  (-A'A'+2AA'A^Aa', 

and  QAa'  then  takes  the  form  in  question ;  putting  then  ^4+^'  for  ^,  we 
find 

HtAa'  =  -  j^[A'-A"+G{AW-A''A)+2{AA'^-A'A')]Aa', 

in  which  Hg  is  changed  in  sign  when  A,  A'  are  interchanged,  and  has 
8r]/4!  for  coefficient  of  A'.    Lastly,  for  Ht  we  obtain,  on  substituting  for 

^l'  -"s*  "s' 

l-U40Ht+A'A'+2A^A''-6AA''A-2AA'A'-AA"^Aa'  =  0; 

putting  here,  from  the  identities  in  question, 

U'A'-2AA'A^Aa'  =  -  A'A'Aa', 
and  (2A*A"-6AA''A)Aa'  =  (A'A''-9AA"A+A'*A'-SA'A'A')Aa\ 
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we  find 
H^Aa'  =  j^[A^A'^+A'^A^-8AA'^ASA'A^A'-AA'^-A'A^Aa', 

wherein  H^  is  symmetrical  in  form.    We  have  therefore,  to  the  terms 
found, 

a"  =  a+a'+  { -i+^{A  --A')+^AA' 

''^{A^-A'^+GA^A'-6A'^A+2AA'^-2A'A^ 

^j^{A'A^+AA'^+8A'A^A'+8AA'^A-A^A'^-A'^A^\Aa'. 

By  taking  the  derivative  of  this  we  have  therefore  the  expansion  by 
simple  alternants  of  H{a,  a')  =  (A'A— 1)— J(A'A— 1)^+...,  up  to  terms 
of  the  sixth  dimension  in  A  and  A'.  And  the  law  of  succession  for  the 
calculation  of  the  terms  of  V^(a,  a')  corresponds  of  course  to  a  law  for  the 
terms  ol H{a,  a*).    In  fact,  ff(a',  a)  =  —H{—a,  —a')  =  Ajff(a,a')A"S  say 

Ci-Ca+C8-C4+...=  [l+A  +  ^  +  ,..)(C,+C^+.,.){l-A+~...), 

giving,  if  we  notice  (-4 «0  =  2  (— 1)*  f    j  i4*""'C-4*,  on  equating  terms 
of  dimension  r. 

It  is  manifest,  however,  that  the  application  of  this  law  is  more  laborious 
than  the  rule  we  have  followed  for  the  bases  of  the  alternants. 

In  what  has  preceded  the  derivatives  A,  A'  have  been  perfectly  general. 
But  the  fact  that  the  series  H(a,  a')  is  obtainable  by  forming  the  derivative 
of  the  series  \lr{a,a')  remains  true  when  A,  A'  are  less  general.  One  of 
the  most  natural  ways  in  which  we  may  allow  restrictions  is  to  suppose 
that  the  powers  and  products  of  A  and  A'  are  also  derivatives.  We  carry 
out  a  particular  example  of  this  suggestion,  of  a  very  simple  kind,  which 
is  yet  general  enough  to  give  a  great  deal  of  information  in  regard  to  the 
expansion  of  ^^(a,  a').  We  suppose  ^'  to  be  a  derivative,  in  fact  equal  to 
/jlA,  where  /x  is  &  number ;  and  similarly  A*^  =  ^a'A'.  Then  A^a'  =  fiAa', 
and  therefore 


(A,  (A,  A'))  =  mU,  A%      or      A^A'-2AA'A  +A'A^  =  ^{AA'-A'A), 

which    gives  julA'A  =AA'A;  and  similariy  /j.'AA'  =  A'AA'.     It  is  con- 
sistent with  these  to  suppose  AA' = /j.A'  and  A' A  =  ix'A.     These  four 
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equations  give,  if  B  ^pA+qA^   whatever   numbers  p  and  q  may  be, 
-B^  =  (pm+^mO^)  and  conversely.     It  is  then  easily  seen  that 

H^(A,A')Aa'  =  H^(,jL,pL')Aa', 
and  we  have 

say,  where  \  is  a  number,  giving  -4"=  (1— V')^+(l+V)-4'.     On  the 
other  hand,  from  A^  =  /x^'M,  we  have  A  =  1+  -r^-4,  where 

also,  from  the  form  A"  =  (1— XM')-4+(l+V)^'f  we  have 

and  A"  =  H ^ : 

putting  this  equal  to  A'A,  we  have 


i-Xm'  =  '^^''"'* 


<r(M) 
which  are  consistent  in  virtue  of 


-'['+.^,}     '+^='-^- 


M+M^     —     M       1      M 


+ 


crOuOV        crOx)/' 


or  (f-'^'-l  =  (f-l+(e^'—l)e^, 

and  give  X;  namely,  in  this  case  £fm(M»  m')  consists  of  the  terms  of  order  m 

in  the  expansion  of  [(rOx')]"'  ^<^+^')"^(^') .    We  find 

■"TAuOiV+M'V+4/xV')+... ; 

thus  we  have  at  once  the  values  of  Hq^  Hi,  Hq  and  infer,  putting  down 
for  H^iA,  A'),  H^{A,  A')  the  most  general  possible  respectively  un- 
symmetrical  and  symmetrical  polynomials  of  dimensions  three  and  four 
certain  relations  among  the  numerical  coefficients  in  these. 
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An  important  Property  of  the  Series  \fr{a,  a'). 
Denoting  1+A+A^I2\+.,.  by  Aa>  we  manifestly  have 

leading  to  V^[^(a,  aO,  a^  =  V^[a,  V^(a',  a'O], 

which  can  be  verified  directly  from  the  series  ^(a,  a'). 


6.  Some  Applications  to  the  Theory  of  Groups. 

The  applications  we  shall  notice  are  of  two  kinds  :  the  first,  that  which 
was  in  view  in  Mr.  Campbell's  paper  referred  to  in  the  introduction  to  this 
paper,  when  the  capitals  A,  B^  ...  are  linear  operators  of  the  form 

X=  fi(«i ...  x^-^ — h  •.+f»(^i ...  ^rjy— ; 

OXi  ox% 


the  second  when  the  capitals  are  certain  matrices.     As  regards  the  first, 
it  is  easy  to  show  that,  if 

x\  =  (l  +  tX+  ^^+...)  ^i  =  e'^xu 

where  ^  is  a  number,  then,  at  least  in  a  neighbourhood  where  the  analytic 
function  F(xi.,,q^  is  regular,   a  similar  condition  being  assumed  for 

F(x\ ...  x'O  =  (l  +  ^X+  .^  X^+...)  F(x^ ...  rr.). 

If  then  we  put  F^{x)  =  F{i^'x)  =  (f^'F(x\ 

where  Xi  is  one  linear  operator,  and  define  similarly  F^  from  another 
operator  X^,  the  exponential  theorem  proved  above  gives 

where  ^^=  (e^'^c^'-D-J  (e*'»«"^«-l)*+... 

is  a  series  of  alternants  and  therefore  also  a  linear  operator,  and  therefore 

In  particular,  putting  F(x)  =  Xu  and,  with  linear  operators  P^,  ...,  P^ 
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where  Ci,  ...,  ^9  ^u  •••»  ^  9^^  numerical  constants,  we  have,  if 

the  equation  «^»«i  :=fi[f{Xf  e),  e'"}. 

If,  further,  every  alternant  of  two  of  the  operators  P^, . . .,  Pr  is  expressible 
linearly  by  P| . . .  Pn  say  in  the  form 

(Pp,  P,)  =  c^iPi+...+c^Pr    0>,  o-  =  1,  2,  ...,  r), 

then  Xg  will  be  also  so  expressible,  say  in  the  form  0rPi+*  •+0r'Pr>  and 
we  shall  have  -  r  -,      ^     ,-,       . ,      ^ 

the  fundamental  equation  of  Lie*s  group  theory. 
Now  we  have  seen  (§  8)  that 

and  we  have 

(Zi,2y  =  (CiPi+...+«rPr,  «;Pi+...+«;Pr)  =  2:2  2cp^«p(5;p, 

(/o,  (T,  T  =  1,  2,  ...,  r). 

We  introduce  now  a  matrix  of  r  rows  and  columns  whose  general  element 

E^  =  2  c^pCr     (t  =  1,  ...,  r), 

80  that  each  element  is  a  linear  function  of  a^, ...,  er  with  coefficients  chosen 
from  the  constants  c^ar ;  then  we  have,  since  from  {Pf,^  PJ)  =  —  {P^,  Pp) 

follows    Cp^  =  —  C^pTf 

(Xi,  Xa)  =  -  2  2  E„€,Pr  =  -  2  (Ee')rP. 


T     •' 


where  Ee*  is  a  symbol  for  the  set  of  /'  quantities 

and  clearly  Ee*  =  —  E'e,  if  £'  be  the  same  function  of  e^i, ....  e'r  as  is  E  of 
«i . . .  (^r*     Hence  it  follows,  if  {Ee\  be  momentarily  denoted  by  /,, 

(Xi,  (Xi,  X^)  =  -(eiPi+...+^rPn  APl+...+/rPr)  =  ^(EffrPr, 

(Xa,  (Xi,  Xa))  =  -(€;Pi+...+e;Pr,  /iPi+...+/rPr)  =  2(£'AP„ 
and  therefore  again,  if  (J5'/)  be  momentarily  denoted  by  jr^, 

(Xi.  (Xa,  (Xi,  Xj^))  =  (eiPi+...+«rPr,   (/,Pi+...+?rPr)  =  -2(JE?^),P,; 
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but  Ef  =  l!^e\  Wf^  WEt\  Eg  =  EEy=  EE'Ee' ;  thus  we  have 
X,=  2  {er+er-^{Ee\+^{B!'e')r-^(E^Ee\+ii(EE^Ee')r+...)Pr\ 


r 

01 


or,  since  ^  =  £  0,  Pr*  we  have  r  equations 

all  of  which  are  represented  by 

and  this  is  the  series  we  have  previously  denoted  by  ^(6,  e*)^  there  being 
r  functions  V^i(^, «'), --MV^rC^f  ^0-  Thus  it  appears  that  the  fundamental 
equations  of  Lie's  group  theory  are 

and  we  have  proved,  to  employ  the  ordinary  nomenclature,  not  only  that 
the  equations  of  the  parameter  group  have  the  form  given  by  e^  =  ^(0,  e') 
expressible  by  the  matrices  E,  E\  but  that  there  is  a  one  to  one  corre- 
spondence between  the  terms  of  this,  and  the  terms,  which  are  alternants, 
in  the  expansion  of        ^a^b^^^^^^a^^^^,^      ^ 

And  this  brings  us  to  the  second  application  of  our  preceding  general 
theory  to  the  theory  of  groups.  It  is,  in  fact,  easily  recognised  that  the 
laws  fundamental  for  derivatives  and  bases  which  were  set  out  at  the 
beginning  of  this  paper  hold  for  matrices  E,  such  as  have  been  here  intro- 
duced, and  for  the  sets  ^x,  ...,«r.  To  see  this  it  is  only  necessary  to  notice 
(1)  the  fact  proved  above  that  Ee'+E'e  =  0,  (2)  the  fact  that  the  E  matrix 
of  the  set  Ee'  is  EE'^E'E.     This  last  follows  from  the  equation 

EE'^+E'E^e+E^Ee'  =  0, 

which  expresses  that  relation  among  the  constants  of  stnicture  which 
follow  from  the  identity 

(X„  (Xj,  Xa))  +  (X„  (Xs,  Xi))  +  (Xa,  (X,,  JQ)  =  0; 

for  this  equation  is       (EE''-E'E)e''+E"Ee'  =  0. 

It  must  be  remarked,  however,  that  it  is  only  for  groups  of  general  form 
that  the  equation  -B  =  0  involves  «i  =  0, ...,  Cr  =  0,  or  c  =  0.  The  grdup 
must  have  no  special  transformations. 

Conversely  that  intricate  part  of  the  algebra  of  the  theory  of  groups 
which  is  concerned  with  the  theory  of  structure  may  conveniently  be 
stated  in  the  general  terms  of  the  earlier  part  of  this  paper.     As  the 
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theory  is  there  set  out,  the  primary  set  of  capitals  may  be  of  infinite 
number,  and  in  any  case  the  alternants  formed  from  them  of  successive 
dimensions  form  an  indefinitely  extended  system  from  which  there  is  no 
return  to  the  original  capitals,  save  perhaps  by  reverting  an  infinite  series 

If  we  wish  to  have  a  finite  system  of  elements,  we  may  then  naturally 
suppose,  to  speak  in  terms  of  the  bases  of  the  alternants,  that  there  is  but 
a  finite  number  of  bases,  say  a^,  a^,  ...,  Or,  in  terms  of  which  every  other 
base  is  expressible  linearly  with  numerical  coefficients.  We  shall  thus 
have,  for  instance,  equations  such  as 

It  is  at  once  evident  that  this  leads  to  equations  FiA^a^r  =  0,  where 
F(Afi  is  an  integral  polynomial  in  A^  with  numerical  coefficients  ;  and  so 
on.  It  is  interesting  to  consider  from  this  point  of  view  such  propositions, 
for  instance,  as  one,  due  to  Cartan,  relating  to  the  necessary  and  sufficient 
condition  that  a  group  be  integrable ;  with  our  proposition  that  the  E 
matrix  of  Ee'  is  (£,  E'),  this  condition  is  that  the  constants  of  structure 
should  be  such  that  for  some  positive  integral  X  we  should  have,  for  every 
e  and  e\  an  equation  (EE'—E'E)^  =  0. 
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ON  THE  FAILURE  OP  CONVERGENCE  OP  FOURIER'S  SERIES 

By  E.  W.  Hobson. 

[Bead  Deoember  8th,  1904.^BMeiT6d  Deoember  14th,  1904.] 

It  is  well  known  that,  if  f{x)  is  a  limited  integrable  function,  defined 
for  the  interval  (— 'tt,  it),  the  corresponding  Fourier's  series,  at  any  point 
X  at  which  it  converges,  has  for  its  limiting  sum  L  ^  {/{x+e)  +f  (x-^e)] , 

provided  this  limit  exists  at  the  point.  It  is  known  that  the  nature  of  the 
function  in  an  arbitrarily  small  neighbourhood  of  the  point  x  determines 
whether  the  function  converges  at  x  or  not ;  various  sufficient  conditions 
have  been  found  that  this  convergence  may  take  place.  In  the  present 
communication  a  general  theorem  is  obtained  relating  to  the  most  general 
distribution  of  the  points  of  the  interval  at  which  the  series  either  con- 
verges to  the  value  of  the  function,  or  can  be  made  so  to  converge  by 
bracketing  the  terms  of  the  series  in  a  suitable  manner.  In  the  latter 
case  the  series  is  an  oscillating  one :  some  preliminai*y  remarks  are 
accordingly  made  on  the  subject  of  oscillating  series.  An  example,  due 
to  Schwarz,  of  a  series  which  represents  a  continuous  function,  and  fails 
to  converge  at  a  particular  point,  is  considered  in  detail,  and  it  is  shown 
that  the  series  is  in  reality  an  oscillating  one,  at  the  point,  and  that  by 
introducing  a  suitable  system  of  brackets,  but  without  altering  the  order 
of  the  terms,  the  series  can  be  made  to  converge  to  the  value  of  the 
function.  Finally,  a  function  is  constructed  which  fails  to  converge  at 
points  in  every  interval  contained  in  the  interval  (^^r,  tt).  A  more 
complicated  example  of  such  a  function  has  been  given*  by  P.  Du  Bois 
Beymond. 

On  Oscillating  Series, 

1.  Let  us  suppose  that  t^,  t^s,  ...,  Un,  ...  is  an  unending  sequence  of 
numbers,  such  that  u^  has  for  each  value  of  n  a  definite  numerical  value 
assigned  by  means  of  a  prescribed  law  ;  let  Sn,  denote  the  sum 
2^1+^3+- ••+^A>  <^nd  let  us  consider  the  aggregate  {Si,  s^,  ...,  Sn,  ...),  the 
elements  of  which  may  be  denoted  in  the  usual  manner  by  points  on  a 

*  Abhandlungen  der  bayeriaohen  Akademi*,  Vol.  xn. 
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straight  line.     This  enumerable  set  of  points  will  be  denoted  by  G ;  the 
following  cases  may  arise : — 

(1)  The  set  G  may  consist  of  points  all  of  which  lie  between  two  fixed 
points  A,  By  and  the  derivative  G'  of  the  set  G  may  consist  of  a  single 
point  B.  In  this  case  the  series  t^i+t^'f**-'ft^+-*-  is  convergent,  and  s 
is  its  limiting  sum. 

(2)  The  set  G  may  be  unlimited  in  one  direction  or  in  both  directions, 
and  the  derivative  6'  may  be  non-existent.  It  may  be  said  that  6  has 
the  improper  limiting  point  -f  ^  >  or  the  improper  limiting  point  —  oo  ; 
it  may  have  both  -f  ^  c^^d  —  oo  as  improper  limiting  points.  In  either 
case  \Bn\  has  no  upper  limit,  and  the  series  ^+2^+---+^+---  is  said 
to  be  divergent.  There  are  thus  two  species  of  divergent  series :  for 
example,  the  series  l/l  +  l/2+...  +  l/w+...  is  divergent  and  has  the 
improper  limiting  point  +  ^  i  whereas  the  series 

1-2+8-4+.. .  +  (2n-l)-2»+... 
has  the  two  improper  limiting  points  +  oo  ,  —  oo . 

(8)  The  set  G  may  consist  of  points  all  lying  between  two  fixed  points 
A^  Bj  and  the  derivative  G'  may  consist  of  more  than  one  point ;  in  this 
case  the  series  is  said  to  be  an  oscillating  series.  The  set  G'  may  contain 
a  finite  or  an  infinite  number  of  points,  but  is,  in  any  case,  in  accordance 
with  a  well-known  theorem,  a  closed  set,  and  consequently  has  an  upper 
limit  U  and  a  lower  limit  L.  These  limits  V  and  L  are  called  the  limits 
of  indeterminacy  of  the  series  Zu^. 

It  is  always  possible  to  find  a  sequence  (^m,  «n„  ««„  . . .)  of  partial  sums, 
where  ni<n,<n8...,  which  converges  to  the  limit  U,  and  another  such 
sequence  which  converges  to  the  limit  L,  or  one  which  converges  to  any 
prescribed  point  of  6'.  It  thus  appears  that,  by  means  of  a  suitable 
system  of  brackets,  the  oscillating  series  Zt^  may  be  converted  into  a 
convergent  series  of  which  the  sum  is  a  prescribed  point  of  G\  the  terms 
in  each  bracket  being  amalgamated.  The  set  G'  may  be  non-dense  in  the 
interval  (L,  IT)  >  or  it  may  consist  of  all  the  points  of  that  interval,  or  it 
may  consist  of  a  closed  set  of  the  most  general  type  which  is  dense  in 
some  parts  of  the  interval  (L,  XJ). 

For  example,  the  series  1  —  1  +  1  —  1  +  1  —  ...  has  the  points  1,0  for 
the  upper  and  lower  limits  of  indeterminacy,  and  G'  consists  of  these  two 
points. 

Again,  it  is  easy  to  construct  a  series  which  oscillates  between  the 
limits  of  indeterminacy  0,  1,  and  such  that  G'  consists  of  the  whole 
interval  (0,  1). 

t.  2.     TOL.  3.      NO.  88ft.  E 
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Let 


*i  —  if    'i  —  Jt    *•  —  t»    *4  —  S«     '•  —  t' 


•  '"f 


and  generally 


<i»(«-(-i)-«-i  — 


*(n+lf-H  — 


2m+2' 
1 


2 


_m+l 


2m+S' 


••f 


The  set  G  consists  of  all  the  rational  numbers  between  0  and  1,  and 
thus  G'  consists  of  the  whole  interval  (0,  1). 
It  follows  that  the  series 


J, 1 L-L  J L-L 

2      2.8      8.4"*"8.4      8.6"*"  " 


where 


t^»(«4.1)4l  — 


m 


2m+2     m+2' 


"^^^^'^^^  -^^  2;;r+i' 

1  m+l 


W(«+i)^+i  -- 


2wi+8      w+2' 


'**^"^^>**  "  M+l      M+2' 

'^*^^>'";;rf2";M^' 


can  have  its  terms  so  bracketed  that  the  sum  of  the  resulting  series  is  any 
prescribed  number  in  the  interval  (0,  1). 

(4)  The  derivative  G'  may  exist,  but  it  may  be  unlimited  in  one  or  in 
both  directions :  thus  U  may  have  the  improper  value  +  oo ,  or  L  may 
have  the  improper  value  —oo,  or  both  these  cases  may  arise  simul- 
taneously. In  this  case  the  series  oscillates  between  limits  one  or  both  of 
which  are  indefinitely  great.  The  series  may  be  made  to  diverge  by 
introducing  a  suitable  system  of  brackets,  or  it  may  be  made  to  converge 
to  any  point  of  G\ 

For  example,  a  series  may  be  constructed  which  oscillates  between 
infinite  limits  of  indeterminacy,  but  which,  by  introducing  a  suitable 
system  of  brackets,  may  be  made  to  converge  to  any  prescribed  number 
whatever. 

2x 1 

If  x'  =      .    n—  U '  where  the  positive  sign  is  ascribed  to  the  radical, 

the  points  x  of  the  interval  (0,  1)  have  a  (1,  1)  correspondence  with  the 
points  x^  of  the  interval  (—00,  oo);  it  is  clear  that  a  set  of  points  in  the 
interval  (0,  1)  corresponds  to  a  set  in  the  interval  (—00,  x),  the  relative 
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order  of  pairs  of  points  in  the  one  interval  being  the  same  as  that  of  the 
corresponding  points  in  the  other  interval.  Further,  a  limiting  point  of  a 
set  of  points  in  the  interval  (0,  1)  corresponds  to  a  limiting  point  of  the 
corresponding  set  of  points  in  the  interval  (— oo,  oo).  The  rational  points 
within  the  interval  (0, 1)  correspond  to  a  set  of  points  everywhere  dense  in 
the  milimited  line  (—  oo ,  +oo).  We  may  apply  this  method  to  transform 
the  series  obtained  in  (8)  which  oscillates  between  the  limits  of  inde- 
terminacy 0,  1,  and  which  can  be  made  by  introducing  suitable  brackets 
to  converge  to  any  number  in  the  interval  (0,  1). 

We  find 

f   ^^  f^  f    1  '__   ^  »    1  '    o 


f    ^  f    4  r   

8^  —  V,         S>i  —  jZf         *8  — 


V5'      ^'~    V6'      '''""V3'      ^'''"      V6' 
and  generally 

,             _            2m  f 2m— 8 

f         __       m  f            _         2yy?.-f  1 

8^^^^^  -  ^{m  +  lY  *^~*^>'^'  "       V(2m.+2)' 

t  7;i— 1 

8, 


>+i)(«.+o)-^|2(w+i)i- 
Thus  the  series 

■^  V2  "^  \V2  "  V3/ "^  V^S  "^72/ "  \2  "^  V2V 

has  the  required  character :  it  may  be  made  to  converge  to  any  value 
whatever  by  suitably  bracketing  the  terms  together  and  amalgamating 
the  terms  in  each  bracket,  without  altering  the  order  of  the  terms. 

The  transformation  z'  =    ,,    ,^ r:    is  an  example  of  an  unlimited 

number  of  transformations  by  means  of  which  sets  of  points  in  a  finite 
interval  may  be  made  to  correspond  with  sets  of  points  in  an  unlimited 
straight  line,  the  ordering  of  the  sets  being  the  same.  Another  simple 
transformation  of  this  kind  is  x'  =  tan  xx/2,  by  which  a  set  of  points  x  in 
the  interval  (—1,  +1)  is  transformed  into  a  set  of  points  x'  on  an 
unlimited  straight  line. 

E  2 
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Th€  Points  at  which  Fourier's  Series  does  not  converge. 

2.  Let  fix)  f  ^(x)  denote  two  functions  which  are  limited  and  integrable 
in  the  interval  (— x,  x),  and  let  a„  b,  denote  the  Fourier's  coefficients 

I     f{x)cossxdx9    \    f  (x)  sin sxdx,  the  corresponding  coefficients  for  the 

function  ^{x)  being  denoted  by  a^,  b',.  It  has  been  well  known  for  a  long 
time  that,  provided  the  Fourier's  series  for  the  functions  f(x),  ^(x)  con- 
verge uniformly  in  the  domain  (— x,  tt),  the  series  iaoao-f^CAt^+^f^f) 

1  f ' 
converges,  as  n  is  indefinitely  increased,  to  the  sum     —I    f{x)^(x)dx. 

The  theorem  has,  however,  more  recently  been  established,*  that  the 
series  converges  to  the  same  sum,  quite  independently  of  the  mode  of 
convergence  of  the  Fourier's  series,  and  in  fact  independently  of  any 
assumption  that  these  series  converge  at  all. 

In  the  particular  case  in  which  the  two  functions  f(x),  ^(x)  are 
identical,  the  theorem  takes  the  form  that  for  any  limited  integrable 
function  f{x),  the  series  ia^+Z(af+&f)  is  always  convergent  and  has  for 

its  sum  —I  {f{x)}^dx,  and  that  this  is  true  independently  of  any 
assumption  as  to  the  convergence  of  the  Fourier's  series 

^OQ-f  2  (cLt  COS  sx'\'bg  sin  sx). 

This  theorem  will  be  here  applied  to  an  examination  of  the  properties  of 
the  Fourier's  series. 

The  function /(j;)  being  limited  and  integrable  in  the  interval  (— x,  x), 

let  Bn  denote  /(x)— Joq— 2(a,cos  sx+ft»  sin  sx) ;  we  have 

^'  Bldx  =  J'^!/(a:)}«dx-7r[K+2(a?+6;^]. 

The  expression  on  the  right-hand  side  is  essentially  positive,  and 
converges  to  zero  as  n  is  indefinitely  increased.  Let  e,  m  be  two  fixed 
numbers  which  may  be  so  chosen  that  €^l4m  is  as  small  as  we  please ; 
then  an  integer  N  exists,  dependent  on  m  and  6,  such  that 


r 


B\dx  <  J—,    provided  n'^  N. 


*  The  first  proof  was  given  by  De  la  Vallee  Pousain  ;  see  Annalst  delaSoc,  Seimt.  d$  BruMtUi*  : 
other  proofR  have  been  given  by  Hurwitz,  Math,  AnmUn^  Vol.  lvii.,  and  by  Fischer,  M&mUakrfit 
fSr  Math,  h,  Pht^Hk,  Vol.  xv. 
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Let  us  take  a  fixed  value  of  n  which  is  >  ^ ;  then,  since  |  i2»  |  is 
an  integrable  function,  the  interval  {—ir,  ir)  can  be  divided  into  a  finite 
number  of  parts  such  that  the  sum  of  those  parts  in  each  of  which  the 
fluctuation  of  |  i2n  |  is  ^  ie  is  less  than  an  arbitrarily  chosen  positive 
number  17.  In  each  of  the  other  parts,  the  fluctuation  of  |  i2»  |  is  <  ^e. 
Let  these  latter  parts  be  denoted  by  Sn;  then  |i2|^c2x,  taken  through  all 
the  parts  Sn,  is  <  ^I4tm.  If  one  of  the  intervals  of  Sn  contains  a  point 
at  which  |  i2»  |  >  e,  then  at  every  point  in  that  interval  |  i2»  |  >  i^« ;  it 
is  clear  that  the  sum  of  those  of  the  intervals  Sn  for  the  whole  of  each  of 
which  I  i2n  I  ^  ie  must  be  less  than  1/m.  It  has  now  been  shown  that 
there  exists  a  finite  set  of  intervals  of  which  the  sum  is  >  2-^— 1;— 1/m, 
such  that  fit  every  point  in  them  the  condition  |  iZ^  |  <  c  is  satisfied ; 
the  set  of  intervals  depends  upon  the  particular  value  of  n  chosen. 

The  number  of  intei*vals  in  the  set  depends  upon  the  value  of  17, 
and  may  increase  indefinitely  as  tj  is  indefinitely  diminished ;  it  follows 
that  for  each  value  of  n  which  is  '^  N  there  exists  a  measurable  set 
of  points  such  that  at  each  point  |  i2i  |  <  e,  the  measure  of  the  set  being 

>  27r— 1/m. 

It  has  now  been  established  that  a  sequence  Gn,  On-^^u  C?ir+s>  •• 
of  measurable  sets  of  points  exists  such  that  the  measure  of  esush  set  is 
^  27r— 1/m,  and  such  that  at  any  point  of  any  one  of  them  Gn  the 
condition  |  i2n  |  <  e  is  satisfied. 

The  following  theorem*  in  the  theory  of  sets  of  points  will  now  be 
applied  to  the  sequence  Gn,  Gn^u  Gjr+if  ...  : — 

If  Pi,  P9,  ...,  Pm  ...  is  a  sequence  of  sets  of  points,  each  of  which 
sets  is  a  component  of  a  closed  set  of  finite  content  Z,  and  if  the  interior 
measure  of  each  of  the  sets  is  greater  than  a  fixed  number  C,  then  there 
exists  a  set  of  points  of  interior  measure  >  C,  and  of  the  power  of 
the  continuum,  such  that  each  point  of  the  set  belongs  to  an  infinite 
number  of  the  given  sets. 

In  our  case  the  sets  Gir,  Gs+u  Gs+^f  •..  ai*e  all  measurable  and  their 
measures  are  all  >  2*^— 1/m— 17,  however  small  17  may  be;  it  follows 
that  a  set  exists  of  interior   measute    >  27r— 1/m— 17,    each  point  of 

•  This  theorem  was  stated  and  proved  by  W.  H.  Young,  Proe,  London  Math,  Soe,,  Set.  2, 
Vol.  2,  in  his  paper  on  **Open  Sets  and  the  Theory  of  Omtent."  The  theorem,  so  far  as  it 
relates  to  measurable  sets,  was  stated  without  proof  by  Borel  in  the  Comptot  Sondm  for  December, 
1903.  The  expression  **  measure  "  is  employed  in  the  present  paper  in  aooordance  with  the 
usage  of  Borel  and  Lebesgue,  instead  of  the  expression  ''content "  employed  by  W.  H.  Young, 
because  the  latter  has  been  used  in  another  sense  by  Hamack,  Cantor,  and  others.  The  word 
content  is  here  restricted  to  the  case  of  closed  sets,  in  which  case  the  **  content "  of  Hamaok 
and  the  '*  measure  "  of  Borel  are  identical. 
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which  belongs  to  an  infinite  number  of  the  sets  ONt  On+u  —  Since 
17  is  arbitrarily  small,  it  follows  that  the  interior  measure  of  the  set 
of  points  thus  found  is  >  2x— 1/m.  For  each  point  of  this  set  G(e) 
there  are  an  infinite  number  of  values  of  71  such  that  1 12»  |  <  t.  Let  us 
consider  the  set  J9«  of  points  for  each  of  which  |  J2»  |  >  €,  for  all  values 
of  n  except  for  a  finite  number  of  such  values,  and  let  a  be  the  exterior 
measure  of  this  set,  and,  if  possible,  let  a  >  0 ;  for  the  complementary 
set  which  is  of  interior  measure  2ir—a,  there  must  be  for  each  point 
an  infinite  number  of  values  of  n  for  which  |  i2»  |  <  e.  Let  us  chooee 
m  so  large  that  1/m  <  a  ;  then  for  each  point  of  G(e)  whieh  is  of 
interior  measure  27r— 1/m  >  iw—a  there  are  an  infinite  number  of 
values  of  n  for  which  |  i2«  |  <  €,  and  these  cannot  all  be  included  in  the 
set  complementary  to  H« ;  it  follows  that  it  is  impossible  that  a  >  0 ; 
thus  the  set  H,  is  measurable,  and  its  measure  is  zero. 

Since  the  set  H«  of  those  points  for  each  of  which  1 22^  |  <  e  at  most 
for  a  finite  number  of  values  of  n  has  zero  measure,  it  follows  that  the 
complementary  set  £^«,  for  each  point  of  which  |  i2»  |  <  e,  for  an  infinite 
number  of  values  of  n,  has  the  measure  2ir.  Let  us  now  take 
a  sequence  of  diminishing  values  of  e,  say  e^,  cj,  . . . ,  €»,  . . . ,  which 
converges  to  zero,  and  consider  the  sets  £«„  £.,,  ...,  K^^,  ... ;   each  of 

these  sets  has  the  measure  2ir  :  it  follows,  by  applying  again  the  theorem 
in  sets  of  points  already  employed,  that  there  exists  a  set  of  points  of 
measure  2ir  each  point  of  which  belongs  to  an  infinite  number  of  the 
sets  £.1,  £«„  . . . ,  K,^,  ....     This  set  L  is  such  that  for  any  point  P  of 

it  a  sequence  tp^^  Cp,,  Cp,,  ...  of  values  of  e  belonging  to  the  sequence 
^if  «a*  ^8>  •  •  •  exists  such  that  |  i2»  |  <  Cp^  for  an  infinite  number  of  values 
of  n,  |i2n|  <  €p^  for  an  infinite  number  of  values  of  n,  and  so  on.  The 
sequence  €p^,  ep^,  ej,,,  ...  converges  to  the  limit  zero ;  thus  for  any  point 
of  the  set  L  we  have  lim  Bn  =  0,  provided  a  properly  chosen  sequence 
of  increasing  values  of  n  is  taken. 

For  any  point  of  the  set  L,  either  the  Fourier's  series  converges 
to  the  value  /(x),  or  else  it  oscillates  between  finite  or  infinite  limits 
of  indeterminacy,  but  so  that  the  functional  value  at  the  point  is  a 
limiting  point  of  the  partial  sums  of  the  series.  In  the  latter  case  the 
series  can  be  made  to  converge  to  the  value  f{x),  by  bracketing  the 
terms  in  a  suitable  manner,  the  terms  in  any  one  bracket  being  regarded 
as  amalgamated  ;   no  change  is  made  in  the  order  of  the  terms. 

If  for  any  value  of  the  variable  x  the  Fourier's  series  does  not 
converge  to  the  value  f(x),  but  can  be  made  to  converge  to  that  vtUue 
by  introducing  a  suitable  system  of  brackets,  the  terms  in  each  bracket 
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being  amalgamated,  btU  the  order  of  tlie  terms  being  unaltered^  the  series 
will  be  said  to  be  quasi- convergent  with  f{x)  as  its,sttfn- 

The  set  complementary  to  L  has  zero  measure,  and  contams  (1)  all 
those  points  for  which  the  Fourier's  series  is  divergent,  (2)  points  at 
which  the  function  f(x)  is  discontinuous  and  the  series  converges  to 
a  value  different  from  f{x),  and  (8)  points  at  which  the  series  oscillates 
but  is  not  quasi-convergent  with  fix)  as  sum. 

The  following  general  theorem  has  now  been  established  : — 

If  fix)  is  a  limited  vntegrable  function  defined  for  the  interval 
(— TT,  x),  there  exists  in  this  interval  a  set  of  points  L  of  which  the 
measure  is  equdl  to  that  of  the  whole  interval,  such  that  at  each  point 
of  L  the  Fourier's  series  either  converges  to  fix),  or  is  quasi-convergent 
with  fix)  as  sum.  The  complementary  set  is  of  zero  measure,  and 
contains  all  points  at  which  the  series  is  divergent,  or  converges  to 
a  value  different  from  fix),  or  oscillates  unthout  being  quasi-convergent. 

The  set  L  is  everywhere  dense  in  the  interval,  and  has  the  cardinal 
number  of  the  continuum.  The  complementary  set  may  or  may  not  be 
everywhere  dense. 

In  the  case  in  which  fix)  is  a  continuous  function,  the  set  com- 
plementary to  L  consists  of  points  at  which  the  Fourier's  series  diverges 
or  oscillates  without  being  quasi-convergent. 

The  theorem  leaves  the  possibility  open  that,  even  in  the  case  of 
a  continuous  function,  there  may  be  no  point  in  the  interval  at  which  the 
series  is  convergent. 

A  Continuums  Function  for  which  the  Series  does  not  converge. 

8.  It  is  well  known  that  the  question  as  to  whether  a  Fourier's  series 
converges  at  a  particular  point  must  be  answered  by  an  examination  of 
the  limit  of  an  integral  of  Dirichlet's  type 


r  8in(am.fl).^ 

Jo  smjer  ^ 


when  the  positive  integer  m  is  indefinitely  increased. 

Let  the  product  1.8.5  ...  (2X+1)  be  denoted  by  [2X+1],  and  let 
the  function  <f>iz)  be  defined  for  the  interval  (0,  a)  in  the  following 
i^anner: — In  the  interval  (x/[X— 1],  x/[X])  let  ^(ir)  =  CAsin[X]if,  where 
Ca  is  a  constant  dependent  upon  the  value  of  X ;  let  X  have  all  values 
\,  Xi+lf  \+2,  ...  where  X|  is  a  fixed  integer,  and  we  may  suppose 
a  BO  chosen  that  a  =  WC^'^l]  >  ^so  lot  ^(0)  =  0.  If  the  sequence 
Ckv  <^Ai-f-i»  ^A|49»  •••    be  BO  chosen  that  it  converges  to  the  limit  zero,  the 
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function  <l>(si)  is  continuous  at  the  point  ^  =  0,  but  has  an  indefinitely 
great  number  of  oscillations  in  an  arbitrarily  small  neighbourhood  of  that 
point.  It  has  been  bhown  by  Schwarz"^  that,  if  Cx  is  so  chosen  that 
CAlog(2X-|-l)  becomes  indefinitely  great  as  X  is  indefinitely  increased, 
the  integral  may  become  indefinitely  great  as  m  is  increased  indefinitely, 
and  thus  that  a  Fourier's  series  exists  which  does  not  represent  the  given 
continuous  function  at  a  particular  point. 

It  will  here  be  shown  that  the  series  is  in  reality  oscillatory,  and 
that  the  point  z  =  0  is  a  point  of  quasi-convergence  in  the  sense  defined 
above.     A  simplified  proof  of  Schwarz's  result  will  first  be  given. 

It  is  known  that  the  integral    I    6  {z)  —   .    *"       dz   may,  for  the 

Jo  smjsr  "^ 

purpose  of  the  consideration  of  the  limiting  values  when  m  is  indefinitely 

increased,  be  replaced  by  t  I  ^  (z)  — - — ^ dz.    Thus  we  may  consider 

Jo  z 

the  latter  integral. 

Let  2m+l  =  1,  8,  5  ...  2/x+l  =  |>]; 

then      ^MzS^^^^^dz 


£0W 


z 


J»/0]  ^  *"^»     J»/w  ^ 

+    i    ,,p-^Jsin[n].8inM.^. 

the  first  integral  on  the  right-hand  side  may  be  written  in  the  form 

which  is  equivalent  to 

Jc^  log  (2/i+l)— Jc^  ^  \        cos  2[>]2r dar, 

^  Jww 

where  )8  itf  a  number  between  ^/[/i]  and  7r/[/i — 1]. 

Now  let  c^  log  (2/A-f-l)  increase  indefinitely  with  /a  ;   this  is  consistent 

with  c^  having  a  zero  limit,  for  we  have  only  to  take  c^  =  -j^ —  t^ , 

where  s  is  some  fixed  positive  number  less  than  unity. 

Since  c^  !^  I       cos  2[/ii]^c22r  is  numerically  not  greater  than  Cu/x, 

^  J»/rMi 


*  See  the  history  of  the  theory  of  Foarier's  series,  by  Sachs,  SehUmilelCt  Zntuhr^ft,  Supple- 
ment, Vol.  XXT. 

t  A  rigid  proof  of  this  i»  given  by  Brod^,  Math.  Annalmk^  Vol.  ui.,  p.  220. 


c^ 
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we  see  that,  with  the  supposition  made  as  to  c^,  the  expression 

['/■>-!  sin' My. 

beoomes  indefinitely  great  as  /a  is  increased  indefinitely. 

To  evaluate  „_,       r»/rn-n  •    r  i     •    r  t 

2    Cn  \       '•'8m[n>8inM2r^^ 

we  see,  by  writing  sin  [nj^r  sin  [)a]^  as  half  the  difference  of  two  cosines, 
and  applying  the  second  mean  value  theorem  to  each  integral,  that  the 
absolute  value  of  the  expression  is  less  than 


.,  "Z}    Cn       [n] 

or  than        2    —  -  ^  ^ 


wAi     ▼ 


C-^ 


^  4- 


^+i-of=^  ^^^+^+^i 


which  is  less  than  ^  2  J^^, 

IT      L/*  — IJ  M 

and  this  is  ^  |l+  tt^  +  7S ttts m  +-1- 

x/x  I       2/x— 1      (2/x— l)(2/x— 8)         J 

Thus  the  absolute  value  of  the  expression  is  less  than  2ca/'t/a,  and  this 
becomes  indefinitely  small  as  /a  is  indefinitely  increased  ;  thus  the  limiting 
value  of  the  expression  is  zero. 

Finally,  we  have  to  consider  the  expression 


sinoe 


Bin[/i]jg 
z 


.M+l         Jw/Cn]  Z 


[ju],   and   I  sin  [n]jer  I  <  1,    the  absolute  value  of  the 


expression  is  less  than  c^4.i[ju]  f-^i  and  this  has  the  limit  zero  when  m 

is  indefinitely  increased. 

Sohwarz's  theorem  has  now  been  established,  that 

r»(xr)8inM4r^ 
Jo         sinz 

increases  indefinitely  as  /a  is  indefinitely  increased,  where 

[>]  =  1.8.5  ...  (2/i+l), 

and  0(2r)  is  defined  by  ^(0)  =  0,  ^(z)  =  CAsin[X]2r  in  the  intei-val 
(x/[X],  x/[X— 1])  where  X  =  Xj,  Xj+l,  Xi+2,  ...  and  a  =  7r/[Xi— 1], 
provided  Ck  has  the  value  l/|log(2X+l)}'i  where  0  <  «  <  1. 
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4.  We  proceed  to  consider  the  case  iu  which  2m+l  =  (2p+l)[/i— 1], 
where  p  is  an  integer  which  varies  with  /a  in  such  a  manner  that  it  always 
lies  between  0  and  /a. 

In  this  case,  as  before,  we  divide  the  integral    I  ^(z)  — - —  dx 

Jo  * 

into  the  three  parts 


c^ 


Jww  ^ 


+  2' c  r^""'^  8in[n]2rsin(ap+l)l>-l> ^ 
I        f >/C*-i3  sin  [n]  2r  sin  (2p + 1)  [>  - 1]  2r  ^ ^ 

The  first  part  is  equal  to 

^jw     [^MI>-"l](2M-2p)l-cos{[M-l](2M+2p+2)[]d* 

where  /8  is  a  number  between  ^/[m]  and  ^/[/x^ljf  and  this  expression  is 
less  in  absolute  value  than 

CmM  f_  1  I    ,  ,       ^  ^ 

X     l|>-l](2/i-2p)^|>-l](2M+2;?+2)> 
or  than  £^  .' 2m±1  +^±1     I, 

and  this  may  be  written 

^  I  i-Z     1+1  +  ^ 

M  MM 

If,  now,  j7  increases  with  ju  in  such  a  manner  that  pi  ft.  is  always  less  than 

some  fixed  number  which  is  less  than  unity,  this  expression  diminishes 

indefinitely  as  yu  is  indefinitely  increased  ;  it  would  also  be  sufficient  that 

p/m  =  l-/r/|log(2M+l)l'',  where  «'<»,  c^=  1/ j log (2^+1) }*,  and  <t  ia 

finite. 

V    *          u         "v      ['/['-'J  sin  [_n]z  sin  (2p+ 1)  [m-1]^  ^    .    ,        . 
Next,  we  have     2  c,i  — i— ' ^-'^-' — -^^ ^dz  is  less  m 

absolute  value  than 

"^^  c^  {  1  ,  1  I 

H-A.    ir     l(2p+ 1)  [m-  l]-[n]  ^  (2p+l)  [m-  lH-[n]l 
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«r  than         '-i^ij^  1 ^-T x ^-n- 


and  this  is  less  than 

or  than  2cxjptr ;  thus  the  expression  becomes  indetinitely  small  when  p 
IB  increased  indefinitely. 

That  2    ^p-'J8in[»].sin(2p+l)f^-l].^ 

has  the  limit  zero  is  seen  from  the  fact  that  its  absolute  value  is  less  than 
c^+i(2p+l)|>— l]p|,  or  than   ^c^+ig^xj- 

We  have  now  established  that    I  d>  (z) — X-if  dz  has  the  limit 

Jo  z 

zero  il2fn+l  increases  indefinitely  through  a  sequence  of  the  form 

l>i-l](2pi+l),         [M,-l](2pa+l),         |>8-1](2P8+1), 

where  /ai>  a^i  Ms*    •  •  is  ^^  increasing  sequence  of  integers,  and  pi,  p^,  p^,  ... 
are  such  that  pin  <  1— /r/|log  (2/x+l)['^. 

The  limit  of  the  same  integral  has  been  shown  to  be  infinite  if  2fH+l 
increases  indefinitely  through  a  sequence  of  values  [/xj,  [ms],  [fu^,  .... 


A  Cofitinuous  Fufictiofi  for  which  tJie  Series  does  not  converge  at  a  Dense 

Set  of  Points. 

5.  Let  the  continuous  function  f(x)  be  defined  for  the  interval  (— x,  tt) 
as  follows : — If  —  x  <  a:  <  f ,  where  f  is  a  fixed  point  in  the  interval,  let 

fix)  =  0;  if  0<aj-f<2a,  let/(a?)  =  ^(5=^),  where0(^)  is  the 

function  ^(0)  which  has  been  already  discussed;  in  case  ^+2a<7r,  we 
take  fix)  =  0,  for  f +2a  <  a:  <  x. 

The  limit  of  the  sum  of  the  first  2m +1  terms  of  the  Fourier's  series 
for  the  function  fix)  is  that  of  the  expression 


i^l/"' 


) ; ?-  dx', 

.     X  —X 

sin  — = — 
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and  at  the  point  ( the  limit  depends  upon  that  of 


1  r        8m(2m±lLir^. 
•TT  Jo  Sin;? 


It  has  been  shown  that  this  limit  is  zero,  or  indefinitely  great,  accordi] 
to  the  nature  of  the  sequence  of  values  through  which  2m+l  increases 
indefinitely.  It  follows  that,  at  the  point  f,  the  Fourier's  series  is  not 
convergent,  but  is  quasi-convergent  to  the  value  /(f )  =  0  of  the  function. 
Let  us  now  denote  the  function /(x)  by  f{x,  f),  and  let  fi,  fs»  ...,  ^«f  ... 
be  an  enumerable  set  of  values  of  ^,  everywhere  dense  in  the  interval 
(— T,  ir)f  and  let  us  consider  the  function 

F{x)  =  Cif(a;,^i)+Caf(a;,fa)+...+c»f(a?,  f»)+..., 

where  Cj,  Cj,  ...,  Cn,  ...  are  constants  so  chosen  that  the  series 

is  absolutely  convergent. 

Since  the  upper  limits  of  each  of  the  functions  |  f  (rr,  f )  |  has  the  same 
finite  value,  it  follows  that  the  series  Cjf  (x,  i^'\'C%f{Xfi^+,..  is  uniformly 
convergent  in  the  interval  (— 'tt,  tt),  and  thus  the  function  F(x)  is  con- 
tinuous, and  the  expression 

x'—x 


^f-/^'' 


sin(2m-|-l) 

) ; —dx' 

.    x'^x 

sm  — zz — 


is  equal  to  the  sum 


X  ^~  X 

8in(2m+l) 


^2cJ     f(x',^.) ^dx\ 

27r  1      J_w  x'—x 

2 

which  may  be  written  in  the  form 

where  L  xi(^>  ^)  is  zero,  imless  a:  =  f^,  at  which  point  the  limit  may  be 

either  0  or  oo ,  according  to  the  mode  in  which  m  is  indefinitely  increased  ; 

a  similar  statement  holds  as  regards  X3(^>  ^)  ^^  ^^^  point  ^2>  ^^^  generally 

L   Xn  (^»  ^'0  is  zero,  unless  x  =  ^«,  in  which  case  the  limit  depends  upon 

the  mode  in  which  m  becomes  infinite. 

At  the  point  ^„,  the  term  CnXniXtm)  has  an  infinite  limit  provided  m  is 
increased  indefinitely  in  a  proper  manner,  but  it  might  happen  that  the 

limit  of  /v»       \  I  /<•       \  I 

^ii+ix«+ivt*f  w)+c»+2X«+«vf*»  W  +  ... 
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is  also  infinite,  although  each  separate  term  has  a  zero  limit ;  in  that  case 
the  limit  of  the  whole  expression  for  the  sum  of  the  series  might  be  finite 
or  zero,  in  whatever  manner  m  were  made  indefinitely  great.  If  this 
happened  for  a  particular  set  of  values  of  the  constants  c^  Cj,  . . .,  Cn,  Cn^i, . . . , 
it  would  no  longer  happen  if  these  constants  were  replaced  by  c^ei,  c^CiC^, 
c^^i^e^f  ...,  Cn^^eg ...  «ii,  ...,  where  e^  e^,  eg,  ...  is  a  sequence  of  descend- 
ing positive  numbers,  provided  they  are  properly  chosen.     For,  if 

when  m  is  indefinitely  increased,  were  finite,  being  dependent  on  the 
form  00  —  00 ,  the  expression 

would  also  be  finite  or  zero,  only  in  case 

C»+iXii+l(^ii,Wl)+Cn+jXn+2(f«>^)  +  --- 

had  as  its  limit  unity,  when  m  is  indefinitely  increased.  But  this  limit 
can  be  altered  by  changing  Cn+u  without  altering  en+2,  en+z,  ... ;  and  thus 
e»+i  can  certainly  be  chosen  so  that  this  expression  does  not  converge  to 
unity  when  m  is  indefinitely  increased. 

It  has    thus  been  shown  that,  by  choosing  the  numbers    ej,  e^,  ... 
properly,  the  limit  of  the  ratio  of 

Ci«j ...  «»e»+i  {c»+ix»-n(6i»^)+^+2^»+sX«+«(^«»^)+---[ 

to  ei«,  .'.enCnXniXjfn) 

will  be  different  from  what  it  was  when  all  the  e's  were  equal  to  unity.  It 
has  therefore  been  shown  that,  by  altering  the  numbers  c^,  c^,  Cg,  ...  in  a 
suitable  way,  the  infinite  limit  of  c»x«(^H>m)  when  m  is  indefinitely  in- 
creased will  no  longer  be  removed  by  an  infinite  limit  of  the  sum 

c»+ix»+i(f»»^)+^»+2X*+s(^»»^)+---  • 
It  has  thus  been  shown   that  it  is  possible  to  choose  th-e  numbers 
^i>  ^2>  <^>  •  •  •  i^  stich  a  manner  that  the  continuotis  function 

Fix)  =  icnf{x,i^ 

is  such  that  the  Fourier's  series  fails  to  converge  to  the  value  oj  the  func- 
tion at  each  point  of  tlie  everywhere  dense  set  of  points  {^^  ^j,  ...  ^»). 
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ON  CERTAIN  CLASSES  OP  STZTGIES 

By  A.  Young. 

[Communioated  NoTember  10th,  1904.— RaodTed  Janiuuy  0th,  1905.] 

Thb  object  of  this  paper  is  to  extend  so  far  as  possible  the  results 
obtained  for  perpetuant  syzygies  in  a  recent  paper*  by  Mr.  Wood  and 
myself  to  syzygies  between  concomitants  of  binary  forms  of  finite  order. 
In  using  the  symbolical  notation  for  binary  forms  it  is  unnecessary 
to  write  down  any  symbolical  factors  involving  the  variables,  for  these 
may  be  supplied  when  the  orders  of  the  forms  are  known.  In  this  case 
the  symbolical  expressions  used  in  the  paper  referred  to  for  covariants  of 
forms  of  infinite  order  may  also  be  regarded  as  covariants  of  forms 

all  of  finite  order ;  provided  that  in  any  such  expressions  no  letter  Or 
occurs  to  a  degree  greater  than  rtr,  the  order  of  the  corresponding  quautic. 

The  result  to  be  proved  is  that  the  syzygies  obtained  for  pei*petuant8 
are  true  when  the  orders  of  some  or  all  of  the  quantics  concerned  are 
finite,  if  those  forms  in  which  any  letter  a^  appears  to  a  degree  greater 
than  the  order  Ur  of  the  corresponding  quantic  are  ignored,  except  for 
forms  which  have  a  factor  (ara,)^(a,a<)"'''^. 

Thus,  if  l^P+IP'  =  0  be  one  of  the  perpetuant  syzygies  obtained  in 
the  former  paper,  where  ZP  is  the  sum  of  those  products  in  which  the 
letter  Oi  does  not  appear  to  a  degree  greater  than  n^,  the  letter  a^  does  not 
appear  to  a  degree  greater  than  7i2>  ^^^  ^^  on,  and  ZP'  is  the  sum  of 
those  products  in  which  some  letter  ar  appears  to  a  degree  greater  than  tir, 

then  for  the  quantics  a^),  oj^,  ...  we  have  a  syzygy 

2P=2Q 
where  each  of  the  terms  Q  has  a  factor  of  the  form  (ara^^iagoir*^^. 


•  Proe,  London  Math.  Soe.,  Set,  2,  Vol.  2,  p.  2*21. 
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The  result  is  exactly  analogous  to  the  extension  of  reducibility  results 
for  perpetuants  to  forms  of  finite  order.*  It  will  be  convenient  here  to 
call  covariants  such  as  Q  forms  of  the  second  class,  as  was  done  in  the 
paper  referred  to. 

To  obtain  the  result  it  is  necessary  to  prove  it  true  for  Stroh's 
syzygies,  and  this  constitutes  practically  the  only  difficulty. 

1.  Stroh's  fundamental  syzygy 

{(a6)+(cd)}'^-i(ad)+(c6)}^  =  0 

is  true  for  forms  of  finite  order  only  when  w  is  less  than  the  order  of  each 
of  the  forms  concerned.  We  proceed  to  obtain  a  corresponding  syzygy, 
true  for  all  values  of  to  ;  in  fact,  it  is  to  be  proved  that 

where  each  of  the  terms  Q  on  the  right  has  a  factor  of  the  form 

and  the  sums  on  the  left  extend  only  to  such  terms  as  can  possibly  repre- 
sent covariants  of  the  quantics  in  question.  Thus,  if  ajs  6J*,  cJJ*,  rf^  are 
the  quantics,  then  r  >►  ;?i  or  ii^  in  the  first  sum,  while  it  is  <(  ic?— Wg  or 
lo—n^ ;  and  similarly  for  the  second  sum. 


2.  We  shall  first  prove  the  identity  {n^  <  w) 
2   (^)  [(a6r-^(c(0'-(c6r-Mad)T 


where  it  is  supposed  that  none  of  n^,  n^,  n,  are  less  than  w. 

Let  us  assume  this  true  when  n^  ^  a,  and  prove  it  for  the  case  when 
n^  =  a — 1. 


*  A.  Young,  Froe,  London  Maih.  8oe.,  Ser.  2,  Vol.  1. 
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Since  it  is  true  when  Hf  =  a,  we  have 

=  _  M  [(at)— (cd)'-(c6)"- ((«?)•] 

=  _  "T  ('«)  («'-«)(ac)-— (c6)'(cd)- 

+  ('^")  (c6)— (ac)[(arf)«-'+(ad)-*(cd)+...+(cd)-'] 

X*"/  »-0 

+  "T"  (^)  (acr {cbY  i  ("',717171^*)  [(o(i)-(cd)'-(«?)-]* 


Dividing  this  result  by  Ox,  we  see  that  the  theorem  is  true  forni  =  a~l. 

Hence,  if  the  relation  is  true  when  n^  =  a,  it  is  true  when  ni  =  a— 1. 

It  is  easily  verified  when  n^  =  w^l;  it  is  true  for  n^z=w;  hence  it 
is  always  true. 

8.  In  exactly  the  same  way  it  may  be  shown  that,  if  n,  and  n^  are  each 
less  than  w,  but  neither  rii  nor  n^  is  less  than  w^  then 


2     ©  W~'(c^'-(cJr"''(o^1 


"T   lo  (")  (''"'^"/"'■^0(^^'^"""'(^^'(««""'<^*>'- 


•  For    i    /'<'-a-l-r  +  ,\   ^   /     f<;-r     \   ^    (aJi     r      ) 
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4.  To  extend  the  result  of  §  8  to  the  case  in  which  n^,  n^,  n^  are  ail  less 
than  w,  but  n^^w,  we  start  with  the  result  of  §  8,  where  n^  may  be 
supposed  equal  to  to,  and  then  transform  the  relation  to  one  which  has  a 
factor  axi  this  factor  being  removed,  we  have  a  relation  for  the  case 
ni=:t£;— 1.  Proceeding  thus  step  by  step,  a  relation  is  established  for 
all  cases  when  n^  <  to. 

Lemma. — The  following  relation  is  required : — 


*+< 


=      2  (''*^  ^Yacr ''''-' (cbY  (cd) 

We  assume  that  this  is  true  for  a  particular  value  of  \,  and  then  shew 
that  it  is  true  for  X+1* 

Thus,  on  this  assumption, 

(oc)^-"*-^  {cby  iad)"^"  (cd)' 

=      2  (''*^*')  (acy^-'-"'  (cby (cd)'^' 

_      *!'  fn^-8^  iacr-'-'-' {cby  (cct)'*' 

+(_)A+t  Y  {-y  (^^])(^''^^)^ 

Hence  the  lemma  is  true  for  X+1  if  it  is  true  for  any  particular  value 
of  X.    But  it  is  evidently  true  when  X  —  0 ;  hence  it  is  always  true. 

2.    jOit,  8.    vo.  886,  ^ 


in^-i-t 
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It  follows  in  exactly  the  same  way  that 

(oo)''-'^-'  (ci)''(a6)'^-  {cbY 

1-0  V    ^    / 


5.  Now  apply  these  results  to  modify  the  relation  of  §  8,  so  that  it 
involves  not  more  than  n^  a's  in  any  term  on  the  right.     Then 


2     i'f)  liabr'^cdi'-icbr-'iadi'] 

If— «4— 1  i»— r— Hi— 1  »4— » 

—  V 


i"-'       T      (-)'* ,.(«)(»-«4-l-r+.) 


r«0  «««0         <«i»— r— •— »| 


r-0      i-w-r-ihorO  \^/   \  *  / 


+T  'T  "1"  (")  r"-r^')  ("T') 


X(oc)— '•-'-' (c6)'(«V+» 

-T"'I"'""X"(")("--/-'^')(V) 

Let  us  first  suppose  that  n^  >  both  n,  and  n^.  Then  the  left-hand 
side  of  the  relation  will  require  no  alteration.  Now  the  relation  is  an 
identity ;  therefore,  if  a  c  is  introduced  into  every  determinant  factor  by 
means  of  relations  of  the  form  (ah)  =  {ac)  +  (cb),  then  the  sum  of  the  co- 
efficients of  each  of  the  resulting  terms  (ac)^  (06)"  (cd)""  must  be  separately 
zero. 
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In  particular,  all  those  terms  which  have  a  factor  (ac)*^'*'^  must  vanish 
separately ;  now  no  such  terms  can  arise  from  any  part  of  either  side  of 
the  relation  except  in  its  last  two  lines,  and  in  these  lines  every  term 
contains  a  factor  (ac)**'*'^  Moreover  these  terms  are  unaflfected  by  the 
operation  of  introducing  c  into  every  determinant  factor ;  their  sum  is 
therefore  zero. 

Hence,  when  %  >  n,  and  nj  >  714, 


2      ("J)  [(a6)--^(cd)^-(c6)--'(ad)T 

^     -|-'-Y'-'      Y       ^_y^..r-.-nJw\/w-n,-l-r+s\ 

+•"2"'        2         M  («'-"«-l-'+*)(ac)-«*-(c6r(ad)«*-(cd)' 

If  nx  <  9^3,  there  will  be  terms  on  the  right  which  when  c  is  introduced 
into  every  determinant  factor  will  yield  terms  having  a  factor  (ac)^'*'^ 

We  may  bring  over  these  terms  to  the  right-hand  side,  and,  using  the 
results  of  §  4,  we  may  replace  them  by  others  by  means  of  the  relation 

=     "~r  ""T-  (-)  («'7'-)  (oc)— W(c6)' 


ra-W-Hf  tmO 


+:x:,-x.  <-'•"-'-"  (")u-i.-)  ("70 

X  {cd)'{cbY(abr''-K 

The  first  of  these  two  sums  will  disappear  with  the  last  two  lines  of 
the  former  sums,  and  so  the  relation  holds  good  with  an  alteration  of 
limits  on  the  left  and  with  the  subtraction  of  the  second  of  the  above 
sums  from  the  right. 

F  2 
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Each  term  of  this  second  sum  can  be  written  in  the  form 

If  ni<n4,  another  alteration  in  the  limits  most  be  made  on  the 
left,  and  terms  of  the  form 

22^(c6r-'(ac)'(a4)t-(a?)''-'^ 

introduced  on  the  right. 

6.  We  have  next  to  consider  the  case  when  w  is  greater  than  the  order 
of  each  of  the  quantics.  The  method  of  proof  here  does  not  reqoire  any 
assumption  as  to  the  relative  magnitudes  of  to,  ni^n^^n^n^]  so  that  the 
theorem  is  proved  again  for  the  three  cases  already  discussed ;  on  the 
other  hand,  the  proof  given  here  affords  no  information  as  to  what  are 
the  terms  of  the  second  class  on  the  right-band  side  of  Stroh's  syzygy. 

We  shall  assume  that  the  theorem  has  been  proved  when  the  total 
weight  of  the  syzygy  is  w  and  the  orders  of  the  quantics  are  n^,  n,, 
ns+l>  ^4 ;  cuid  then  shew  that  it  is  true  when  the  weight  of  the  syzygy 
is  w  and  the  orders  of  the  quantics  are  Ui,  n,,  ftn,  n^. 

We  have  then  a  syzygy 

(L)  2  (^')(a6r-^(cci)^-2(^)(c6)--'(ad)^  =  ST 

where  T  is  a  co variant  of  al\  V^y  c^^^,  d^  of  the  second  class ;  and  the 

sums  on  the  left  extend  only  to  such  symbolical  products  as  may  be 
interpreted. 

In  will  in  general  happen  that  when  the  order  of  c  becomes  n^  either 
one  or  two  terms  on  the  left  of  (I.)  cease  to  be  interpretable.  Let  T  be 
the  sum  of  these  terms ;  they  must  be  removed  to  the  right-hand  side  of 
the  relation. 

Now  (I.)  is  an  algebraical  identity  between  the  symbols  a,  6,  c,d,x;  hence, 
if  we  can  express  the  forms  ZT—  T  in  terms  of  a  sum  of  symbolical  pro- 
ducts which  represent  covariants  of  ajs  6J*,  cj*,  d^*  of  the  second  class 
multiplied  by  a  factor  c^c^  we  shall  have  a  new  relation,  from  which  a 
factor  Cj  may  be  removed :  the  result  is  then  the  syzygy  required. 

We  proceed  to  prove  that  this  can  be  done.  Those  factors  of  a  sym- 
bolical product  which  make  the  covariant  belong  to  the  second  class  are 
here  referred  to  as  the  second  class  factors.  No  covariant  of  ST— T' 
need  be  considered  which  has  already  a  factor  Cx. 

If  a  covariant  of  ZT— T'  has  a  factor  («^,  which  does  not  appear 
amongst  its  second  class  factors,  and  also  a  factor  &«,  we  will  nee  the 
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identity  for  («^  b^  viz:,       (€f)6,  =  (e6)f,+(6^ex- 

Thus  all  the  covariants  of  ST— T'  can  be  expressed  in  terms  of — 

(1)  Covariants  of  ajS  6;»,  cj%  dj*  of  the  second  class  multiplied  by  c,. 

(2)  Covariants  of  ajs  6JJ«,  cJ»+S  rf;j*  of  the  second  class  which  have  no 
factor  bg  or  c^. 

(8)  Covariants  of  a]^S  6]|*,  cj|*''^\  d^  of  the  second  class  which  contain 
the  letter  6  in  all  factors  other  than  the  second  class  factors  and  have  no 
factor  Cg, 

7.  The  covariants  can  be  farther  restricted.  Covariants  of  set  (8)  con- 
tain a  factor  (bc)**'*'^  unless  the  letter  c  appears  in  the  original  second  class 
factors. 

If  the  second  class  factors  were  originally  (ce)^  (e^*'^  (where  n  is  the 
order  of  «),  we  have  now  a  factor  (6c)*»''^^~^(ce)^.  By  means  of  repeated 
ose  of  the  identity  for  (ce)&s  such  a  covariant  can  be  expressed  in  terms  of 
covariants  (1),  (2),  and 

(4)  Covariants  which  have  a  factor  (bc)^^^. 

It  remains  to  consider  covariants  which  have  a  factor  (ac)^  (cd)**'*'^''\ 
Here  we  begin  by  introducing  d  into  as  many  determinant  factors  as 
possible ;  the  covariant  is  thus  expressed  in  terms  of  covariants  (1),  of 
covariants  which  have  no  factor  c«  or  d,,  and  of  covariants  which  have  a 
factor  (c(0"»+^ 

By  means  of  the  identity  for  (ao)(6c0  we  may  express  those  covariants 
which  have  no  factor  c*  or  d^  in  terms  of  covariants  which  have  one  or 
other  of  the  factors  (6c)^(a?)*»+*-^,  (cd)MAl)"*"^ 

Covariants  having  either  one  of  these  factors  or  else  the  factor  (cd)**'^^ 
have  already  been  discussed. 

We  are  thus  left  with  covariants  (1),  (2),  and  (4). 

Covariants  of  set  (2)  may  be  written 

(6c)^  {cdr  {day  {aby  (6c0'  (acy ; 

where  X+M+T  =  n3+1,         X+/>+o^  =  w,, 

and  one  of  the  indices  is  zero. 

By  means  of  the  identity  for  (a&)(c{2)  we  may  express  this  in  terms  of 
similar  covariants  in  which  either  />  =  0  or  m  =  0.  When  />  =  0  there 
iff  a  factor  (bey^(bdy*'^\  and  by  means  of  the  identity  for  {fld^dx  we  may 
express  the  covariant  in  terms  of  covariants  (1)  and  of 

(5)  Covariants  which  have  no  factor  c^  &«,  or  d^ ; 

(6)  Covariants  which  have  no  factor  Cx  or  bx  and  which  contain  the 
letter  a  only  in  factors  (ad),  Og. 
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When  fA  =  0  there  is  a  factor  (&c)^(ca)*'^^~\  and  by  means  of  repeated 
use  of  the  identity 

(ac)  (ab)  dx  =  (ac)  (db)  a«+  (be)  (oii)  0,*+  (ai)  {ad)  Cx 

the  covariant  can  be  expressed  in  terms  of  covariants  (1),  (4),  (5)  and  of 
covariants  of  the  same  kind  for  which  />  =  0. 

Thus  we  can  express  all  covariants  of  the  sum  ST—I*  in  terms  of 
covariants  (1),  (4),  (6),  (6). 

Now  the  relation  from  which  we  started  may  be  regarded  as  an 
identity  expressing  ZT— T'  as  a  sum  of  terms  having  a  factor  c*.  Hence 
the  sum  of  the  covariants  of  sets  (4),  (6),  and  (6)  which  now  appear  on  the 
right-hand  side  of  our  relation  must  have  a  factor  Cx.  It  is  shewn  in  the 
next  paragraph  that  this  means  that  the  sum  is  zero;  hence  XT^P  is 
equal  to  a  sum  of  covariants  (1). 

The  theorem  is  then  true  when  the  order  of  c  is  n^  provided  it  is  tme 
when  the  order  of  c  is  n,+l.  Hence,  if  it  is  true  when  the  order  of  c  is  10, 
it  is  always  true.  But  it  is  true  when  the  order  of  no  one  of  the  qoantios 
is  less  than  to  :  hence  by  repeated  use  of  the  induction  it  is  true  always. 


8.  A  sum  of  covariants^  linear  in  the  coefficients  of  each  of  the  four 
quanHcs  -,     ,^     ^^i     ^ 

ea4:h  of  which  is  of  one  of  the  follotoing  kinds  : — 

(1)  Covariants  which  liave  no  factor  Cg,  bg,  or  d^; 

(2)  Covariants  which  have  no  factor  c«y  bx  and  in  which  the  letter  a 
appears  only  in  factors  {ad),  a«  ; 

(8)  Covariants  which  have  a  factor  (6c) *•"*■* ; — 

cannot  be  expressed  as  a  sum  of  symbolical  products  having  a  factor  c^ 
unless  this  sum  is  zero. 

The  covariants  (1)  can  be  expressed  as  transvectonts 

[(c6)^'(cc?)^«(6d)^  a:»]^+'^+^-*^»-*^-*^, 

each  of  which  only  contains  a  single  term.     These  transvectants  may  be 
expressed  in  terms  of  the  transvectants 

[(c6)^»(cd)*»-^^(6d)^  a*»]*«+**-"*-*^, 
and  of  transvectants     [{cb)^^{cdi^,  a?]"*+*»'^**-*^>-*^. 
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The  covariants  (2)  can  be  expressed  as  trans vectants 

each  of  which  contains  only  a  single  term. 

The  covariants  (8)  can  be  expressed  in  terms  of  transvectants 

[(c6)»»-^^(6d)^,  aj»]^ 

Now  transvectants  of  a^^  which  have  not  the  same  index  are  inde- 
pendent ;  hence,  if  the  sum  of  covariants  has  a  factor  Cg,  the  sums  of  the 
equivalent  transvectants  of  al^  for  each  index  must  have  a  factor  Cg. 
Hence  in  all  cases  in  which  the  index  of  the  transvectant  is  equal  to  the 
order  of  the  covariant  on  the  right  the  sum  of  the  transvectants  must  be 
zero.  For  other  cases,  if  to  is  the  weight  of  the  covariant,  and  p  the  index 
of  the  transvectant,  then  the  index  of  {bd)  is  known  to  be  w^p—n^^l, 
and  the  index  of  (cb)  is  the  least  of  the  numbers  n^^(w^p^n^^l)  and 
nt+ 1 ;  so  that  there  is  only  one  such  term.  This  term  does  not  contain 
a  factor  Cg ;  so  that,  if  the  sum  of  covariants  considered  has  a  factor  Cx>  the 
coefficient  of  each  of  these  transvectants  must  be  zero  ;  i.e.,  the  sum  must 
be  zero. 

CoBOLLARY. — The  same  is  true  ij  one  or  more  of  the  letters  a,  6,  c,  d 
refers  not  to  a  single  fundamental  quantic,  but  to  either  of  two  qtiantics  : 
thus  we  may  suppose  that  a  is  written  for  a  or  a!  [and  in  this  case  it  may 
be  supposed  that  the  covariant  has  a  factor  (aa')"^] ,  provided  furtlier  that 
there  is  no  factor  ax  or  else  that  the  letter  a'  appears  only  in  factors  (aa'), 
a^  and  that  this  restriction  is  to  be  applied  in  every  case  wliere  a  letter 
does  not  refer  to  a  single  fundamental  quantic. 

The  method  of  proof  is  nearly  identical  with  that  which  precedes. 
The  covariants  (1)  when 

1/1— Mi>w,+«i+»4— 2\i— 2\j— 2\8>/>,  say, 
can  be  expresssed  as  transvectants 

iifibf^  (cd)^  (6(^,  {aar^  0?"'^*  a/*"***];.. ; 
and  when  vi— mi  <  P  these  covariants  can  be  expressed  as  transvectants 

\{fibf^  (ci)^ Q>d)\  (aar' o?"*** o;'^*^"" o;"'^''"^'"'];... 

The  letters  on  the  left-hand  side  of  the  transvectants  may  here  be  simple 
or  composite :   it  does  not  a£fect  matters* 

Similarly  covariants  (2)  can  be  expressed  as  transvectants 
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where 

or   (<J<Jr*(r/<*"'"'^, 
according  to  the  magnitude  of  v^,  and  where 

g  =  (aaT'  (or       a»  or  a?  '^^  a*  a,  ). 

The  covariants  (8)  can  be  expressed  in  terms  of  transvectants  in  an  exactly 
similar  way.  When  this  has  been  done  the  argument  is  the  same  as  in 
the  preceding  theorem. 

If  a  represents  a  fundamental  quantic,  the  theorem  follows  exactly  in 
the  same  way. 

9.  When  one  of  the  letters  a,  b,  c,  d  refers  to  a  covariant  of  the 
original  quantics  Stroh*s  syzygies  for  perpetuants  are  true  as  before. 
Unfortunately  forms  which  are  of  the  second  class  when  c  is  one  of  the 
original  quantics  are  not  necessarily  of  the  second  class  when  c  is  a 
covariant.  For,  although  a  form  having  a  factor  {ac)*"  {cb)^"^  can  be 
proved  to  be  really  of  the  second  class  when  c  is  a  covariant  of  order  n^ 
yet  forms  having  a  factor  (a6)^(6c)"*"^  are  by  no  means  necessarily  of  the 
second  class.  As  we  shall  require  Stroh's  syzygy  in  the  cases  when  some 
or  all  of  a,  6,  c,  d  refer  to  covariants,  it  is  necessaiy  to  establish  it  in 
these  cases.  The  method  of  proof  is  essentially  the  same  as  that  used 
in  §§  6,  7. 

We  shall  first  confine  our  attention  to  the  cases  when  a,  b,  c,  d  represent 
either  covariants  of  the  second  degree  or  else  fundamental  quantics. 

If  c  =  (yy')'''y?^*"'*'y/*"'",  Stroh's  syzygy  wiU  be  written 

In  the  same  way,  if  a  =  (aa'^S  the  letter  a'  will  appear  in  the  factors 
(aaO,  Ox  only  on  the  left-hand  side. 

It  will  be  assumed  that  the  syzygy  is  true  when  the  order  of  y  is 
1/3+ 1>  and  then  it  will  be  shewn  to  be  true  when  the  order  of  y  is  v^  It 
is,  however,  necessary  to  further  limit  the  forms  ST  which  are  of  the 
second  class.  The  precise  limitations  imposed  depend  on  the  number  of 
the  quantics  a,  6,  c,  a  which  are  fundamental,  and  are  stated  later 
in  §§  12-15. 

It  is  sufficient  here  to  notice  that  in  the  beginning  of  the  induction, 
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when  a,  b,  d  are  fundamental  quantics  and  \  =11/3+1,  then  the  teims 
ZT— T'  only  contain  y'  in  their  second  class  factors  when  it  appears  in 
the  factor  (yy'). 

10.  .Lemma. — All  covariants  linear  in  the  coeiBcients  of  each  of  the 

quantics  aJS  bT,  cV^\  di"  [where  c?^'  =  (yyr»y?^'""'**y''"''*  and  a,  6,  d 
are  fundamental  quantics  or  else  covariants  of  degree  2],  which  belong  to 
the  second  class  owing  to  factors  of  the  form  (€^)^(^i7)*~^,  or  of  the  form 
(e^(ff)*"\  where  n  is  the  order  of  the  quantic  f,  and  c,  f,  tj  refer  to  any 
of  the  quantics  a!^S  6J^S  >^'^\  d^^  if  fundamental  (or  if  one  or  more  of 
these  are  covariants  to  a!^\  fi^,  or  S^*  as  the  case  may  be),  can  be  expressed 
in  terms  of — 

(1)  Covariants  of  the  same  character  when  y^  is  written  for  yS^'^'S 
which  have  a  factor  y«. 

(2)  Covariants  which  have  no  factor  Cs,  bg,  or  dx ;  where,  for  instance, 
Cx  stands  for  either  y.  or  yx. 

(8)  Covariants  which  have  no  factor  Cz,  bg  and  in  which  the  letters  a 
only  appear  in  factors  (ac2),  a^. 

(4)  Covariants  which  have  a  factor  (/Sy')*^*"^  (y'y)^  0^  a  factor 
(jSyO'^"^ 08/80^,  or,  if  6  is  a  fundamental  quantic,  a  factor  (6y')'^'"^(y'y)*« 

Provided  further  that,  if  6  =  (fifi'Y^pT'^Px*'''^,  then  v't  >  i/,,  and  that 
in  the  similar  cases  the  orders  of  a  and  S  are  not  greater  than  those  of 
a\  S'  respectively. 

In  the  course  of  the  proof  additional  factors  {aa'),  {/SIS'),  (yyOi  (^0 
will  from  time  to  time  make  their  appearance ;  it  will  be  regarded  as  a 
reduction  whenever  such  an  additional  factor  appears  without  destroying 
the  restrictions  imposed  on  the  covariants  under  consideration ;  none  of 
the  operations  employed  involve  the  loss  of  such  a  factor. 

We  shall  first  show  that  any  covariant  of  the  kind  considered  which 
has  a  factor  y^  may  be  expressed  in  terms  of  covariants  (1)  and  of  co- 
variants  of  the  same  kind  which  have  an  additional  factor  (yyO-  All  such 
covariants  may  then  be  neglected. 

For  consider  such  a  covariant.  Either  there  is  a  factor  iyyy^iyty**^''^, 
or  else  there  is  a  factor  (yi^)  which  does  not  belong  to  the  second  class 
factors. 

In  the  first  case  a  reduction  is  obtained  by  means  of  the  identity  for 
(y«)y«;  in  the  second  case  by  the  identity  for  {yfi)yx.  In  either  case  the 
statement  is  true. 

The  next  step  is  to  remove  all  factors  bg.  If  there  is  a  factor  bg,  any 
factor  («^  which  does  not  contain  b  and  does  not  belong  to  the  second 
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class  factors  may  be  removed  by  the  identity  for  (e^)  bx ;  and  every  time  a 
factor  Cx  appears  there  is  a  redaction.  Thus  we  are  eventually  left  with 
covariants  (1),  with  covariants  which  have  no  factor  6^  or  c^,  and  with  co- 
variants  which  have  the  letter  b  (fi  or  /3')  in  every  determinant  factor 
except  the  second  class  factors.  If  6  is  a  fundamental  quantic/all  such 
covariants  have  a  factor  (6y')'^'"'^(yy'r%  and  are  therefore  included  in  (4). 
When  6  =  {fifi'y^,  the  covariants  can  be  expressed  in  terms  of  such  as 
have  a  factor  ifiyY*""' (yyY  or  a  factor  (/SyT'"'^  08/8')^,  and  of  covariants 
of  exactly  the  same  nature  as  to  the  second  class  factors  which  have 
additional  factors  08^3').  Thus,  in  addition  to  covariants  (1)  and  (4),  we 
have  only  to  consider  covariants  which  have  no  factor  bx  or  Cx. 

Let  us  suppose  that  dx  =  (SS'y^y  that  there  is  a  factor  (eJO  where 
€^8,  and  that  there  is  a  factor  Sg.  By  means  of  the  identity  for  {€S')St, 
all  factors  Sjc  may  be  removed,  or  else  all  determinant  factors  except  (MO 
in  which  S'  appeared ;  it  will  be  assumed  that  this  operation  has  been 
carried  out,  as  also  the  corresponding  operation  affecting  the  letters  a. 

We  have  now  to  consider  covariants 

a.)  (be)""  {cdr  {day  (aby  {bd)'  (ac)% 

where  X+m+t  =  Wj+1.        \+/>+o^  =  w,, 

and  where  the  letter  c  stands  for  either  of  the  letters  y,  y' ;  the  letter  b 
stands  for  either  of  the  letters  )8,  /S' ;  and  so  on. 

By  means  of  the  identity  for  (bd){ac),  these  covariants  can  be  expressed 
in  terms  of  similar  covariants,  in  which  either  tr  =  0  or  r  =  0. 

When  (T  =  0,  />+X  =  n^. 

If  a  =  (aaO'^S  either  there  is  no  factor  ax  or  every  letter  a  in  the 
factors  {(lb),  (ad),  (dc)  may  be  taken  to  be  a.  In  the  first  case  we  may 
use  the  identities 

(a'6)(a€)-(a6)(a'€)  =  -(aaOCW, 

and  hence  these  covariants  can  be  expressed  in  terms  of  covariants  which 
have  a  factor  (6a)''»"'*Haa')'*S  of  covariants  of  the  above  form  in  which  all 
the  factors  (ab)  are  (a&),  and  of  covariants  of  exactly  the  same  natnre 
which  have  additional  factors  (aa'). 

The  first  set  of  covariants  can  be  expressed  in  terms  of  covariants 
having  a  factor  (/8a)''^~''»(aaT\  or  of  covariants  having  a  factor 
{jSaY*"'^  ifi/S')'^ — there  being  no  factor  6,  or  c,  in  either  case — and  of 
covariants  having  no  factor  bx  or  Cx  but  having  additional  factors  ififi'). 
When  there  is  a  factor  (/Sa)"*"'**  (aa')**^  or  a  factor  {fia)'^''^  {fifiy^  we  may 
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use  the  identity  for  (ac)  dx  to  express  the  covariant  in  terms  of  covariants 
(2),  of  covariants  (I.)  in  which  r  =  0,  and  of  covariants  (1). 

We  need  only  then  consider  the  case  in  which  the  factor  (ab)^  (bc)^  is 
(aby  (bc)\ 

Reasoning  as  before,  it  may  be  shown  that  we  may  farther  suppose 
this  factor  to  be  (abY  (6y)\ 

If  b  represents  a  fundamental  quantic,  we  may  at  once  express  such  a 
covariant  in  terms  of  covariants  (2) ,  of  covariants  (I.)  for  which  r  =  0, 
and  of  covariants  (1),  by  using  the  identity  for  (ac)dx.  The  same  is  true 
when  b  =  (/S^'V**,  for  it  is  evident  (since  \+p  =  ng)  that  we  may  express 
such  covariants  in  terms  of  covariants  (I.)  which  have  either  a  factor 
iafi)'^'''''*(/3fiY*  or  a  factor  (yi8)*'«"'^'«08i8r'*,  where  a4  >  Ma,  the  order  of  fi 
having  been  assumed  to  be  equal  to  or  less  than  that  of  /S'. 

When  T  =  0,  X+^i  =  «8+l- 

Proceeding  as  before,  we  can  express  all  such  covariants  in  terms  of 
covariants  (I.)  which  have  one  of  the  following  factors 

0)80^  (/8y)'*-^    (yyO^(y)8)'''*'-'*S    (yyr*(y<J)'^^'-'^,    {SS'r*{Syr-'^, 

and  of  covariants  (I.)  for  which  r  =  0,  but  which  have  additional 
factors  {aa'),  .... 

In  the  first  two  cases  we  may  remove  factors  (ab)  dx  one  pair  at  a  time ; 
one  of  the  resulting  forms  has  a  factor  6«,  and  this  may  be  removed  by  the 
identity  for  {cd)bx  unless  there  is  a  factor  (6c)*^'*'^  Thus  we  are  eventually 
left  with  covariants  (1),  (2),  (8)  and  covariants  which  have  a  factor  (bc)**'*'^. 

When  there  is  a  factor  (yy')'*»(y^*^'^*"''«  cfr  a  factor  (SS'y^iyS)''^'-'^  we 
may  proceed  just  as  in  the  first  two  cases,  if  there  is  a  factor  (y'^,  {yS')j  or 
iy'S').  Otherwise  there  is  a  factor  (yyT'(/8y')''*~''^  and  the  covariant  is 
one  of  the  forms  required.  This  completes  the  proof  of  the  lemma,  for 
covariants  which  have  a  factor  (bc)^'*'^  can  be  expressed  in  terms  of  co- 
variants  (4)  and  covariants  (I.)  which  have  additional  factors  08^30. 

11.  Covariants  which  have  a  facUyr  (fiyY^^^^y/Y*  or  a  factor 
(fiyY^~'^(fiPy*,  or,  if  b  represents  a  fundamental  quantic,  a  factor 
Qy/Y^^'^iy'yY^y  can  be  expressed  in  terms  of 

(1)  Covariants  of  the  same  character  which  possess  also  a  factor  y^. 

(2)  Covariants  which  have  no  factor  Cg,  b^  or  dx. 

(8)  Covariants  which  have  no  factor  Cg  or  &«  and  in  which  the  letters 
a  only  appear  in  factor  (ad),  a«. 

(4)  Covariants  which  have  a  factor  (cJ)"**^. 

To  prove  this,    take  a  covariant  which  has  one  of  the  three  given 
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factors.  Any  factor  {e^/Ss,  [e^/S,  ^^/S]  may  be  removed  by  means  of 
the  identity.  We  then  obtain  covariants  (1),  (4)  and  covariants  of  the 
kind  considered  which  have  no  factor  fig.  Let  us  suppose  that  one  of 
these  latter  covariants  has  a  factor  (e^  which  contains  neither  ft  nor  13^ ; 
then,  by  means  of  the  identity  for  (e^i^,  this  may  be  expressed  in 
terms  of  covariants  (1),  (4)  and  of  covariants  which  still  have  the 
original  factor,  but  have  no  factor  &«.  The  identity  for  (ab){edi  most 
then  be  used  to  reduce  the  index  of  (ab)  or  that  of  (ed)  to  zero  in  the 
last  case.  If  the  index  of  (at)  is  zero,  we  may  express  the  covariants 
in  terms  of  covariants  (1),  (2),  (8)  by  means  of  the  identity  for  iac)dg. 
If  the  index  of  {cd)  is  zero,  the  same  identity  may  be  used  to  reduce 
the  index  of  (ac)  or  of  (^  to  zero ;  this  leaves  us  with  covariants  (1),  (2) 
and  covariants  which  have  no  factor  (oc).  In  these  latter  the  identity  for 
(a&)(ccO  must  be  used  again :  the  process  is  one  which  may  be  repeated, 
for  the  index  of  (ab)  Is  continually  being  decreased.  Thus  we  are 
eventually  left  with  covariants  (1),  (2),  (8)  and  covarianta  which  have 
no  factors  (ac)  or  (cc2),  and  these  are  covariants  (4). 

12.  Consider  now  the  case  when  a,  b,  d  refer  to  fundamental  quantics 
and  c  =  (yy')*^*.  We  shall  assume  that  when  the  order  of  y  is  i^+l  the 
terms  ZT  op  the  right-hand  side  of  the  syzygy  (see  §  9)  are  of  the  second 
class  and  only  contain  the  letter  y'  in  second  class  factors,  when  it  appears 
in  the  factor  (yy');  or  else  contain  a  factor  (6y')'^'"**(yy')^.  But,  by 
§§  10,  11,  these  terms  can  be  expressed  in  terms  of 

(1)  Covariants  (1)  of  §  10. 

(2)  Covariants  which  have  no  factor  c«,  6,,  or  d^. 

(8)  Covariants  which  have  no  factor  Cx  or  6.  and  in  which  the  letters  a 
only  appear  in  the  factors  (od),  ax. 

(4)  Covariants  which  have  a  factor  (c&)**'*'^ 

Now  the  assumed  syzygy  tells  us  that  the  sum  of  the  covarianto  (S), 
(8),  (4)  has  a  factor  c^ ;  hence  by  §  8  this  sum  is  zero. 

We  may  then  divide  each  side  of  the  resulting  relation  by  y^  and  thus 
obtain  a  relation  of  exactly  the  same  form  as  that  from  which  we  started ; 
but  in  which  the  order  of  y  is  v^. 

The  assumption  made  is  true  when  the  induction  begins,  and  hence  is 
always  true. 

18.  Let  a,  d  represent  fundamental  quantics,  b  =  {jSfi'y^,  c  =  (yyT*- 
The  induction  proceeds  on  the  same  lines  as  before ;  at  each  step  the 
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order  of  y  is  decreased  by  unity.  At  the  commencement  of  the  induction 
the  orddr  of  y  is  equal  to  the  weight  of  the  syzygy.  Now  when  this  is 
the  case  the  letter  y'  may  be  ignored  ;  so  that  practically  c  may  be  regarded 
as  a  fundamental  quantic.  In  order  to  see  that  in  this  case  the  syzygy  is 
true,  and  also  to  find  the  character  of  the  terms  of  the  second  class  on  the 
right,  we  must  interchange  h  and  c  in  the  result  of  §  12.  Thus  the  terms 
on  the  right  only  contain  the  letter  /3'  in  their  second  class  factors,  when 
it  appears  in  the  factor  (/8/3'),  or  else  contain  a  factor 

Covariants  which  have  a  factor 

can  be  expressed  in  terms  of 

(7)  Covariants  which  have  a  factor 

of  covariants  (1),  (6),  (6)  of  §§  10,  11,  and  of  covariants  which  have  no 
factors  hx  or  c*. 

These  latter  covariants  have  been  discussed  in  §  10.  Hence,  if  at  any 
stage  of  the  induction  the  covariants  on  the  right  are  of  the  kind  dis- 
cussed in  the  lemma  of  §  10  or  else  have  one  or  other  of  the  factors 

(/8yO'''-'*«(yyO^    (/8y)**-'^(/8i8'n    (yi8r•-'^(/8i80^ 

then  these  covariants  can  be  expressed  in  terms  of  covariants  belonging  to 
the  sets  (1),  (2),  (8),  (5),  (6),  (7)  of  §§  10,  11,  18. 

This  sum  can  be  expressed  by  §  8  as  a  sum  of  covariants  of  the  sets 
(1),  (6),  and  (7),  and  hence  the  covariants  on  the  right  are  of  the  same 
nature  when  we  diminish  the  order  of  y  by  unity. 

The  theorem  is  then  true  in  this  case. 

14.  Let  a  represent  a  fundamental  quantic,  and 

6  =  (^)8')^,       r  =  (yy')^,       d  =  (SS'Y". 

The  induction  proceeds  as  before,  commencing  when  the  order  of  y  is  so 
large  that  c  may  be  regarded  as  a  fundamental  quantic.  The  terms  now 
on  the  right-hand  side  of  the  syzygy  must  be  obtained  by  interchanging 
c  and  (2  in  §  18.  They  must  then  consist  of  covariants  of  the  kind  dis- 
cussed in  the  lemma  of  §  10  and  covariants  which  have  one  or  other 
of  the  factors 


78  Mr.  a.  Youkg  [Jan.  9, 

It  will  then  l>e  assumed  that  always  in  this  case  the  covariants  on  the 
right  are  of  the  kind  discussed  in  §  10  or  contain  one  of  the  following 
factors 

{fiyr^-^iyy'Y^,      {fiyT-*^{fi^'y^,      {y^r^-'^my. 
The  induction  may  now  be  established  as  before. 

15.  Let  each  of  the  letters  a,  6,  c,  d  represent  a  covariant  of  degree  2. 
Then  the  process  of  proof  is  the  same  as  before,  the  covariants  on  the 
right  being  of  the  same  kind  as  the  covariants  on  the  right  in  the  case 
of  §  14,  or  else  containing  one  of  the  factors 

16.  Finally  it  may  be  shown  in  the  same  way  that,  whatever  covariants 
a,  6,  c,  d  may  represent,  the  theorem  is  true. 

For,  if  c  is  a  covariant,  it  may  always  be  written  as  a  sum  of  terms  of 
the  second  class  and  of  covariants  of  the  form 

(yyi)'^(yiy«)'*...(yky)'*^S 

the  sequence  of  the  letters  being  fixed,  and  possibly  one  or  more  of  the 
indices  zero. 

The  other  covariants  a,  6,  d  being  similarly  expressed,  the  theorem  is 
proved  in  exactly  the  same  manner  as  the  more  elementary  cases  proved 
in  §§  8-15  ;  the  alterations  required  are  practically  only  verbal. 

17.  It  is  necessary  to  extend  the  work  in  the  paper  on  "  Perpetuant 
Syzygies,"  step  by  step,  to  the  case  when  the  orders  of  the  quantios  con- 
cerned are  finite.  The  generating  functions  found  for  perpetuant  products 
cannot  be  true  for  products  of  covariants  of  forms  of  finite  order,  for  the 
corresponding  generating  functions  when  expanded  cannot  go  to  infinity  ; 
all  reference  to  the  generating  functions  is  then  omitted. 

Essentially  the  discussion  of  perpetuant  products  proceeded  as 
ollows : — 

(i.)  All  products  were  arranged  in  a  fixed  sequence,  defined  in 
Section  III.,  §  5 ;  and  a  -product  was  defined  as  reducible  if  it  could  be 
expressed  in  terms  of  products  which  came  after  it  in  the  fixed  sequence. 

(ii.)  The  discussion  of  products  {abYC^  in  Section  III.,  §§  6-10. 
(iii.)  The  extension  of  the  perpetuant  type  theorem.  Section  I. 
(iv.)  The  application  of  (ii.)  and  (iii.)  to  any  product  Ck  (7a  in  Section  YI, 
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The  rest  of  the  paper  consisted  of  applications  of  these  results  to 
particular  forms  of  products. 

When  the  orders  of  the  fundamental  quantics  are  finite,  there  is 
nothing  to  prevent  our  taking  the  products  in  the  sequence  defined  in  (i.). 
A  product  will  then  be  called  reducible  if  it  can  be  expressed  in  terms  of 
products  which  come  after  it  and  of  covariants  of  the  second  class. 

(ii.)  The  introduction  of  differential  operators  in  §  6,  when  writing 
Stroh's  syzygy,  may  be  made  in  the  same  way  when  the  orders  are 
finite;  it  being  understood  that  symbolical  products  which  have  not  a 
proper  meaning  (owing  to  a  letter  occurring  to  too  great  a  degree)  must 
be  omitted  ;  and  that  forms  of  the  second  class  are  neglected.  It  is  useful 
to  remai'k  that,  if  P  be  a  symbolical  product  of  degree  n^  in  a^,  we  have  a 
syzygy  ^„^„^j A^^-pp  ^  j^^ 

in  which  the  first  p  terms  must  be  omitted. 

The  argument  of  §§  7,  8,  9  simply  concerns  a  set  of  linear  equations, 
and  holds  good  when  the  orders  are  finite,  all  non-interpretable  forms 
arising  from  Stroh's  syzygies  being  kept  until  the  argument  is  finished. 
In  the  same  way  §  10  holds  good. 

18.  (iii.)  The  method  of  proof  of  the  extension  of  the  perpetuant  type 
theorem  was  identical  with  Grace's  proof  of  the  original  theorem.*  To 
prove  the  corresponding  theorem  for  forms  of  finite  order,  a  method 
identical  with  that  used  to  extend  the  original  theorem  to  forms  of  finite 
orderf  may  be  employed.  But,  as  no  new  point  arises  in  the  course 
of  proof,  it  is  thought  unnecessary  to  reproduce  it. 

(iv.)  Having  established  the  results  (ii.)  and  (iii.)  for  forms  of  finite 
order,  the  argument  of  Section  YI.  for  products  (7.  Ca  follows  as  well. 

Thus  we  arrive  at  the  conclusion  that  all  products  which  would  be 
reducible  as  products  of  perpetuants  are  reducible  as  products  of  covariants 
of  forms  of  finite  order. 

19.  It  is  possible,  at  least  in  a  few  of  the  simplest  cases,  to  calculate 
generating  functions  for  irreducible  products,  when  the  orders  are  finite. 

Thus    the  generating    function    for    forms  C^  =  (Oi  a^*"   (^h  ^  ^2)  ^^ 

^"~^    ,  the  form  (OjOj)*'  being  of  the  second  class. 


*  Froe.  Lomdm  Mmth,  Soc.,  YoL  xxxt. 

t  A.  Toung,  Froe,  Luidm  MtUh.  Soe.,  Ser.  2,  Vol.  1. 
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Consider  next   the  forms  Ct : — When    X>nj— 2    and  n^l^fH   ^^ 
first  term  of  the  syzygy 

2  (^)(ai a/ (0,03)^-^  =  5 
which  is  interpretable  is 


(x-J^'*^"^''"' («««•>"•• 


and  this  is  of  the    second    class.      Thus    we    have    a    redaction    for 
(Oi04)^"*"*VojO,)**~^     And  from  the  syzygy 


2(J)(aia4)^(080^-'  =  -B 


we  have  also  a  reduction  for  (aia^)^'^^^ {a^a^^"^. 
Hence,  for  all  values  of  X, 

when  /I  >nj— 8. 

Similarly  {oiO^^ia^a^  =  B,  n,  >►  n^  when  /*  >  n,— 2. 

Consider  the  generating  function  for  (aia^*'{az<^i)^f  f^il^  ^ht  ^^^4- 
AYe  first  have  to  include  all  terms  having  a  factor  {a^di^^ifl^a^^^  then  to 
exclude  those  which  have  a  factor  {aiCbi)^  {a^a^\  then  to  exclude  those 
which  have  a  factor  (diO^^^ {a^a^^y  and  finally  to  include  those  which  have 
a  factor  (OiOs)*^  {o^d^jT*  and  have  been  excluded  twice. 

Thus  the  generating  function  is 


x^  g;^'^^         g*»-»-«         g»i^-»»  _  gM-x*>-*)(l— a?*»-*) 


Assuming  that  n^,  ?i,,  ng,  nf  are  in  ascending  order  of  magnitude,  we 
see  that  the  generating  function  for  (axa^^(a^a^  is 

and  that  that  for  (a^  a^)^  (a^a^  is 

Hence  the  generating  function  for  all  products  d%  is 
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The  generating  functions  for  products  CT  may  be  calculated  in  the 
same  way,  e.g.,  that  for  {oia^^ia^d^ia^a^''  is 

y9(l-a.*,-»)(i-a.i^-6)(l^a.m-4) 

for  this  product  is  always  reducible  if  X  >  nj,  if  /A>nj— 1,  or  if 
v>n4— 2. 

20.  A  covariant  of  degree  8  can  be  expressed  in  terms  of  members  of 
the  second  class  if  its  weight  is  greater  than  the  order  of  any  one  of  the 
quantics  concerned.  The  generating  function  of  covariants  Cg,  the 
quantics  concerned  being  a[\  a^,  aj^,  n^  J>  n^  >►  Ug,  is 

a^-(ni-2)a;»^+(ni-3)a:"»-»-^ 
(1=^? • 

Consider  products  C^  Cg,  in  particular  the  set 

(alaa)''(a,a/(a8a5)^ 

where  tii,  n^,  ng*  ^4»  ^5  ^^^  m  ascending  order  of  magnitude.  The  six 
syzyines 

reduce  all  forms  (aiaa)'"*"'(^^4)^~'(<^^B)'**~^ 

where  (r  =  1,  2,  3,  4,  5,  6.  The  argument  for  the  linear  independence 
of  these  syzygies  is  identical  with  that  for  the  independence  of  perpetuant 
syzygies.     We  thus  see  that  all  products 

iuia^'' {a^a^^  (a^a^ 

are  reducible  for  which  \+m  >  n,— 7. 

The  products  when  the  letters  are  arranged  in  any  one  of  the  other 
possible  manners  may  be  treated  in  the  same  way.  In  §  12  (p.  240)  of 
the  paper  on  **  Perpetuant  Syzygies  "  a  table  is  given  of  the  limits  of  the 
indices  v^  \,  /a  for  irreducibility  in  the  various  cases.  The  general  result 
here  is  that,  if  the  product  is  reducible  when  v  ^  i^i,  then  it  is  also  reducible 
when  X+M  >  f^^^i,  where  n  is  the  order  of  the  quantic  of  lowest  order 
that  occurs  in  Cg. 

To  prove  this  fact,  it  is  merely  necessary  to  remark  that  the  syzygies 

8.   fOL.  8.   ao.  887.  <^ 
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which  give  the  reductions  in  the  first  case  are  the  same  (except  for  their 
weight)  as  those  which  give  the  reductions  in  the  latter  case. 

21.  The  main  theorem  of  this  paper  applied  to  a  single  quantic  shews 
that  its  covariants  may  be  treated  as  perpetuants  so  fai*  as  the  known 
results  for  perpetuants  as  regards  reducibility  or  syzygies  are  concerned, 
provided  that  forms  having  a  factor  (ab)^^  a]*e  neglected.  The  method  by 
which  this  result  has  been  arrived  at  is  of  such  a  general  nature  that 
it  would  appear  almost  certain  that  when  the,  as  yet  unknown,  syzygies  of 
degree  9  and  of  greater  degree  are  discovered  these  also  may  be  extended 
to  covariants  of  forms  of  finite  order  by  the  same  process. 


) 
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ON   A  CLASS  OF  EXPANSIONS  IN  OSCILLATING  FUNCTIONS* 

By  A.  C.  Dixon. 

[Reoeiyed  Deoember  25th,  1904.— -RMd  January  12th,  1906.] 

In  luemoirs  published  in  the  first  two  volumes  of  Liouville^s  Jourtial, 
Liouville  and  Stunn  considered  transcendents  satisfying  differential 
equations  of  a  certain  type,  and  gave  a  proof  that  an  arbitrary  function 
could  be  expanded  in  a  series  of  multiples  of  such  functions.  Many  of 
the  expansions  used  in  physics  are  of  the  type  in  question.  The  proof 
given  is  not  now  accepted  (see  Burkhardt's  Report^  p.  759),  and  the 
object  of  the  present  paper  is  to  give  a  sound  proof,  at  least  for  functions 
which  are  analytical  throughout  the  proposed  range  of  validity  of  the 
expansions :  the  proof  is  actually  of  more  general  application  than  this, 
but  there  is  no  attempt  to  examine  whether  any  function  expansible  in 
a  Fourier  series  can  also  be  expanded  in  the  more  general  form. 
Another  limitation  is  that  the  range  of  validity  of  the  expansions  is  not 
supposed  to  reach  to  any  critical  point  of  the  differential  equation 
satisfied  by  the  general  term. 

On  the  other  hand,  the  expansions  have  a  greater  degree  of  generality 
than  those  of  Liouville  on  account  of  the  presence  of  four  arbitrary  real 
constants  (restricted  by  an  inequality)  in  the  place  of  his  two  (A,  H). 

In  the  simple  case  of  Fourier's  series  the  oscillating  series 

Z  (cos  nx  cos  n^+sin  nz  sin  nt) 

is  multiplied  by  F{f)  and  integrated  with  respect  to  t.  The  resulting 
series  converges,  and  use  is  made  of  an  expression  for  the  sum  to  // 
terms  to  find  the  sum  to  infinity.  The  same  idea  is  carried  out  here  for 
the  wider  class  of  expansions  treated.  There  is  a  fundamental  oscillating 
series  Z#,  whose  terms  are  symmetric  functions  of  x  and  t\  an  ex- 
pression is  found  for  the  sum  of  n  terms  of  this  series  by  means  of 


*  For  x«ferenoes  on  the  subjeot  see  a  report  on  **  Entwiokelnngcn  nach  oaoiUirendeti 
Fimotkmen/'  by  H.  Borkbardt,  in  the  /akrnierichi  der  DiHtmh^n  MmtKtmmtikir'Vtrtmi^umfy 
now  being  iaeoed. 
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a  contour  integral ;  the  oscillating  series  is  multiplied  by  F{ii  and 
integrated,  and  thus  turned  into  a  convergent  series  whose  sum 
is  Fix). 


2.  In  the  differential  equation 

if 


^+(X+X)y  =  0, 


a) 


let  X  be  a  parameter,  X  a  function  of  x  independent  of  X.  Boppoee  that, 
for  real  values  of  x  between  0  and  1  inclusive,  X  has  no  singolaiity  and 
that  its  values  are  real  throughout  that  range. 

Derivatives  with  respect  to  x  and  X  will  occur ;  they  will  be  indicated 
by  dashes  and  dots  respectively. 

Let  ^  ^.  X*  **  ^  functions  satisfying  (1)  and  diBtingniahed  hj  tlie 
following  initial  conditions  : — 


when  X  =  0, 
when  JT  =  1, 


^  =  0,     f  =  l,     ^  =  1,     ^'  =  0; 
X  =  0'     X'  =  1»      •  =  1.      •'  =  0. 


Then*  by  the  known  theory  of  differential  equations  (rf  the  aeeood 
order.  ^'i^^f4^\  x'^^X*'  ^^  constants,  and,  in  fact,  each  of  them 
is  equal  to  1. 

Also  ^x  — *V  ^X'— ^X*  ••^'— «>,  m^lr'—m'yjr  are  constaDtB,  that 
is,  depend  on  X  only :  let  their  values  be  «,  9,  A,  Ar.     Then 

e  =  fyW  =  — xiO>-  *  =  *'U>  =      •(OK 

g  =  ^a>  =    x^o>.      A-  =  v/(i>  =  -«'io). 

and  gh^ek  =  1. 

We  abo  have      \  =  g^^nft^        «»  =  —  i*^+A^f 

9  =  *X+«^         ^  =      *X+ff*- 


S.  From  the  theoiy  of  differential  equations  ^  we  know  that  ^  ^^  x«  * 
are  analytical  funetion«  of  \  as  well  as  of  x,  and  that  therafora  e,  g, 
h.  i  are  analytical  functions  of  \.  This  is  true  for  all  finite  valneB  of  X. 
There  is.  of  course,  an  essential  singularity  at  infinity,  aa  will  a|ipiiar 
more  fullv  from  results  that  ar^  ic  follow. 


c.^xs.  vr. 


•f .  HJ.  .  ..  or  •  :r  .  •  X  . 


•  X.  \ . ... 
rw«.  Vok.  xxn..  p|k  15.  IS. 
.-■OBI,  VoC   n..  ciiAp.  ii. 
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4.  The  more  general  equation 


P  +(X+\C7)y  =  0 

may  be  reduced  to  the  form  (1)  by  a  change  of  variables,  if  17  is  a  holo- 
morphic  function  of  x  only  and  is  constantly  positive,  not  zero,  between 
the  limits  0,  1.       The  reduction  ds  made  by  taking  Uhf  as  the  new 

dependent  variable  and  1  U^dx/x  U^dx  as  the  new  independent. 


5.  Suppose  Xi  to  be  a  new  value  of  X  and  ^i,  t/r^,  ...,  ^,  ^^  ...  to  be 
what  ^f  \[r,  ...,  e^  g,  ...  become  when  Xj  takes  the  place  of  X.     Then 

^"H-  (X+X)  ^  =  0,        x;'+(x+Xi)  xi  =  0. 

^"Xi— ^Xi  =  (^1— ^)^Xi»         ^'Xi— ^xi  =  (Xi— X)J^xi**^- 
Take  the  limits  to  be  0  and  1 ;  thus 

(Xi-X)£^Xi*»5  =-^(l)-Xi(0)  =  «i-«. 


Similarly  (Xi-X) j  ^dx  =      ^'(l)-<»i(0)  =  A-*i, 

(Xi-X)£^xi*«^  =- V^(i)+xi(0)  =  9i-g, 

(Xi-X)  r^(fc  =     V^'(l)+«i(0)  =  k-ky 
If  in  these  we  diminish  Xi— X  without  limit,  we  have 


e  =      j^^x**^.         9  =      j^V^X*»» 


(2) 


(8) 


These  results  conld  have  been  found  by  differentiating  the  equations 
^"+(X+X)^  =  0,  ...  with  respect  to  X.    Thus 


But 
so  that 


X"+,(X+X)x  =  0, 
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Integrating  between  0  and  1,  we  have 


=1 


<l>xd<x. 


and  80  for  Ihe  rest. 

Other  useful  results  are 


(X 


(Xj— X)  I  ^^i(ic  =  j^|A— «i|— 1 
(Xi-X)  r^V^ciiF  =  -^Ai+ei*+l 
(Xi— X)  I  yff^fr^dz  =  gik—gkx 

(Xi-X)  J^XXi^^  =  9^1-^91 

(Xi— X)  I  «Xirf^  =  gih—e^k—l 
Jo 

(Xi— X)  I  x^^  =  — ?Ai+f*i+l 
(Xi— X)  I  woidx  =  kfii^kih 


eh-— eh 


gh^ek^  ... 


(4) 


6.  Now  let  £,  G,  /f,  A\  L  be  real  constants,  and  suppose  X,  Xi  to  be 
values  satisfying  the  condition^ 


Ee+Gg+Hh+Kk  =  2L. 


(6) 


We  shall  show  that,  if  a  certain  condition  of  inequality  is  fulfilled  by 
E,  G,  H,  K,  I/,  the  values  of  X  satisfying  (5)  are  all  real. 


*  The  reader  will  perhaps  fiiid  it  h  help  to  take  fint  one  or  two  tpecial  cases,  for  inatanoe, 
that  in  which  G,  Jf,  K,  L  vanish,  and  that  in  wMoh  f-JT-O,  (?»ir-X-l.  Itia  haidly 
neremary  to  recommend  oompariaon  with  the  trigonometrical  expanaionii  which  arise  when  JIT  »  f . 


1905.]  A  CLA88  OF  KXPANBI0N8  IN  OSCILLATIMO  FIWOTIONB.  87 

For,  by  the  formnlte  of  §  5, 

{Xi-\)UExi-Hwi+Lylr;t(Ex-Hw+Lyl/idx 

=  E'(gei—egi)—EH(gih—eik—glii+ek^ 

+H'(klii-kih)+LE{2gi-2g)-LH{2k-2k^+L'igik-gki) 

=  iEei+Htii-2L){Eg+Hk)-{Ee+Hh-2L){Egi+Hk{) 

■\-L*{gik-gki) 

=  -(Ogi+Kk^(Eg+Hk)+{Gg+Kk){Egi+Hk^+L'{gik-gki) 
=■  (L'+EK-GH)(gik-gki). 

Hence,  unless  Xj  =  X, 
HExi-Hwi+Ly{^i){Ex-Hw+Lylr)+(GH-EK-L*)yHri\  dx  =  0.    (6) 


i 


0 

Suppose  then  that  \  is  complex ;  the  conjugate  quantity  will  also 
satisfy  the  condition  (5),  and  may  be  taken  as  X^.  Thus  x»  Xi  ^^^  ^'  ^ 
and  ^,  ^1^1  are  also  conjugate,  and,  if 

OH  >  EK+L\ 

the  equation  (6)  is  impossible,  the  expression  on  the  left  having  a  positive 
value. 

If  OH  =  -B-K'+L^  (6)  cannot  now  be  true  unless 

Ex—Hw-^Lylr  =  0 ; 

that  is,  E-^kL  =  0,         -H+gL  =  0. 

Thus  9,  k  are  real  and  are  equal  to  ^i,  ki.    But 

Qik'-gki  =  (Xi— \)  I  i^idx, 

a  purely  imaginary  quantity,  not  zero.     Hence  \  cannot  be  complex,  even 
when  GH  =  EK+L\ 

When  £,  H,  L  all  vanish,  this  argument  fails,  but  the  same  result  may 

be  established  by  considering       (Gxi'^K<ai—L<f>i){Gx^Kw—Lil>)dx. 

Jo 

7.  We  shall  then  suppose  GH<(,EK+L^f  so  that  the  values  of  X 
satisfying  the  condition  (5)  must  be  real.  They  will  generally  be  distinct 
also.     If  not,  we  should  have 

Ee+Gff+Hk+Kk  =  0, 
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that  is,  I  { E<l>x + Gyj^x — Hifw^  K\fra>  \dx  =  0. 

The  subject  of  integration  is  here 

and  is  of  constant  sign  if 

(Gg-Ee+Kk-Hh)^  <  -4(Eg+Hk){Ge+Kh), 
or  if 

(Gg+Ee+Kk+Hh)^  <4(Gg'^Kk)(Ee'^Hh)-4(Eg+Hk)(Ge+Kh) 
or  4iGH-EK){gh-ek), 

that  is,  if  L*  <  GH-EK. 

Hence,  in  this  case,  a  double  value  of  X  cannot  occur. 

If  L^  =  GH—EK,  a  double  value  of  X  will  occur  only  when  the  same 
subject  of  integration  vanishes  identically,  that  is,  when 

Eg^-Hk  =  0  =  Ge^-KK        Gg+Kk  =  Ee+Hh  =  L. 

These  conditions  give 

Le  =  (Gg+Kk)e-(Ge+Kh)g  =  -iC, 

and  similarly  Lg  =  If,       Lh  =  G,       Lk  =  —E. 

Hence  this  case  cannot  occur  when  L  =  0.     It  does  happen  when  X  is 
constant  and  E  =  K  =  0,         G  =  H=±L, 

A  triple  value  of   X  cannot   occur.      This  would   mean   the  further 

condition  

Ee+Gg+Hh+Kk  =  0, 


•  •         •• 


which  may  be  written        gh+gh—ek—ek  =  0 

32  .... 

or  ^'^(gh—ek)  =  2(gh—ek). 


•  •      • . 
Thus  we  should  have  gh^ek  =  0,  that  is, 

on  account  of  the  formulsB  (8). 

But  x^**^""X^^***  ==  ^fkxyfrt—^tylrx, 
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and  therefore  this  doable  integral  is  positive  and  cannot  vanish  unless,  for 
all  values  of  x  and  t,   ^/^^  ^  ^^/^^  ^  ^  constant, 

¥^hich  is  impossible,  since  </>'\fr^</>\l/'  =  1. 

8.  Let  Xy  t  be  two  quantities,  real,  positive,  and  <  1.     Consider  the 
value  of  jQ(x,  t^  \)dX  where  Q(x,  t,  X)  stands  for 

Eil>xxt+Gy/rxxt^H<l>xwt—K\lrX(at'^L(<f>x\lrt—\lrx4^t) 

Ee+Gg-^Hh-^Kk-^L 

;md  the  integral  is  taken  round  a  closed  curve  in  the  X  plane  which  does 
not  pass  through  any  point  at  which  the  denominator  vanishes.  The  only 
singularities  of  the  subject  of  integi'ation  for  finite  values  of  X  are  poles  at 
the  points  where  Ee+Gg+Hh+Kk  =  2L. 

At  any  such  point,  supposed  to  be  a  simple  zero  of  the  denominator,  the 
derivative  of  the  denominator  is 

j  {E<f>x'\'G\lrx''H<t^—K\lfia)dx, 

and  the  numerator  is  a  symmetric  function  of  :r,  ^,  since  it  may  be  written 

(Eg'\-Hk)4acil>t^-{—Ee'-Hh^-L)4^ylftMGg'\-Kk-'L)ylfX<l>t 

-(Ge^-KK^yjfXylft 

These  expressions  are  respectively  the  denominator  and  numerator  of  the 
residue.  In  the  exceptional  case  (see  §  7)  when  the  denominator  has  a 
double  zero,  the  numerator  vanishes  also,  as  may  be  seen  by  taking  it  in 
the  form  last  written.  Thus  the  subject  of  integration  has  only  a  simple 
pole,  the  residue  being 

,^(Eg+Hk)4ai<l>tMGg^-Kk)(4>x\lrt'\-ylfX^^^ 

Ee-^Gg+Hh+Kk 

But  now  E :  G :  H :  K  : :  "k :  h :  g :  —e, 

and  gh+gfi—ek^ek  =  2{ek—gh). 

The  residue  is  therefore 

•  .  •        •  •         • 

{gk'—gk)4>Xil>t'^(ek-'hg){</>x\lrt+ipt\lfx)+(eh'—eh)\lfX\lrt 

•   •  •   • 

gh—ek 


or 


^<l>t  I   ylt^dx  —  (ipX\lrt'\'<l>t\lrx)  I    </AfrdX'^'^X'^t  I    if^dz 

i\    1    {<l>X\frt''(f>t\frxfdxdt 


(7) 
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Hence  f  Q  (x,  t,  X)  dX  =  2iir  2  *  (a-,  ^,  X) 

where  #  (x,  t,  X)  stands  for 

I  {E<f>x+G\frx-Hi/Ke'-K\lrw)dx 

and  the  summation  covers  all  the  values  of  X,  within  the  contour  of 
integi-ation,  at  which      Ee+Gg-^Hh+Kk  =  2L, 

and,  if  two  of  these  values  of  X  coincide,  the  corresponding  terms  in  the 
summation  are  to  be  replaced  by  the  expression  (7).  If  we  suppose  the 
values  of  X  at  which  iK>les  of  (2  occur,  in  ascending  order  of  numerical 
magnitude,  to  be  X,,  X^,  Xg,  ...,  we  thus  have  two  expressions  for  the 
sum  of  n  terms  of  the  series 

*(«,  ^,Xi)+*(ir,  ^Xj)+..., 

namely,  (2iir)""*Jf2(a;,  ^X)iX  and  (2nr)~^jil{t,x,\)dX,  the  integrals  being 
taken   along   some  closed  path,  say  the  circle  |  X  |  =  /,  which  enclosea 

\y  \,    "f  X„,  and  not  X»+i,  X«+2, In  order  to  test  the  convergeney 

of  the  series  we  may  examine  further  these  expressions  for  the  sum  to> 
n  terms.     It  will  be  found  that  the  series  does  not  converge  as  it  stands. 

9.  We  need  to  know  the  orders  of  magnitude  of  </>,  ylr,  ...  when  X  is  a 
great  complex  quantity.  Now  when  X  =  0  and  X  =  (a+ifif  the  meet, 
general  solution  of  the  equation  (1)  is 

y  =  i4  cos  \(a+ifi)x+a+ib\ 

where  A,  a,  b  are  constants,  A  being  complex  and  a,  b  real.     Here  then 

\y\^  =  Mncosh^(/8a5+i)-sin^aa:+a)} 
=  |^nsinh*08«+6)+cos^aa;+a)}. 
Thus  1^1  oscillates  between  |i4|co8h09x+6)  and  |il  |sinh08a;+&)• 
Again,         \i/f  =  \\\\A\''{Biuh!'{j3x+b)+BinHax+a)\ 

=  \\\\A^\GOsh^H3x+b)-eo&'(ax+a)], 
which  oscillates  in  like  manner. 

But  \Xf\  +  \y'^  =  |X^*|co8h(2)8a:+26), 

which  increases  steadily  with  a;.  On  the  other  hand,  |X^|  — |y'|'  oaoil- 
lates  between  ±  |Xi4*|,  and  in  fact  \y^+j/'^  is  constant  and  equal  to  \^*. 
These  results  are  approximately  true  when  X  is  variable,  as  will  now  be 
shown. 
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The  following  lemma  will  be  used.    If  w  is  defined  by  the  differential 
eciuation  ;,       .a 

where  m  is  a  function  of  x  that  lies  between  two  positive  constants  mi,  /a^ 
(mi  >  A4)  so  long  as  a;  is  between  0  and  1,  and  by  the  further  conditions 
that  when  x  =  0,  to  =  1,  w'  =  0,  then  w  is  constantly  between  cosh  'I/jliT 
and  cosh  2m^x  so  long  as  x  is  between  0  and  1. 

For  let  W  =  cosh  ?mi«— «^- 

Then  JF"  =  4 (mJ-m*)  cosh  2Mia;+ V^, 

and  therefore  W  increases  with  x  so  long  as  TF  <(  0,  while  W  increases 
with  X  so  long  as  W  >  0.  Initially  W  and  TF'  both  vanish  and  therefore 
both  increase  with  x  and  are  always  positive,  that  is,  cosh  2/Aia;>  to. 
Similarly  w  >  cosh  2/asX. 

10.  Let  X  =  p+ta-y  \X+\\  =  Q,  and  put  y=u  exp  iv,  so  that  /o,  <r^ 
Uy  V  are  real,  and  p  =  t?--^,  |  X  |  =  ?  =  a*+)8*.     Then 

and  therefore    w"— wv'*+2mV+mt/'+w(X+/j+i(r)  =  0. 
Separating  the  real  and  imaginary  parts,  we  have 

tt"-ui;'*+tt(X+p)  =  0,         2ti'r'+Mr''+tio'  =  0. 
Now  put       w  =  |(X+X)j/«|  +  |y'|«  =  Qu*+M'«+u*r'«. 
Then  t(j'  =  Q'^tH2tt'(n''+Qw-wf/^+2wo'(u??''+2ti'r') 

=  QV+2wM'(g-X--p)-2(rttV  ; 
icr^  =  QV+2Mu'(2Q'--X')+2(Q-Z--p)(im''+n'«j-2<r(wV+2Mu'o') 
=  QV+2ttM'(2Q'-X')+2(g-X-p)tr, 

after  substitution  for  u*\  v"  and  reduction. 

Now  the  terms  Q"w^+2iifi'(2Q'— X')  are  generally  insignificant  ooni- 
pai'ed  with  the  others,  for     q,  _.  Y'iX-^  MO 

which  is  less  than  the  finite  quantity  X',  and 

which  is  similarly  finite. 

Let  0  denote  the  greatest  value  of  {Q"u^'\'^uu' {^Q' ^X')\  jw  taken  as 
\\  fraction  whose  numerator  and  denominator  are  homogeneous  quadratics 
in  u,  u\  uv\  the  denominator  being  essentially  positive.     By  the  ordinary 
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methods  we  find  that  Q^-i?"©— (2Q'— X')*  =  0.    The  roots  of  this  quad- 
ratic  are  small  quantities  of  the  order  of  Q'^,  that  is,  of  the  order  of  I'K 

Hence  w"  =  ^wiQ—X—p+c)  where  e  is  a  small  quantity  comparable 
with  I'K     Further, 


r-1 


=  pX/l-i-  a  small  quantity  comparable  with  /' 

Hence  Q—X—p  =  (l—p)  (1 — X/Z)  +  same  error. 

Now  I'-p  =  2)8* ; 

so  that  tc"  =  (4)8*+J7)tr, 

where  ^  is  finite  even  when  I  is  made  infinitely  great.  We  shall  suppose 
for  the  present  that  ^3  becomes  infinite  with  Z,  which  will  happen  if  the 
amplitude  of  the  complex  quantity  X  is  not  too  small. 

Let  4/A^  and  4/a^'  be  the  greatest  and  least  values  of  4/8^+9;   then 

mJ—m*  is  always  finite,  and  therefore  Mi-"A4»  Mi^iS,  )8— /ij  tend  to  the 

limit  zero  as  fi  is  increased,  if  /ai,  /a^  have  the  same  sign  as  jB. 

11.  Now  y  may  stand  for  ^  or  x  «  i^^  the  former  case  the  values  of 
U7,  w'  when  x  =  0  are  1,0;  so  that,  by  the  lemma  (§  9),  to  must  lie  between 
cosh  2/jLiX  and  cosh  2m^x  and  therefore  w,  or 

|(X+X)^>|  +  |^'|«  =  i(l+€i)exp2i8a;* 

where  cj  tends  to  zero  as  jS  is  increased. 

Similarly,    |(X+X)x*|  +  lx'l'  =  i(l+^«)  exp2)8(l-a:), 

where  e^  also  tends  to  zero. 

To  find  similar  results  for  \ft  and  »,  let 

Wr  =  \y'\  +  \y'V(X+X)\. 
Then 

+ 4,tQ'u^v' 10^+2  ((?«-  2(7*)  XJau'lO". 
Hence  it  cornea  out  in  the  same  way  that 

I V^*!  +  |^'V(A'+X) I  =  id+es)  exp  2^x, 
I «,« I  + 1  a.'V(X+X)  I  =  i  (1  +e«)  exp  2/3 (1  -x), 
where  e^  64  tend  to  the  limit  zero  as  )8  is  increased. 

*  Hem  $  U  taken  poatire ;  when  ff  m  negative  the  \-alue  in  ^  (I  ••■ «,)  ezp  {—2$g),  and  to 
thtonghoat  what  foUowa. 


(8) 
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12.  Again,  multiply  the  equation  (1)  by  21/'  and  integrate.     Thus 

y'^+iX+X)/  =  (xy  (fo+const. 
Taking  ^  for  y,  we  have 

^'«+(X+X)^«  =  1+  J^X'^^dx, 

whence  |^'*+(X+X)^»|  <  1+f  J^{|^f +|(X+X)^«|}dx 

where  i  is  the  greatest  numerical  value  of  X/Q,  and  is  therefore  of  the 
order  of  magnitude  of  Z'\ 

Now  l^'I'+KX+X)^^!  increases  with  x,  from  0  upwards,  since  it 
satisfies  the  equation  ttf  =  {Ald^+ii)w  and  the  initial  conditions  w  =  1, 
to'  =  0.  Hence  in  the  integral  in  (8)  the  subject  of  integration  is  greatest 
at  the  upper  limit,  and 

|^^+(X+X)^«|<l+fx||^'|«+|(X+X)^«|}. 
Thus  [[^p^fi  ^^  consists  of  two  parts,  one  of  the  order  of 


magnitude  of  l^^  and  the  other  of  that  of  exp  (—^fix) ;  both  diminish 
indefinitely  as  )3  increases,  and  therefore  the  ratio  |(X+X)^^|/|^'^|  tends 
to  the  limit  unity. 

We  may  therefore  say  that  \i/>'f  and  |(X+X)^'|,  or  in  fact  |X^'|,  lie 
between  the  limits  ^(lirc)  expi^x,  where  e  diminishes  indefinitely  as  fi 
increases.  In  the  same  way  we  have  for  jx'!*  and  [Xx^l  limits  of  the  form 
i(l  ±€)  exp  2)8(1— x).     Similarly,  from  the  equation 

3!^+^«  =  l-r_^^'«dx 


X+X^^  Ux+x) 


we  deduce  that 


x+\ 


+^<'+^IlliS;+l4 


dx 


and  that  |^|  and  IV^'^/XJ  lie  between  limits  of  the  form  ^(lire)  exp  S/Sx ; 
similarly  the  limits  for  |  o^  |  and  |  w'^/X  \  are  of  the  same  form  as  those 

for|x'rand|Xx«|.* 

By  putting  x  =  1  in  the  results  relating  to  ^  and  ^r  we  find  that 
h^f  S^9  i^f  aiid  1^1 1  lie  between  limits  of  the  form  i(l  die)  exp  2/8. 

18.  The  expression  ^\lftTi^t\lrx  has  also  to  be  considered.  As  a 
function  of  x  it  satisfies  the  equation  (1)  and  the  further  conditions  that 
when  x  =  t,  ^  =  0,  y'  =  1.    Hence,  by  analogy  with  the  result  found  for  ^, 


*  For  another  method  of  proof  tee  Note  II. 
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\(if>x\lft—if^t\lfxf\  lies  between  limits  of  the  form  }(1  die)  cosh  2/8(x—0, 
the  hyperbolic  function  being  used  because  the  sign  of  2;—^  is  uncertain. 
|(^'x^^— ^'x^O'l  also  lies  between  limits  of  the  same  form. 
Again,  when  X  =  0,  ^  =  ^'  and  g  =  h.    When  X  is  variable  we  have 

^'"+(X+X)^'+X'^  =±  0, 
and  therefore        (V^"-f  ")+(-X:+X)(V^-f )  =  X'^, 


Thus  (V^'-^'0^-(V^-^')^'  =  J  X'^^dx, 


where  T'  is  what  XT  becomes  when  t  is  put  for  x. 

But  by  our  former  work  |T'^^(^^^— ^^^x)|,  when  x>  ^,  does  not 
exceed  C  exp  j3^  exp  j3(x— Q  -7-  /  where  C  is  a  fixed  finite  quantity. 

Hence  V^— ^'  does  not  exceed  Cx  exp  fix-r-l:  it  therefore  vanishes  in 
the  limit  in  comparison  with  ^  or  ^',  these  being  of  the  order  of  mag- 
nitude of  exp  fix :  it  follows  that  g-^h  vanishes  in  comparison  with  g  or  h. 

14.  Thus  in  the  numerator  of  ilix^tyX)  the  quantities  ^x^  V^X^> 
^wt,  \lrxwt,  ipx\lrt'-\lfXi/>t  are  respectively  of  the  same  orders  of  mag- 
nitude as  Z-^exp)8(l+x-Q,  Z"*  exp  i8(l+x-Q,  Z"*  exp  i8(l+x-«, 
exp  )8(l+x— Q,  Z~*  cosl;  j8(x— Q,  while  in  the  denominator  «,  g^  A,  ik  are 
of  the  same  orders  as  Z'^ exp )3,  exp )3,  exp j3,  Z^ exp )3.  Thus  when  x<t 
the  terms  of  the  numerator  are  small  compared  with  those  of  the  de- 
nominator, since  1+x— ^  and  t—x  are  both  less  than  1 :  the  numerator  is 
therefore  small  in  comparison  with  the  denominator  unless  the  terms  of 
the  latter  neutralize  each  other.  This  cannot  happen  unless  £  =  0,  since 
Jc  is  great  compared  with  e,  g,  h.  When  K  =  0  the  sum  of  the  terms 
Gg+Hh  will  only  be  of  lower  order  than  g,  h  it  G  =  —H,  since  we  have 
proved  that  g—h  is  small  compared  with  g  ox  hi  this  is,  however,  im- 
possible, since,  when  £'  =  0,  GH  ^  L^,  and  therefore  GH  cannot  be 
negative.  If  then  iC  =  0,  G  =  — -ET,  we  must  have  G  =  H  =  L  =  0,  and 
only  the  terms  containing  E  are  left. 

Thus,  when  x<ty  Q  (x,  t,  X)  tends  to  the  limit  zero  as  jS  increases 
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without  limit :  it  is,  in  fact,  comparable  at  most  with  the  greater  of  the 
two*  quantities      /-i  exp  )8(x-0,        /"^  exp  /3{t-z-l). 

The  length  of  the  contour  of  integration  is  comparable  with  l,  and  there- 
fore jilix,  t,  X)d\  tends  to  zero  for  those  parts  of  the  path  where  the 
amplitude  of  X  is  not  nearly  0  or  2x,  so  that  j3/a  is  not  small. 

The  part  where  the  amplitude  of  X  is  nearly  0  or  2x  must  be  treated 
separately.  When  X  =  0,  and  the  amplitude  of  X  is  0,  ^  and  ^  are 
simple  trigonometrical  functions.  We  need  to  know  within  what  range 
the  trigonometrical  forms  give  a  satisfactory  approximation. 

15.  From  the  equation     ^"+(X+X)0  =  0 
we  have         ^'  sin x\/X— y^X ^  cos x^X  =  —  I  X^  sin x^dx 

Jo 

and  ^'  cos  xy/\+^\  i/>  sin  x^\  =  1  —  1  Xi/>  cos  xy/\  dx 

by  multiplying  by  sin  x^\  and  cos  Xj^X  and  integrating. 
Eliminate  ^' ;  then 

V^^  =  sinarVX— I  T<f>{t)  sin{x—{jy/Xdt 

where  T  stands  for  the  same  function  of  t  that  X  is  of  x. 

Suppose  ic  to  be  a  superior  limit  to  |\/X^— sina^y^Xl.     We  have 

I  sin  a;\A  I  ^  cosh  fix 

where,  as  before,  X  =  {a+i/Sf. 

Hence  I^V^j  J>  ^+cosh)8x  and  |^|>' Z"*(/c+cosh/8),  since  a:J>l« 

Let  B  be  the  greatest  numerical  value  of  T  between  ^  =  0  and  ^  =  1. 
Then 

I^V^— smxv^l  =    I  Ti/>{t)  sin  {x—Oy/Xdt  >  J5Z-*(ic+coshi8)  coshjS. 

Thus  icZ*  >  JB  (ic+cosh  p)  cosh  fi 

and  we  may  take  k  =  B  co8h*)8/(Z*— -B  cosh/8). 

This  diminishes  indefinitely  as  I  increases  if  cosh^)3  becomes  infinitely 
small  in  comparison  with  fi,  or  with  a.  This  would  hapi)en  if  jS  were 
^  i  log  a.     We  have  also 

^'  =  cosxy^X— j  Tipif)  cos  {t-'X)^Xdt, 

*  The  seoond  munt  h%  taken  when  the  term  multiplied  bj  Z  is  the  most  important  in  the 
niimerator.  Since  Z  does  not  Taniflh,  G,  ZT,  K  oannot  all  vanish ;  so  that  the  least  favourable  ease 
is  when  K  ■■  0.  When  A' does  not  vanish  n  (x,  ^  A)  is  oomparable  with  /*i  exp  $  («— 0  or  else 
/->exp^(<-«-l). 
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so  that  1^'— co8xv^|>  JBZ~*(ic+co8h/8)co8h)8, 

that  is,  #r. 

The  same  quantity  ic  is  a  superior  limit  to  |x\/X+8in(l— dp)v^|  and 
x'— cos(l— x)v^X|,  and  also  to  |^— cosxy^j,  |^'X"*+8in«\A|, 
«— cos  (1— a:)\A|,  Iw'X"*— sin  (l—x)^X\.  Hence,  by  putting  Z  =  0  we 
get  approximations  to  ^,  X'  V^>  ^  which  hold  good  at  least  so  long  as  j8  is 
between  ±  ^  log  a.  When  jS  does  not  lie  between  these  limits  the  work 
of  §§  10-14  is  applicable,  since  jS  increases  indefinitely  with  I, 

16.  The  path  of  integration  may  thuH  be  divided  into  two  parts,  a 
minor  arc  on  which  a  is  great  and  positive  and  )3  lies  between  ±  }  log  a, 
and  a  major  arc  on  which  j3  lies  without  these  limits.  The  value  of  the 
integral  taken  over  the  mmor  arc  shows  no  sign  of  being  infinitesimal,  for 
the  length  of  the  arc  becomes  infinite  and  the  subject  of  integration  is 
of  the  order  of  magnitude  of  Z~^.  Thus  the  series  does  not  converge ;  in 
fact  the  successive  terms  of  the  series  do  not  tend  to  zero  as  a  limit. 

If,  however,  we  multiply  the  terms  of  the  series  by  an  analjrtical 
function  of  t,  say,  F{t),  and  integrate  with  respect  to  t  between  limits 
included  in  the  range  from  0  to  1,  the  result  is  a  convergent  series  whose 
sum  to  infinity  can  be  found. 

17.  If  a,  6  are  such  that  0  ^  a  <  x  <  6  ^  1,  we  have,  choosing  the 
expression  for  Z$  in  which  the  contribution  of  the  major  arc  is  small. 


2ixT|  *(x,  t,  \r)Fit)dt 

r-l  Ja 

=  fr  Q(t,  X,  X)F(t)dtdX+{^a{x,  t,  \)F((idtdK, 

the  integration  with  respect  to  X  being  again  over  the  circle  |  X  |  =  /, 
which  encloses  X^,  X^,  ...,  Xn. 

For  n  we  may  write   —  (r+X)"^e?Q/d^  and  integrate  by  parts  with 
respect  to  t    The  expression  becomes 

In  the  single  integral  pick  out  the  terms  given   by  substituting  x  for  L 
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They  are 

_ f  Fix)    •  E4>'x+G\lr'x-H<l>'to-K\l/a^+L{<l*\lr-f/>y!/) 
J  X+X  •  Ee+Gg+Hk+Kk-2L 

Ee+Gg+Hh+Kk-2L  I      ' 

or  j(X+\)'^F(x)d\  or  2nrF{x),  since  the  point  where  X  =  — X  falls 
within  the  contour  of  integi'ation.  It  is  now  to  be  proved  that  the  rest  of 
the  expression  tends  to  zero  when  the  radius  /  is  increased  indefinitely. 
The  major  and  minor  arcs  as  defined  above  (§  16)  must  be  considered 
separately. 

18.  Writing  still  a+tfi  for  y^X,  we  have  on  the  major  arc  a  i)ositive 
and  )8  >  J  log  a  numerically,  and  therefore  increasing  indefinitely  with  /. 
Then 

^  n(t,  X,  \)  =  [Ei,'{t)x(x)+Gxlf'(t)xix)-Hi/>'{t)a>{x) 

-Kylf'{t)a>{x)+L  {<p'{f)ylr(x)-ylr'(t)i/>{x)\] 
-T-  {Ee+Gg+Hh+Kk-2L), 

which  is  at  most*  of  the  order  of  magnitude  of  exp  jSCx— ^— 1)  or 
expfiit-'X),  whichever  is  the  higher,  and  therefore  tends  to  zero  if  t<,x. 
Also  F(()  is  finite  and  dXI{T+\)  may  be  written 

[X/(X+D](dX/X), 

in  which  expression  the  first  factor  is  always  finite,  and  the  second  is  <  dO 
where  X  =  Z  exp  i6.  The  range  of  values  of  6  in  the  integration  is  less 
than  2x,  and  hence,  for  the  major  arc. 


1 


f  d  ^  .    F(t)   1 


tends  to  the  limit  zero. 


Similarly  J  j  |n(..  ,,  X)^}^_^dX, 

for  the  major  arc,  tends  to  zero,  since  b>  x. 
The  first  double  integral  may  be  written 


\i 


d   r...  .V  d 


Q{t,x,X)i-'^^^F[t) 


dt^'    '    '  dt 


\ 


\+T 


dtdd. 


*  See  note  to  f  14. 
2.    VOL.  3.    MO.  888. 
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The  factor  -^  |  r-rm^(^  1   ^s  always  finite ;  let  ^1  be  a  superior  limit  to 
at  (a+T         t  , 

its  absolute  value. 

The  factor  =r  Q  (t,  x,  X),  provided  a  >  «— i,  is  not  greater  in  absolute 
at 

value  than  J3expj3(^— x)    where  B   is  also  finite.     Hence  this  double 
integral  is  not  greater  than 

2TrAB[\xj)l3{t-x)dt    or     2x^B  |l-expi8(a-x)}/i8, 

or  than  ^wABlfi. 

It  therefore  tends  to  the  limit  zero. 

When  a  <  X— J  the  only  difference  is  that  for  values  of  t  between  a 
and  x^i  the  term  multiplied  by  L  becomes  the  most  important  in  the 
numerator  of  dQIdt^  unless  L  =  0.  This  does  not  affect  the  result :  we 
have  seen  that,  for  such  values  of  ty  \  dQjdt  \  has  a  superior  limit  of  the 
form  JBexpj8(x— ^— 1),  and  the  integral  of  this  between  a  and  x— J  is 
negligible. 

The  other  double  integral  tends  to  zero  similarly.  Hence  the  whole 
contribution  of  the  major  arc  tends  to  the  limit  zero. 

19.  On  the  minor  arc  the  range  of  values  of  0  is  infinitesimal,  and 
hence  it  is  only  necessary  to  prove  that  the  factors  of  the  form  dSljdt  are 
finite  in  order  to  show  that  the  contribution  of  the  minor  arc  is  infini- 
tesimal. Clearly  the  arc  must  be  so  drawn  as  not  to  pass  through  any 
point  such  as  \«. 

Now  on  the  minor  arc  jS  <  ^  log  a  numerically,  and    therefore  the 

numerator  and  denominator  of  -r,  (](^,  x,  X)  differ  by  infinitesimals  from 

£X"*  cos  ty/\  sin  (x— 1)  VX— G  sin  t^\  sin(x*— 1)  y^ 

—If  cos  t*/K  cos(x— l)\/X+irv'X  sin  t^\  cos  (x— 1)  VX+L  co8(x— 0^^/^, 

and  E\^^  sin  VX+(G+£0  cos  ^X- AVX  sin  V^-2L.* 

Suppose  first  that  K  does  not  vanish  ;  then  the  term  containing  it  is  the 
chief  term  in  the  denominator,  the  rest  diminishing  without  limit  in 
comparison,  so  long  as  sin  \/X  is  not  small. 


•  This  approximation  shows,  if  buj  proof  is  needed,  that  the  series  Xi,  A„  ...  ia  an  infinite 
one,  since  by  snbstitating  suocessive  even  or  odd  multiples  of  ^ir  for  v^\  we  find  that  tlie 
expression  changes  sign  an  infinite  number  of  times.  The  even  multiples  of  iv  senre  when 
JT  i-  0,  G  +  H^Of  the  odd  multiples  in  other  cases. 
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Now  I  sin  V^  I  ^  =  I  sin^(a+ii8)  |  =  cosh*  )8— cos*  a  =  cosh*  )8, 

if  we  take  a  =  an  odd  multiple  of  ^v.  This  implies  that  a  is  constant 
along  the  minor  arc,  which  is  therefore  not  circular,  but  parabolic ;  along 
it  fi  varies  from  —J  log  a  to  J  log  a. 

Similarly,     |  sin*  t^  \  =  cosh*  ^iS— cos*  ta  J>  cosh*  tfi, 

and  I  cos*  t^  \  =  cosh*  ^)8— sin*  ta  J>  cosh*  tjS. 

Hence  |  K^  sin  ty/\  cos  (x— 1)  ^\  \  5>  -fi^V^  cosh  tfi  cosh  («— 1)  j8, 

which  is  less  than  K^l  cosh  jS  when  ^  <  x  <  1 ;  similarly 

I L  cos  (x— 0  VX  I  5>  L  cosh  )8, 

and  so  for  the  other  terms  of  the  numerator.  Hence  the  contribution  of 
the  minor  arc  tends  to  zero  when  K  does  not  vanish. 

Suppose  next  that  K  =  0:  then  GH-^L^;  so  that  G+H cannot 
vanish  unless  G,  H,  L  are  all  zero.  Take  G+H  not  to  vanish.  The 
same  kind  of  proof  applies,  but,  since 

I  cos  \A  I  *  =  cosh*  )8— sin*  a, 

we  take  a  to  be  a  multiple  of  x  ;  so  that  |  cos  VX  |  =  cosh  jS. 

If  G,  H,  Ky  L  all  vanish,  the  proof  is  the  same  as  when  K  is  not  zero. 

Similarly  for  -jr^^^^y  ^*  X)  when  x  <  ^  <  1. 

20.  Hence  we  have 

Fix)  =  lim   2*  f  *(x,  t,  K)F{t)dt, 

nsoo    rasl  Ja 

when  a  <  X  <  6. 

If  X  were  <  a,  we  should  have 

2nr  2*  T * (x,  ty  K) F{t) dt  =  \\  Q (x,  t, X) F{t) dtdk, 

and  this  would  be  zero  in  the  limit.     Similarly,  if  x  >  6. 

Thus  F{x)  is  expanded  between  a  and  6  in  a  series  of  multiples  of  the 
functions  ^(x,  XJ  and  V^(x,  XJ;  the  sum  of  the  series  is  zero  when 
0  <  X  <  a  or  6  <  X  <  1 ;  the  coefficients  of  ^(x,  XJ,  ^(x,  XO  are  the 
values  when  X  =  X»  of 

^J(Eg+Hk)f/>+{Gg+Kk-L)xlr}  F(x)dx 

-^  1  {Eil>x+G\lrx—Hif>a)—Kylrw)dx 
Jo 

H    2 
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and  ^  \iGg+Kk-L)4^-{Ge+Kh)\lr\F{x)dx 

Jo 
respectively ;  X^,  X^,  . . .  are  the  values  of  X  for  which 

Ee-i-Gg+Hh+Kk  =  2L, 

and,  if  two  of  these  coincide,  the  coefficients  just  written  become  in- 
determinate and  are  to  be  replaced  by  such  quantities  as  are  indicated 
by  (7),  §  8. 

It  is  easy  to  pass  to  a  similar  series  which  shall  express  different 
analytical  functions  in  different  parts  of  the  range  between  0  and  1.  The 
functions  need  not  in  fact  be  analytical,  since  only  the  first  derivative  of 
F{x)  was  used  in  the  proof;  it  is  necessary  to  the  proof  that  this 
derivative  should  exist,  but  the  whole  series  of  derivatives  is  not  needed. 

21.  When  GH  =  EK+L^*  the  numerator  of  *(x,^,X)  breaks  up 
into  factors,  one  a  function  of  x,  and  the  other  the  same  function  of  t 
This  happens  in  the  best  known  special  cases.  For  instance,  when  6,  H, 
K,  L  all  vanish  the  equation  determining  X^,  X^,  . . .  is  «  =  0,  and  we  have 
expansions  in  series  of  harmonic  functions  which  all  vanish  at  the  two 
ends  of  the  range  of  validity,  since  when  e  =  0  the  functions  ^,  x  ^^7 
differ  by  a  constant  factor. 

Again,  when  E  =  K  =  0^  G  =  ff  =  Ir  =  l,  each  term  of  the  ex- 
pansion has  the  same  value  and  the  same  derivative  at  the  two  ends  of 
the  range  ;  thus,  if  X  had  1  as  a  period,  the  expansion  would  be  in  periodic 
functions  ;  in  our  notation  the  type  of  such  a  function  would  be  X""^  ^^ 
0)—^  indifferently. 

22.  Again,  taking  X  =  0,  we  have  trigonometrical  expansions,  and,  if 
G  =  JC  =  L  =  0,  the  terms  are  of  the  form  A  sin  or,  the  values  of  a 
being  such  that  tan  «  =  -  Ha/E. 

These  are  the  expansions  used  by  Fourier  in  his  treatment  of  the  problem 

*  Note  that  OH^  EK^  X'  is  an  algebraic  inTsriant  of  the  two  forma 

gh  -  **- 1,        Ee-^Gg^Hh-^Kk^^L 

in  the  yariables  «,  y,  A,  k.  If  this  invariant  it  positiTe,  and  «,  g^  A,  k  are  tak<m  aa  coordiiiatea  of 
a  point  in  space  of  four  dimensions,  the  two  loci 

Ee'^Gg'¥Hh^Kk-2L  -0,        gh-ek^\  -  0 

cut  one  another  in  a  ooniooid  whose  generators  are  imaginary,  and,  if  the  invariant  vanish—, 
in  a  cone. 
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of  the  conduction  of  heat  in  a  solid  sphere  (see  Burkhardt's  Report,  p.  420 ; 
Fourier's  Works,  Vol.  i.,  p.  812).  A  variety  of  other  forms  of  trigono- 
metrical expansion  could  be  derived  by  giving  difFereut  values  to 
JS,  Gf  H,  K,  L, 


28.  The  question  whether  the  expansion  of  F(x)  is  valid  when  x  =  a 
or  9  has  not  yet  been  answered,  but  it  is  readily  seen  as  in  §  17  that  the 
expansion  as  a  rule  is  only  valid  when  x  =  a  it  F(a)  =  0,  and  when  x  =  6 
if  F(b)  =  0 ;  more  generally,  the  expansion  of  a  discontinuous  function 
does  not  hold  good  at  the  values  where  the  discontinuities  occur. 

The  cases  ;t;  =  a  =  0  and  2r  =  6  =  1  deserve  special  notice.  Take 
first  aj  =  a  =  0.     We  have 

2nr  i    ?^(0,t,\r)F(t)dt 


which  is  of  the  order  of  magnitude  of  exp(— )80,  or  possibly  exp)8(^— 1) 
when  ^  >  ^  and  L  ^  0.  Thus  the  double  integral  tends  to  zero  as 
before.  In  the  single  integral  the  part  given  by  substituting  b  for  t  tends 
to  zero  unless  6  =  1;  taking  6  =  1  and  writing  X^,  Xi  for  the  values  of 
X  when  a:  =  0,  1,  we  have  for  the  single  integral 


i{ 


Gg-^Kk-L  F(0) G-Lh F{1)  I  -. 

Ee+Gg+Hh+Kk-2L  X^+X     Ee+Gg-i-Hh+Kk-2L  X,+Xl 

The  value  of  this  is  2(xF(0)  if  Ag  =  Xi,  E  =  0,  and 

H:L  ::  L:G::  F{1) :  F(0) ; 

or  if  F(l)  =  0  =  F(0) ;  or  if  E,  G,  H,  L  all  vanish  and  Aj^  A'l.  It  tends 
to  the  limit  liirFifi)  if  F(0)  =  0  and  K  does  not  vanish,  or  if  F(0)  =  0 
and  K,  L  vanish. 

Similarly,  when  x  =  6  =  1,  we  have 

^Q«,l,  \)  =  (-Hi>'t-K^|f't■\■Ly:t)|(Ee-\■Gg-\■Hh^\■Kk-^), 

and  the  single  integral  in  this  case  is,  if  a  =  0, 


1 


\i-B+L,)±m.-i-Hk-Kk+L)  ^  \  ^,^^Jl^g^_^. 
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The  value  of  this  is  2ixF(l),  if  -Xo  =  X^.  E  =  0,  and 

H:L::L:G::  F{1)  :F{0); 

or  if  jF(I)  =  0  =  F(0)  ;  or  if  E,  G,  H,  L  all  vanish  and  X^  ^  X^. 

Hence  the  expansion  is  valid  for  the  extreme  values  0  and  1  in  three 
cases,  at  least, 

(1)  When  Fd)  =  F(0)  =  0. 

(2)  When  E,  G,  H,  L  vanish,  so  that  the  equation  whose  rootB 
are  Xi,  X^,  ...  is  A*  =  0. 

(8)  When  Xo  =  X^,  £  =  0,  L  =  wG,  H  =  m"G,  F(l)  =  mF{0), 
m  being  some  real  constant,  finite  or  infinite. 

There  are  other  cases  in  which  the  expansion  is  \^lid  for  one  extreme 
value  or  the  other. 

It  is  easily  seen  that  these  conclusions  are  not  affected  by  discon- 
tinuities in  F  (x)  at  intermediate  values  of  x. 


24.  It  has  been  assumed  that  none  of  the  critical  points  of  the 
differential  equation  fall  between  the  values  0  and  1  of  the  independent 
variable  or  at  either  of  those  values.  If  0  or  1  were  a  critical  point,  the 
expansion  would  not  necessarily  fail,  as  is  shewn  by  the  special  case  of 
Legendre's  functions  in  which  there  is  a  critical  point  at  each  end  of  the 
range  of  validity.  If  the  method  of  this  paper  were  used,  the  initial 
conditions  by  which  ^,  Xi  V^»  «>  are  defined  would  have  to  be  modified. 


NOTES  ADDED  IN  PROOF. 

I.  To  the  results  in  §§  6,  7  the  following  may  be  added.  If  Y  stands 
for  Ee-^Gg-^Hh+Kk—^L,  Y  =  0  is  an  equation  for  X  whose  roots  are 
separated  by  those  of  Eg+Hk  =  0,  also  by  those  of  Ge+Kh  =  0,  and 
further  by  those  of  Z+kY=  0,  where 

Z  =  aHEg+Hk)+l3l^{Eh+Gk)-'/(He+Kg)-fi{Ge+Kh) 

cti  )3,  y,  S,  K  being  any  real  constants,  and  Af  a  real  constant  such  that 

M^  >  GH-EK-LK 
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It  follows,  in  fact,  from  the  formulse  of  the  paper  that 

Jo 

+  {y{Hi/>+K\lr''Lx)+l3Mm\^+{S(Gx-Kw-Lf/>)-aMyfr\^ 

This  being  never  negative,  the  roots  of  Y  =  0  and  Z+/cY  =  0  separate 
each  other  as  a  rule  ;  it  is,  however,  possible  for  Y,  Z  to  vanish  together 
when  GH—EK  =  L'^+iP.  If  X,  Xj  were  conjugate  complex  quantities, 
we  should  have  (ZYj— YZi)/(Xi— X)  essentially  positive. 

II.  The  results  of  §§  11-18  may  be  proved,  perhaps  more  simply,  by 
the  following  method.  Suppose,  in  §  16,  that  )3  is  not  restricted,  and  that 
4r  is  a  superior  limit  to 

I  v'X^— sinjc\/X  l/cosh^Sj?. 
Then  |  if^^X  |  >(1 +/c)  cosh  ^x ; 

thus         |.^V^— sinx^Xl  >  J5Z-*(l+ic)  f'coshiS^coshiSOi:— 0^^ 

Jo 

>  J3Z-»(1  +k)  (I"  cosh  ^x+h  sinh  )8x)  ; 

so  that  K  J>  BZ~*(l+ic),  since  tanh  ^x  <  fix,  x  <  1. 

Hence  we  may  take  k  =  BKfi'-B),  a  small  quantity,  and  the  ratio  of 
^v^  to  sin  x^X  tends  to  unity  when  jS  is  increased  indefinitely,  since 
I  sinx^/X  I  approaches  equality  with  cosh)3a:,  and  ^y^X— sinx^/X  is  small 
compared  with  cosh  fix.  In  the  same  way  ^'  and  cos  x\^X,  yft  and  cos  Xi\A» 
i/r'  and  —  >v/X  sin  xa^X,  x\/X  and  sin  (a?— 1)V^,  x'  and  cos  (a?— 1)\A,  »  and 
cos(a:— 1)VX,  «'  and  y^sin  (1— x)>v/X  tend  respectively  to  equality  when 
fi  is  increased  indefinitely. 
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CURRENT  FLOW  IN  RECTANGULAR  CONDUCTORS 


By  H.  Fletcher  Moulton. 


[Reoeived  Jnnuarj  3id,  1905.— Read  January  12th,  1905.] 


The  simplest  case  of  current  flow  in  two  dimensions  is  that  of 
electricity  flowing  across  a  rectangular  plate  the  two  opposite  sides 
of  which  are  the  electrodes.  I  am,  however,  unacquainted  with  any 
formula  dealing  with  the  cases  in  which  the  electrodes  do  not  extend 
over  the  whole  of  these  sides,  and  it  is  difficult  to  see  how  any  approxima- 
tion based  on  a  pj^ri  reasoning  can  be  mode  for  these  cases. 

By  the  use  of  Schwarz*s  transformation,  however,  the  results  come  out 
in  a  very  simple  manner. 

D  R    c  ff  Q 


♦ 


A  X  0  P       B  0  ^  P 

(I)  C-M 

Let  (1)  be  the  x,  y  diagram,  the  electrodes  being  OP  and  QB.  Let 
(>2)  be  the  ^,  ^  diagram.  Writing,  as  usual,  z  =  x+<^,  w  =  V^+^^t  &nd 
for  simplicity  taking  a,  the  Kpeciiic  resistance,  as  unity,  we  put 

, (U 

''        ^{(f-a)(t-l3)(t-'y)it-S)y 

a>  fit  y,  S  being  arbitrary  quantities  subject  to  the  one  condition  that 
(/8— y)(o— ^/(a— y)()8— i)  =  #c^  where  k  is  chosen  so  that  the  ratio  of  the 
periods  K'/K  =  AD/AB.  Then  k  is  immediately  found  from  Legendre*8 
first  table.     Again,  put 

,  (W 

air  = 

x/\(t'-a')(t'-fi'){t'-y)U' -<)')}' 

where  03' -y')  («'-')')/ (a' -  y')  (|8' -  o')  = /*,  the  moduUis  P  being  such 
thttt  on  the  \,'''  *A  iHagram  the  ratio  of  corresponding  periods,  viz., 
L'jL  =  Oli/OP,  i.e.,  L'jL  =  equivalent  resistance  of  plate. 
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The  quantity  Z,  of  coarse,  is  at  present  undeteimiued,  and  it  is  our 
purpose  to  determine  it.     We  have 

^_  g  (^-  ^)  ~)8  (g  -  (?)  sn^  mz  (mod  k). 
)8— 5— (g— d')  Hir^  mz  (mod  k) 

,  .,  _  a'(fi'-S')'-l3'{a'S')  sn^  m'w  (mod  I) 

~       ^'  -  <5'  -  (g'  -  <5')  sn^  m'w  (mod  Z)     ' 

where  m  =  JV{(a-y)08-<5)},  wt' =  iVl(a'-y)(i8'-<5')}. 

Since  we  have  only  one  relation  between  a,  13,  y,  and  S,  and  between 
<i\  13',  y\  and  5',  we  can  take  m  and  m'  to  be  unity. 

We  can  also  simplify  the  problem  without  loss  of  generality  by 
assuming  the  units  such  that  AB  =  K,  OP  =  L,  and  therefore  AD  =  K\ 
OB  =  L\ 

Now  there  is  one  and  only  one  solution  of  the  equation  v^^^  =  0  over 
the  area  A  BCD  with  given  boundary  conditions. 

By  the  transformation  adopted  the  boundary  in  the  z  plane  becomes 
the  real  axis  in  the  t  plane,  and  the  area  A  BCD  becomes  the  part  of  the 
i  plane  above  the  real  axis.  So  also  the  boundary  in  the  w  plane  becomes 
the  real  axis  in  the  t'  plane,  and  the  area  OPQE  becomes  the  part  of  the 
t'  plane  above  the  real  axis. 

If,  therefore,  we  put  t  =  t\  and  so  choose  the  constants  that  each 
point  of  the  real  axis  represents  corresponding  points  on  the  z  and  w 
planes,  we  shall  arrive  at  the  required  relation  between  z  and  w. 

To  do  this  we  must  detennine  g',  )8',  y',  and  S\  and  we  do  so  by  putting 
^  =  ^'  at  0,  P,  Q,  and  B.  Let  the  co-ordinates  of  0,  P,  Q,  and  B  in  the 
z  plane  be  Zi,  z^,  z^,  z^.     In  the  lo  plane  they  are  0,  K^  K+iK',  iK\ 

ThAn                          n'  —  g(^--^)— ^(g— ^)sn'^i 
Auen  g -^ — ~ — ;r^ — x , 

«,  _  a{fi'-S)—l3{a^o)  sn^^g 


,  _  a{fi-S)-/3{a'^S)sn^z. 


8 


o,  ^  a(fi-S)-l3{a-S)sn^z^ . 
^  08-<5)-(g-<5)sn«^4    • 

th«rfif orfi     P  -  OQ'-yXq'-^')  _  (sn^  ^4  -  sn^  z^  (sn^  ^^  -  sn^  z^ 
therefore     Z»  -  ^^,_^,^ ^,_^,^  _  (3n«^^^8n''^3)(sn«^,-sn»^^- 

If  the  electrodes  both  commence  at  the  same  end,  /^  =  sn^  zJhu^z 
If,  in  addition,  they  are  equal,  then  nn^Zg  =  I/k^bu^z^  and  ?  =  ic*sn*z 
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In  the  latter  case,  however,  we  get  a  simpler  transformation  by  putting 

ADIAB  =  2K'IK,        OBjOP  =  2L7L, 
and  putting  dn  {z,  ic)  =  ^  =  dn  (tr,  Q. 

It  is  at  once  seen  that  t  is  real  round  the  boundaries,  and  that,  When 
ir  =  0,  ^  =  1  and  to  =  0,  and,  when  z  =  ^iK\  t  =  —1  and  w  =  2iL'.  If 
now  1^  sn*  XTj  =  ?,  then  dn  (Zy  /c)  =  ^  =  dn  («?,  2)  at  all  points. 

Curves  of  current  flow  for  z^  =  '\K  have  been  drawn  from  this  formula 
in  the  case  where  AD  =  2AB. 

In  the  general  case  the  formula  giving  the  equipotential  lines  and  the 
lines  of  current  flow  is 

sn^  {Wy  J)  = 


snT—sn^  sn'-?!— sn^jTj' 


The  calculation  of  the  lines  of  current  flow  in  the  above-named  ease 
where  AD  =  %AB  and  z^  =  ^K  showed  a  very  great  increase  of  current 
density  at  the  outer  ends  of  the  electrode.  Theoretically  the  density 
would  become  infinite,  but,  of  course,  in  practice  the  very  great  increase 
of  current  flow  in  this  part  of  the  electrode  would  cause  a  drop  of  potential. 

The  following  examples  of  the  equivalent  resistances  of  a  square 
conductor  of  unit  specific  resistance  according  to  the  position  of  the 
electrode  may  also  prove  interesting.  They  show  that  the  increase  of 
resistance  due  to  the  crowding  together  of  the  lines  of  current  flow  on 
their  approach  to  a  small  electrode  is  by  no  means  unimportant. 

In  each  case  the  total  length  of  an  electrode  is  one-fifth  of  the  side  of 
the  square. 

(1)  Electrodes  opposite  to  each  other  and  in  the  middle. 
Resistance  =  1*745. 

(2)  Electrodes  opposite  to  each  other,  but  at  one  end.  Resist- 
ance =  2*408. 

(8)  Electrodes  on  opposite  sides,  but  at  optK)site  comers.  Resist- 
ance =  2*589. 

(4)  Electrodes  bent  equally  round  opposite  comers.  Resistance 
=  8027. 


RQ 


OP 

(I) 


B 


RC 


OP 


B 


(2) 


(3) 


w 
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Schwarz's  transformation  also  enables  us  to  find  the  resistance  of 
a  plane  rectilinear  conductor  one  of  whose  angles  is  a  right  angle,  the 
electrodes  extending  oyer  the  whole  of  opposite  side^. 


3 


♦ 


Let  aPyi  be  the  conductor,  /8yd'  being  a  right  angle,  and  construct 
the  X,  y  and  ^,  ^  diagrams  as  before. 


Let     dz  = 


Cidt 


where 


P+i 


Let 


TT  "  TT  IT 


cLw  = 


c%dt 


Then 


^\{t-a){t-fi){t-ynt-S)]  • 


cdw 


J      V  U'Ui ,  Ci 


but     t  =  "j^-rf^"-"^?'""  Ud  V  -li-y^r^.'fl 

(p—S)  —  (a—o)Qi\^?nw     L  V   ({a—o)(p—y))  J 

where  m  =  i^\ia—y)(l3—S)\   and  can  be  put  equal  to  unity  without  loss 
of  generality. 

We  can  also  choose  co-ordinates  so  that  in  the  <p,  ^  diagram  aS  =  K, 

afi  =  K'y  the  modulus  being  \/u  ~^ri^--  \  V  ^"^'   *'^^  make  Cj  =  1, 
Cj  =  1.     Then 

''""(/8-i)-(a-<J)sn^«^'  ^        (a-c5)~08-(J)8n»w' 

.  _    (a-o)08-J)cn^£^?    . 
^     '^^(a-(J)-(/8-<J)8n^(?' 


«+*■ 


wcn'^tr' 


or.  since  p+q  +  r  =  0,  we  have 
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If  now  the  co-ordinates  of  )8  and  S  in  the  x,  y  plane  are  a+ifr  and 
c+ici,  we  get 

a-rio  _  Jo —         Jc ^ 

^"*"'  I   dw  %n'-^ w  cn~^'^  w  \  dw  %i\''^  w  ow'^ w 


which  can  easily  be  proved  to  be  the  same  as 

i.o,  r(^+l?+r)r(l~j?-r)F(j,  ^-;;,  1+r  /c^») 
r(l  +  r)r(*-r)>(i,  i--;>,  l-/)-r,  ic^     ' 

F( )  denoting  the  hypergeometric  series. 

From  this  we  can  determine  k^  by  approximation  and  consequently 
the  resistance  of  the  conductor.  This  approximation  can  be  facilitated 
when  K  is  either  very  small  or  nearly  unity  by  observing  that 

and  F(i,  i-^),  1  +  r,  1-j-) 

are  both  solutions  of  the  equation 

^^  x(l-.r)  ^       icd-x)^ 

Call  these  two  particular  solutions  2^1  and  ^2- 
Another  solution  in  powers  of  x  is 

^3  =  xP^^F(i+p+r,  i+r,  l+/)+r,  x), 

and  another  in  powers  of  (1— j:)  is 

y^  =  (l-ar)-'^F(i-^-r,  i-r,  1-r,  1-x). 

Since  the  above  differential  e<|uation  is  of  the  second  degree,  we  have 

where  A,  B,  C,  and  /^  are  independent  of  k  and  are  the  same  for  all 
quadrilaterals  with  the  same  angles. 

In  the  case  where  r  =  0,  i.e.,  where  two  adjacent  angles  are  right 
angles,  we  find  that  y^  degenerates  into  y^^  but  in  this  case  another 
solution  in  powers  of  (1— x)  is 

Va  =  —  logd— a:)F(i,  i— />,  1,  l—x) 

I  v^i(n-M~p)(§-/>)...(n-^-p)  c^d^^Y 

(n  \f 
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where 


N       1  N 

=  22— -5) - 

\     8  I  S 


1 


I 


S-J-J) 


Now,  since  this  equation  is  linear  and  of  the  second  degree,  we  have 

y^  =  Ayj+Bij^,        y^  =  Cy^+Dy^, 

where  A,  B,  C^  D  are  constants  for  a  given  value  of  p. 

In  employing  this  method  when  k  is  small,  i.e.,  the  resistance  is  large, 
we  approximate  rapidly  by  means  of  the  equation 

«.  =  eo8«m±£)r(lrf)^+Bi^); 
c  1  (i)  \  //i/ 


and,  when  k  is  nearly  unity  and  the  resistance  is  small. 

The  case  of  r  =  0  and  i>  =  ^  gives  the  resistance  of  a  plate  when 
the  electrodes  are  of  the  form  which  is  occasionally  used,  in  which  the 
current  flows  from  one  square  to  a  square  symmetrically 
placed  round  the  first.  It  is  clear  from  symmetry  that 
the  lines  bisecting  the  sides  at  right  angles  and  the 
diagonals  are  lines  of  flow.  The  resistance  therefore  is 
I  of  that  of  the  quadrilateral  afiyS. 

If  now  aS  is  a  and  afi  is  c+ic,  we  get 


3 

7 

/ 

—  -A'+B'^     or 
«  !h 


SLr=:  C'  +  D'^. 


c 


The  values  to  three  places  of  A',  B\  C,  D'  are 

^'  =  1,     i^'  =  -^-457,     C'=  1-605,     2)'  = --818. 

If  k  is  small,  it  may  be  outside  the  limits  of  Legendre*s  tables,  but 
we  can  approximate  conveniently  to  the  resistance  K'jK  by  means  of 
the  formula 


^'  =  PA'+gj^log^+^i^^(i...n-i)i^^ 


) 


where  P  =  '888,    (?  =  —  '818  =  U  :   and,  since  K  =  ^ir  nearly   and 
log/c*  is    large,    we  get   if  =  P+Qlog/c^       But,    if    k  is   very   small, 


J5'«*  =  c/a— 1,   and  to  a  first  approximation   iJ  =  —  1*28  log 


a 


If. 


however,   k'   is   small,   we    have    log<c'^  =  JD'"^a/c    approximately,   and 
therefore  l/if  =  a/c,  which  could,  of  course,  have  been  foreseen. 
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If  the  inner  square  is  placed  diamond-wise,  then  afi 
and  yS  are  lines  of  flow,  and,  if  the  co-ordinates  of  )8  are 
0,  a  and  those  of  S  are  b^  0, 

h  "  FCrfr^r(j)r(f)' 

Having    determined  k  in   any  of  the    above    cases,   the  «         > 

resistance  is  given  by  K'lK^  and  the  differential  equations 
for  the  lines  of  flow  and  equipotential  lines  are 

dx+idy  =  c'(d^+id^)[sn(^+«^,  If)]"*. 

In  the  case  of  the  two  squares  treated  above  the  current  density  on  the 
outer  electrode  is  given  by       ^ 


^  =  "°*^' 


and  on  the  inner  by 


=  l//c*sn*^. 
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A   GENERALISATION   OF   THE   LEGENDRE   POLYNOMIAL 

By  H.  Bateman. 

[Beoeiyed  January  Ist,  1905.— Read  Januaiy  12th,  1905.] 

1.  Source  and  Definitiofi  of  the  Function. 

The  general  homogeneous  polynomial  of  degree  n  in  Xi,  x^,  x^,  x^ 
contains  J(n+l)(n+2)(;i+8)  arbitrary  constants;  if,  however,  it  satisfies 
the  differential  equation 

there  will  be  ^(n— l)n(;t+l)  relations  between  these  constants.  The 
polynomial  can  therefore  be  expressed  in  terms  of  (n-|-l)^  independent 
solutions. 

To  obtain  a  symmetrical  representation  of  these  independent  solutions 
we  make  the  substitution 

Xi  =:^  r  cos  6  cos  i/},  Xq  =  r  cos  6  sin  </>, 

Xg  =  r  sin  6  cos  x»  x^=:  r  sin  0  sin  x  ; 

the  differential  equation  then  becomes 

3*F  .   8  aF  ,   1  f7F  ,        1       a^F  ,        1       ^F  ,  cotg-tangaF  _  ^ 

If  we  assume  as  a  trial  solution  F  =  rV"^'^*'*0,  we  find  that  0  must 
satisfy  the  equation 

Writing  cos  20  =  /a,  the  equation  is  transformed  into 

<»      i!n-''''fl+«ll(l+')-^-.-«^(  =  »- 

Putting  e  =  (H-m)**(1— m)**^.  we  have 

(2)  (l_;,»)|J+[(,„+l)(l_^)_(A-+l)(H-;,)]^ 

+  iF[(»+l)«-(*+TO+l)«]  =  0, 
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or,  if  1— M  =  2t  and  l+/u  =  2(1  —  0, 
(8) 

A  solution  of  this  equation  is  given  by 

we  may  therefore  define  the  function  GC  (m)  by  the  equation 

jj  /n+m+k\ 
^v*.*,  ,  _  (1+/x)**(1-m)*'      \        2       ) 

When  n— m— A:  is  an  even  positive  integer  the  series  terminates  so 

that  6»    (m)  is  then  a  polynomial  in  sin  d  and  cos  6. 

A  polynomial  of  degree  n  in  Xi,  x^,  x^,  and  x^  will  contain  terms  of  the 
form  r^^^^^+^^0,  where  n—m—k  is  an  even  integer  and  m^^k  and  iw+Ar 
are  numerically  less  than  ^i.  The  different  values  of  t*«***+*^9  subject  to 
these  restrictions  will  give  the  (n+D'  independent  solutions  of  degree  n. 

The  expression  r^e^*^^^Qn    (/*)  is  clearly  a  solution  of  the  equation 
whether  n  is  an  integer  or  not. 

2.  Connection  with  the  Associated  Legendre  Function. 
If  in  equation  (1)  we  put  k  =  m,  it  becomes 

il«-''''S+«lf(i+')-i^}  =  <'= 

but  this  is  the  differential  equation  for  the  associated  Legendre  function. 

Now  when  m  is  an  integer  and  d  is  small  Pj[l(co8  2d)  can  be  replaced 
by       n(i^+ig      gijj«  2ft ;  therefore 

(5)  er  •'(cos  6)  =  Prn(cos  26). 

Again,  it  can  easily  be  verified  that,  if  F(x,  y,  z)  is  a  solution  of 
Laplace's  equation,  then 

V  =  (xi+ta^-iF{-v/(xJ+a:J),  x^  x,\ 
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is  a  solution  of  the  equation 

Putting  y/{x^^+x^  =  ?i  cos  6i  =  r  cos  6, 

Xg  =  rj  sin  Q^  cos  ^j  =  r  sin  0  cos  x,  ^4  =  ^'i  sin  S^  sin  ^1  =  r  sin  0  sin  x» 
the  standard  solution  r^Pj[(co8  0i)e**'*»  gives  us 

V  =  r*-*P;  (cos  (he-^^"^  cos"*  0. 
Comparing  this  with  the  solution 

we  see  that  there  is  a  relation  between  P^  (cos  (f)  and  the  quantities 

-v/(co8e)e»V''(co8  2e). 

When  n  and  i  are  integers  G^T-j  (cos2d)  is  of  the  form  (cos©)"*  sin*0 

(polynomial  in  cosd)  when  n—k  is  even,  and  On- ^ (cos  20)  is  of  this  form 
when  n— A:  is  odd  ;  accordingly 

2^n(n-*)n(^i±|^^) 

^(cos  e)e;lj*(cos  20)  = .     , .   — ? —  pi(cos  ©) 

n(^)n(n+« 

when  n— A  is  even  ; 

2^-n(n-A)n(^) 

V(cos  0)  ei'4(co8  20)  = .       ,     .,  P!;  (cos  %) 

n(n+^)n(^""^""^) 

when  n— &  is  odd. 

8.  Properties  of  tlie  Function, 

If  we  put  p  =  r  cos  0,   tsr  =  r  sin  d,  our  partial  differential  equation 
becomes 

^v,  1  aF  ,  1  a»F  ,  a^F  ,  i  aF  .  i  a*F_^ 

from  which  it  is  easily  seen  that  Jm(p)Jk{i^)e^^'^^  is  a  solution ;  also, 
if  this  be  expanded  in  powers  of  r,  the  coefficients  will  be  of  a  polynomial 
character  and  must  therefore  be  constant  multiples  of  On*  (jj).  This  is 
the  case  whether  vi  and  k  are  integers  or  not.  Accordingly  we  may 
write 

J^{r  cos  d)Jt:(ir  sin  6)  =  1  i4„r«On'^cos0)     {u  =  m+k+2s). 

8SB.  2.     TOL.  3.     NO.  889.  I 
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To  determine  the  coefficients  we  make  6  very  small  and  replace  O^  (cob  80) 

J   T  / •     •   n\  u         ^       2       /  sin* d       .  »*  sin* d ,.  ...  ^    . 

and  /.(trsmO)  by  ^  )^_^_jL  j[^)  and  -^^^  (Jr)^  reiq«ctively. 

Equating  coefficients  of  r",  we  find  that 

An  =  (^)V^  ^  /n+m+M  jj  /n+m"=&\  ' 

giving  the  expansion 

(8)     J,(r  cos  6)  J.dr  sin  g)  =  i  (ir)V-«  ^^p;^+'I^°  Af+,.-ftx 

(n  =  m+k+is). 

If  in  this  result  we  write  ir  in  place  of  r,  j^tt— d  in  place  of  d,  we  find 
that 


en'\-cos2e) 


Now  Jfc(— rcosO)  =  (— l)*Jfc(r  cos6);   therefore 

(9)  e?  *(-cos  26)  =  (-  l)i(— -*)      ^,,?    J.  On  *(cos  20), 

n— m— ft  being  an  even  integer. 

Another  expansion  can  be  obtained  from  the  equation 

Making  the  same  substitution  as  before,  we  arrive  at  the  solution 


Again,  it  can  be  easily  verified  that  the  equation  is  satisfied  by 

J«(r  cos  d  cos  w)  Jkir  sin  6  sin  w)  e*"**'^*^^  ; 
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accordingly  we  may  assume  an  expansion  of  the  form 

Jnir  COB 6 COS w)Jk{r  sin d Bind)  =  2  r"V»+i(r)i4»0r  (cos 26); 

but,  since  the  expression  on  the  left  is  symmetrical  in  6  and  w,  it  is 

evident  that  An  must  be  of  the  form  B^Qn    (cos  2o>).     To  determine  the 
coefficients  we  put  »  =  ^7— a;   the  expansion  then  becomes 

<7m(r  cos  6  sin  a)  Jk{r  sin  6  cos  a)  ^ 

=  i  B,(-i)*(— *)!?»±iW    )  ■  ^  J  e:'*(cos2e)e!;:-^(cos2a). 

Now  make  a  and  d  very  small :   we  find  at  once  that 

iirr-'  =  i  (-i)*<— »>B.  ^^2t±iW    )  ^  J  J_V2     ;  I 

(n  =  m+k+28). 
Comparing  this  with  the  well  known  expansion 

n(»±f±*) 

(ir)"**+»  =  2  (n+1)       '       t^      '  J,+i(r)      (n  =  m+k+2s), 

V    2    ; 

we  see  that 

therefore 

(10)  J,i,{r  cos  ©  cos  w)  Jkir  sin  d  sin  al) 

=  .|(-«*<--»(2.+»r-7-  (r)  ^  .+^_J  ^  |.^.^^.T 

xeir'*(cos  26)  er^cos  2a))     (n  =  m+A;+2s). 
The  other  form  of  the  expansion  is 

(11)  Jnir  cos  6  sin  a)  J^ir  sin  6  cos  a) 

=  ar-i  I  (n+1)       )^_^l_^J,   Jn+i(r)er'(cos2e)e!;'"(cos2a). 


JJ  /n+/f-fm\ 


I  2 
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If  ill  tliis  we  make  0  very  small,  we  find  that 


00 


.Xr,  m 


(12)  (ir)^+^co8A'a.e7«(r8ina)  =  S  (;i  +  l)  J„+i(r)e;'    (co8  2a), 

or,  again,  putting  0  =  0,  w  =  0  in  (10),  we  get 

(13)  n(i)(Jr)*+^c7^(r) 

=  i  (m+;fc+26'+l)(~l)'"^^fj:f"^^,"^^^c7">^*-^''^Hr). 
,=0  ll{s)ll(m+s) 

When  m  =  k  the  expansions  take  the  form 

(14)  Jm  {r  cos  0  cos  w)  Jrn,  {v  sin  0  sin  w) 

=    i    (-l)*--(2n+l)2r-^/2n+i(r)^^^^^P:r(co8  2e)P^^^ 


fisHl 


cc 


(1 5)         (ir)**'  (cos-  a .  /„  (/•  sin  a)  =  2  (2/j  + 1)  Jj, + 1  (r)  P^  (cos  2a). 


7i  =  m 


4.  Belations  between  Functions  of  Different  Mag  nitrides. 

From  equation  (4)  we  see  that  0n'  (/u)  =  0  when  n  —  m'-k  is  an 
even  negative  integer.  When  A:  is  a  negative  integer  the  first  k  terms 
of  the  expansion  disappear  and  the  remainder  can  easily  be  identified  with 

(— l)*Bli'  "  ijj).     Accordingly,  we  have  the  relation 

(10)  er  '%)  =  (-1)^  or  V)     (k  being  an  integer). 

Another  relation  may  be  obtained  from  the  equation 

(17)  (irV^+^cos'^a./fcCrsina)  =  S(7j  +  l)/,^i(r)er' (cos  2a) 

by  making  use  of  the  addition  formula 

«7'ib-i(-2^)+«^ji+i(-^)  =  2kz''Jk(z); 
therefore 

(Jr)**"^^  cos*^ a  [Jjt-i (r  sin  a)+c7fc+i (r  sin  a)] 

=  2(n+l)/«+i(r)[e^''''-^+e^*'^+^]; 
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therefore 


cos"*  a 


(Jrr  k  -^^^^-^  Juir  Bin  a)  =  2  (n+1)  J.vi  (r)  [G-'^-^+e^^  '^'l 
Bin  a 

Comparing  this  with  equation  (17),  we  have 

(18)  er'-*  (cos  2a)^-0:^*+•(co8  2a)  =  k  cota0r***(co8  2a). 

Again,  substituting 

(»+l)  J,+,(r)  =  h[Jn  (r)+J-,+2(r)], 
we  find  that 

(19)  er'*(co8  2a)+er4(co8  2a)  =  »cosae"ri'*(c08  2a). 
Changing  a  into  ^tt— d,  and  making  use  of  equation  (9),  we  get 

(20)  *tan0e*'"~*+ej;**'*  =  J(n+A-m+l)(n-*+m+l)0*-''", 
(21) 

(n+TO-*)0^ "(cos  20)+(n+A:-m)ei'J", (cos  26)  =  n  sindei'-l"*  (cos  20). 

Interchanging  a  and  6,  k  and  m,  so  as  to  keep  the  formulae  uniform,  we 
have  the  equations 

(20)'    m  tan aer'*~^cos 2a)+er*''*(cos  2a) 

=  J(n+»»-*+l)(n-»»+A;+l)er"^''(coB  2a), 

(21)'     (n+k-m)  e^^cos  2a)-(n+m-A)  erL*(co8  2a) 

=  2n8ina9rir  (cos  2a). 

Multiplying  equation  (19)  by  k  and  subtracting  (21)',  we  have 

(22)     (n+m+ ft)  erL*2  (cos  2a)  —  (n— m— *)0r'  *(coB  2a) 

=  2n  sin  aGUli  ^  (cos  2a). 
The  last  two  equations  give  us  the  addition  formula 

(28)     (n— m— A:)(n+A:-m)(n— 2)0*'*(^) 

+n{n+m+k—2)(.n+m—k—2)eT-i(M) 
=  2(n-l)[ft»-»»"+»(»-2)/i]0r-$(/tt) ; 

when  m  =  k  this  reduces  to  the  well  known  addition  formula  for  the 
associated  Legendre  function. 
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Other  formalse  may  be  obtained  by  di£ferentiating,  for  example, 

(24) 

^(i_^«)^[e;;ht(^)]  =  j(„+w_ft+i)(n-i»+*+i)e:-»'»*»-e:*>-*-». 

Oft 

(n—m—k+2){n+k—m+i)  ^ 

I  have  only  proved  these  formulse  for  the  case  when  6»  is  a  polynomial, 
but  it  seems  probable  that  they  will  be  true  for  unrestricted  values  of 
n,  m,  and  k. 

6.  The  Integral  Formula, 

Let  6!^^'0u)  and  O^'^Ok)  be  two  polynomials  of  different  orders,    n^p 
being  an  even  integer,  we  have 


Multiplying  the  first  equation  by  Op^  the  second  by  6^,  and  su 
we  have 

|.(„_,,(e,«.-e.f)|=e.e.[f(i+.)-f(|+.)], 

80  that,  if  n  ^jp,  and  m  and  k  are  both  >  0,  we  have 

j^|e»(/i)ep(/u)cZM  =  o. 

We  must  now  evaluate  this  integral  for  n  =  p.     Putting  d  =  c»  in  the 
expansion  (10),  we  have 

=  11  (_i)»<»---»)(„+i)/.,,(^)_V2y_V2;^Q  ,^jy 

r  ,«o  jj  ni+m—KX  jj  fn+m+/c\ 
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Let  F«.fc  =  i  j^V«[|-(l+M)]/*[Y(l--M)]*i. 

Writing  1— /x  =  2a:,  it  becomes 

Fn,k=[  Jn[ra'-x)'\Jjc{rx)dx. 

Jo 

Now  ^^  =  i  \  Jt_,  (z)-J,^r iz)  1  ; 

80  that 

Jo 

therefore  Fn..  t-i  — i^m-i.  t  =  —  [-Pm+i,  *— l^i.  k+i] 

iftnd  so  on  ;  but  Jf^^,  k  =  0  when  m  and  X;  are  very  large.    Accordingly  we 
^^^^  IP         —  JT 

This  shows  that  the  integral  F^^t  depends  only  on  m+k.    When  m  and  k 
are  integers  and  m  =  k  the  integral  can  at  once  be  evaluated,  for  then 

/«[-|(l+/i)]«7^[-^(l-M)] 

=  7  A  (-l)-(2n+l)/...(r)  ^[P:(„7, 
and  so 

».«.,  fc7«[r(l-x)]c7«[r^]c&  =  -^    2  (-ir-~c7,n+i(r), 

Jo  T    nr-.m 

and  )  Jm[r(l—x)]Jr„+2[rx']dx=      Jn+i[r(l—x)]J^^i[rx]dx 

Jo  Jo 

=  4     2     (-1)"— V*.+,(r), 
also  J«  M+ J**,  [nc]  =  ^^^±^  /,+!  («B) ; 


rx 
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Jn  [r  (1 — x)]  J«+i  [rx]  —  =  ^^q^j  Jiu+i  (r), 

m  being  an  integer. 

We  shall  now  prove  that 

for  all  values  of  m  and  k  greater  than  zero. 

For,  if  the  integral  on  the  left-hand  side  be  expanded  in  powers  of  r, 
the  coefficient  of  (ir)~-^*^+^  is 


p+a«« 


n(m+p)p!  U{k+cr)cr\Jo 

_     y    /     .l^p+- U{m+2p)U(k+2a-l) 

~p+jl/     ^^       n(m+p)p!n(*+(r)(r!n(w+*+2/>+2<7)' 

We  have  got  to  show  therefore  that 

Uim+2p)U(k+2a-l) 1 


(A)     2 


p+"«.  U{m+p)p\  U{k+cr)<rl  U(m+k+2p+2a)       ksl  U(m+k+8y 

Now  Gm^jc  =  i^A"*[-Fll^jL-l+-F•^fr+l]  on  account  of  the  relation 

c7fc-i(ra:)+c7ji.+i(ra:)  =  {2klrx)Jk{rx) ; 

accordingly  2A:Gw,fc  depends  on  m+k  only.  If,  then,  the  equation  (A)  be 
cleared  of  fractions,  it  may  be  considered  as  an  equation  of  the  5-th  degree 
in  (m-i-k);  but  we  know  that  the  equation  is  satisfied  whenever 
m  =  A:  =  an  integer ;  it  is  therefore  satisfied  for  more  than  s  values  of 
m-^-k,  and  so  must  be  an  identity.  Thus,  if  m  and  k  are  any  positive 
quantities,  we  have  the  identity 

^     n(m+2p)n(^+2<r-l)  _    U(m+k+2s)    . 
p+t=.n(m+p)p!  U{k+a')(r\        ks\U(7n+k+s)' 

hence  the  equation 

Jm [r  (1  -'X)']Jj:lrx']  —  =  -r  Jvi+kir) 


i 


0  X         k 


holds  for  all  values  of  in  and  k  greater  than  zero.     This  gives  us  the 
further  equation 

F^u  =  2r-*[(*+l)G,^fc^i-(A+8)G«,fc+3+...] 

=  2r-i  [c7«+fc+i(r)  —  J^+t+s  W  +  ...]. 
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We  can  now  evaluate  the  integral  I     [Qn(M)7dfi  for 

n  («±|=-)  n  (-i|=-) 


nasm+X: 


xr[e:-*o*)?** 


OD 


Comparing  the  coefficients  of  J^+i  {r),  we  have  the  formula 

_   ,    n  (!^±f=J^)  n  (^i±f±^) 

m  and  A;  being  any  quantities  greater  than  0,  and  such  that  n—m—k 
is  an  even  positive  integer. 

If  we  assume  a  convergent  expansion  of  the  form 

/Ou)  =  2  ^.er-'O*)     (»  =  m+k+28), 
the  coefficients  will  be  determined  by  the  formula 

f.  iA    n  (2+1=^)  n  (2+2+*) 


6.  Various  Formuke. 
If  we  equate  coefficients  of  {^)*  in  the  expansion 
/«(rcose)c7k(tr8ine)=   2  (^)>i»-^  ^fl^'^f^ IT' 
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we  find  that 

This  shows  that  when  n—m^k  is  an  even  integer  d^'^^Oi)  can  be  written 
in  the  form 

n  /^+^  +  ^\  (_  l)J(n-«-*) 

2„  jj  /n— m— A:\  jj  /n— ?w  +  A:\ 

>^  |,t( t^[(l-M)*<'-''-^''>(l+M)*<""»-*^. 


e;?'V)  = 


e  may  deduce  the  definite  integral 
2»  n  (^=f±^) 


2xi 


X  (  (1  -Ai)-»*  (1  +/u)  -**  (1  -  ««»—+*>  (1 + <)*<"+»-»•)  «-m)"*  '—"-*+«  («, 
Jo 

taken  round  a  simple  contour  enclosing  the  point  ^  =  /i. 

Another  definite  integral  may  be  deduced  from  the  formula* 

V  =  I   f(xi  cos  t-\-x^  sin  t+ix^j  Xi  sin  t—x^  cos  t+ix^,  0  cZ^ 

3*F     3*7     3*7     3*7 
for  a  solution  of  -5-7  +  -5-7  +  tt  +  "^^v  =  ^ ' 

dX|       do;,       0^3       ox^ 

the  result  is 

n(m)n(^i:|±^) 

i-e:-  *.(oo8  20)  = l—L—!- 

2xn(t)n("~^~^) 

X J    (cos  ee«+i  sin  0)K— »-« (cos  0e-«+i sin  «)*<»+"+»)«<-«<««. 

If  we  put  r  cos  Q  =■  p  cos  a  cos  to,  ir  sin  6  =  p  sin  a  sin  w,  so  that 

r*  =  ip^  (cos  2a + cos  2o>)  =  J/»*  On+/t')i 
7^  cos  26  =  V  (l+cos  2a  cos  2«)  =  J/oM+m/*'), 

*  Froe.  London  Math,  8oe,,  Ser.  2,  Vol.  1,  p.  457. 
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we  have 


..0  \  2  y  jj  /n+m+k\  jj  /n+m--k\ 


=  Jm(r  eoB  6)  Jk(ir  sin  6)  =  J»(p  cob  a  cos  a>)  Jkipsina  sin  a>) 


=   ic-l)'— (m+A+2^+l)J«+,^^^i(p) 


•«*o  p 


n  (!i±|=3)  n  (*i:=|=^) 

Comparing  the  ooeffioients  of  (.^p)'^*''*^  in  the  two  expansions,  we 
find  that 

-  y  fn.  I  ]fc  I  ^.^  I  1^  mk+8)U(8)U(m+p)Jl{m+k+p) 

~  .to^'^'^  "^    "^  'n{m+s)U{m+k+8)mp-8)U(m+k+8+p+l) 

X  e,0*)  6,0*')     (n  =  m+*+2»). 
When  m  =  k  =  0,  2p  =■  2n,  2«  =  2r,  this  formula  becomes 

/m+mIVp  (l±I^\  -  y  /n^.^x  n(n)n(n)  „,,^  ,  ,. 
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THE  KINEMATICS  AND  DYNAMICS  OF  A  GRANULAR  MEDIUM 

IN  NORMAL  PILING 

By  J.  H.  Jban8. 

[Received  and  Read  Jannarj  12tli,  1905.] 

IntrodtLctioii. 

1.  The  conception  of  a  medium  which  consists  of  a  namber  of  small 
hard  spherical  grains  in  '*  normal  piling/*  i.e.,  holding  the  same  geo- 
metrical relations  to  one  another  as  spherical  shot  piled  in  the  usual  way, 
has  been  brought  into  prominence  by  the  recent  memoir  of  Prof. 
Osborne  Reynolds.*  According  to  Prof.  Reynolds  a  system  of  this  kind 
forms  the  '*  one,  and  only  one,  purely  mechanical  system  capable  of 
accounting  for  all  the  physical  evidence,  as  we  know  it,  in  the  Universe." 
It  is  therefore  of  interest  to  examine  any  exact  evidence  which  can  be 
obtained  as  to  the  ability  of  this  ideal  mechanical  system  to  account  for 
natural  phenomena.  And  whether  or  not  the  mechanical  system  is 
ultimately  found  to  be  able  to  substantiate  the  high  claims  put  forward 
on  its  behalf  by  Prof.  Reynolds — and  the  results  of  the  present  investiga- 
tion give  no  countenance  at  all  to  this  hope — it  is  a  system  which 
possesses  great  interest  in  itself,  being  sufficiently  closely  related  to  our 
conceptions  of  an  elastic  solid  or  a  dense  gas,  to  be  worthy  of  examination 
for  its  own  sake.  It  is,  indeed,  one  of  the  very  few  instances  of  a  medium, 
whose  ultimate  mechanical  specification  is  fully  given,  of  which  the  pro- 
perties can  be  worked  out  in  full. 

The  analytical  methods  to  be  employed  in  the  present  investigation 
consist  largely  of  combinations  and  modifications  of  those  employed  in 
Elastic  Solid  Theory  and  the  Dynamical  Theory  of  Gases.  Since,  how- 
ever, the  physical  conditions  in  the  present  problem  are  very  different 
from  those  either  of  an  elastic  solid  or  of  a  gas,  I  have  on  the  whole  been 
reluctant  to  quote  known  theorems  from  these  subjects,  and  have  tried  to 
develop  the  dynamics  of  the  present  system  almost  from  first  principles. 


*  Th$  8uh'M$ekanie9  of  the  Universe,  Cambridge  Univonity  PresH  (for  the  Royal  Society), 
1903. 
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This  seemed  to  be  the  only  way  by  which  it  was  possible  to  feel  sure  that 
the  physical  assumptions  or  hypotheses  appropriate  to  the  discussion  of 
an  elastic  solid  or  a  gas  were  not  introduced  in  disguise  into  the  present 
discussion.  The  medium  we  are  now  examining  being  fully  specified  at 
the  outset,  it  is  unnecessary,  and  would  therefore  be  illegitimate,  to  help 
the  development  of  the  problem  by  introducing  extraneous  facts  from 
dynamics  or  physics.  ^  The  same  remark  applies  to  the  introduction  of  the 
**  assumptions/'  true  or  untrue,  of  the  so-called  statistical  method. 

The  geometrical  meaning  of  normal  piling  has  been  fully  explained  in 
the  last  papers  of  Prof.  J.  D.  Everett.*  It  will  not  be  necessary,  then,  to 
discuss  the  geometry  of  normal  piling  here. 

In  the  problem  before  us,  we  are  given  a  space  of  unlimited,  or 
practically  unlimited,  extent,  and  in  this  space  a  number  of  equal  and 
similar  spherical  grains.  Given  the  diameter  a-  of  each  grain,  there  is  a 
superior  limit  to  the  number  of  grains  which  can  be  put  into  any  space, 
subject  to  the  condition  that  no  two  grains  may  overlap.  This  limit  is 
reached  when  the  number  of  grains  is  so  great  that  the  average  space  for 
each  grain  is  (r^/\/2.  When  this  limit  is  reached,  the  grains  are  in  closest 
piling.  This  piling  is  characterised  by  the  feature  that  every  sphere 
touches  twelve  others,  the  centres  of  any  four  which  mutually  touch  one 
another  forming  a  regular  tetrahedron.  The  piling  may,  however,  be 
either  the  normal  piling  of  Prof.  Reynolds,  or  the  antinormal  piling 
described  by  Prof.  Everett,  or  a  combination  of  the  two.     In  Fig.  1  we 


Fig.  1. 


have  a  tier  of  spheres  arranged  in  closest  order.     In  stacking  a  tier  above 
this,  we  can  either  place  the  centres  of  sj)heres  over  the  points  indicated 


•  *-0n  a  Calculus  of  Point  Aflsemblages,"  Proe,  Zand,  Math.  Soc.  [2],  Vol.  1,  p.  437: 
**  On  Normal  Piling,  as  connected  with  Osborne  Reynolds'  Theory  of  the  Universe,"  Proe,  Fhy; 
Soe.,  Vol.  XIX.,  p.  223  ;  Phil,  Mag,  [6],  Vol.  8,  p.  30. 
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by  X's  or  over  the  points  indicated  by  O's.  The  choice  is  a  matter  of 
indifference;  for  one  arrangement  changes  into  the  other  on  taming 
through  160°  about  the  centre  of  any  sphere  of  the  original  tier.  Let  us 
then  decide  on  putting  spheres  above  the  X's.  Let  us  next  extend  the 
piling  by  putting  a  layer  below  the  original  layer.  A  similar  choice  is 
again  before  us,  but  it  is  now  no  longer  a  matter  of  indifference  which 
course  we  take.  If  we  decide  to  place  the  sphere  centres  below  the  O's, 
the  piling  is  normal ;  if  we  place  them  below  the  X's,  the  piling  is  anti- 
normal.  .  Thus,  after  two  tiers  are  in  position  there  are  two  courses  open 
as  regards  the  arrangement  of  the  third  tier.  In  piling  a  great  number  of 
tiers  the  course  adopted  might  be  indicated  by  a  sequence  of  letters,  such 

^  0,  0,  A,  N,  N,  A,  N,  ..., 

the  meaning  being  that,  after  tiers  1  and  2  are  in  position,  8  is  piled  so 
that  1,  2,  8  are  in  antinormal  piling ;  4  so  that  2,  8,  4  are  in  normal 
piling ;  6  so  that  8,  4,  5  are  in  normal  piling ;  and  so  on.     The  order 

0,  0,  N,  N,  N,  ... 

is  the  normal  piling  of  Osborne  Reynolds. 

It  may  be  that  the  order  of  piling  is  determined  by  boundary  condi- 
tions. For  instance,  in  piling  shot  on  a  triangular  base  it  will  be  found 
that  the  arrangement  adopted,  if  the  shot  are  to  form  a  regular  tetrahedral 
figure,  must  be  wholly  normal  (0,  0,  N,  N,  N,  ,,.).  In  pacldng  into  a 
square  box,  on  the  other  hand,  it  must  be  wholly  antinormal 
(Oj  Of  Af  A,  A,  ...).  And  in  packing  into  a  vessel  of  irregular  shape  the 
arrangement  which  is  to  take  least  space  will  in  general  be  neither  wholly 
normal  nor  wholly  antinormal;  the  sequence  of  arrangements  will  be 
determined  by  the  shape  of  the  vessel. 

We  see,  then,  that,  if  space  is  infinite,  there  will  be  an  infinite  number 
of  separate  and  distinct  arrangements  of  closest  packing.  If  space  were 
finite,  th&  arrangement  might  be  determined  by  the  shape  of  the  boundary, 
and,  in  particular,  if  space  were  non-Euclidean  and  finite,  it  is  at  least 
conceivable  that  it  might  be  necessary  for  the  packing  to  be  either  wholly 
normal  or  wholly  antinormal. 

The  theory  of  Osborne  Reynolds  is  concerned  only  with  piling  which 
is  wholly  normal,  and  the  theory  does  not  explain  why  antinormal  piling 
is  excluded.*  In  wholly  normal  piling,  the  centres  of  the  grains  form  a 
regular  three-dimensional  network,  of  which  every  alternate  "  mesh  "  wUl 
be  a  regular  tetrahedron  of  edge  a-.     The  total  number  of  grains  is  just  less 


*  A  Huggestion  of  Prof.  Everett  on  this  point  will  be  dealt  with  later. 
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than  the  maximum  namber  which  could  be  packed  into  the  space  available ; 
80  that  the  geometry  of  the  system  is  what  may  be  described  as  "  loose 
normal  piling."  There  are  small  interstices  between  the  grains,  and  at 
any  instant  the  centres  of  four  adjacent  spheres  form  a  tetrahedron  which 
in  general  is  not  quite  regular,  the  sides  being  each  somewhat  greater  than 
a-  and  not  necessarily  equal.  We  suppose  the  number  of  grains  to  be  such 
that  the  mean  space  available  for  each,  instead  of  being  o^/V^,  is  t^/\/2, 
T  being  slightly  greater  than  a-.  The  grains  are  free  to  move,  and  in  the 
problem  before  us  there  is  no  limitation  on  their  motion  except  that  no 
two  spheres  may  overlap. 

The  motion  of  the  grains  is  governed  by  certain  laws,  and  these  are  to 
be  the  same  as  if  the  grains  were  hard  and  perfectly  elastic  spheres,  of 
the  kind  with  which  the  theory  of  gases  has  made  us  familiar.  If  the 
model  is  to  be  a  true  model  of  the  ultimate  structure  of  the  Universe,  the 
laws  ought,  perhaps,  to  be  stated  kinematically  rather  than  dynamically, 
but  this  does  not  affect  the  actual  problem  before  us,  which  is  simply  that 
of  determining  the  motion.  The  problem  may  be  regarded  as  a  dynamical 
problem,  and  the  motion  as  that  of  elastic  spheres  impinging  on  one 
another. 

Beprbsentatiom  of  the  System  tr  a  Generalised  Space. 

2.  We  are  not  in  any  way  concerned  with  the  rotations  or  orientations 
of  the  grains,  so  that  the  configuration  of  the  system  may  be  supposed  to 
be  completely  specified  when  for  each  grain  we  know  the  values  of  a:,  y,  z^ 
the  co-ordinates  in  space  of  its  centre,  and  of  u,  t?,  w^  the  components  of 
velocity  of  its  centre  in  directions  parallel  to  the  axes  of  ^,  ^,  z.  Let  us 
suppose  there  are  altogether  N  grains,  distinguished  by  the  letters 
a,  6,  c,  ...,  and  let  us  denote  the  co-ordinates  and  velocity  components 
of  grain  a  by  Xa,  ifa*  ^a>  t^«>  Va,  Wa.  The  configuration  of  the  system  will 
then  be  specified  when  we  know  the  values  of  %N  variables, 

«a.  Vay  Za,  Ua,  Va,  Wa,       Xt,  ybf  ^6,  «*6,  ^b,  «?6»       Xc,   ....  (1) 

All  configurations  of  this  system  can  be  represented  in  a  generalised 
space  of  6^  dimensions,  the  axes  of  co-ordinates  corresponding  to  the  6N 
variables  of  the  system.  Every  possible  configuration  of  the  system  can 
be  represented  by  a  point  in  this  space,  but  there  will  also  be  points  in  the 
6^-dimensional  space  which  do  not  represent  possible  configurations,  for 
no  account  ha^  yet  been  taken  of  the  condition  that  two  spheres  may  not 
overlap. 

The  equation       {Xa'-'Xi)^+(ya—yhf+{Za'-Zh?  =  <^  (2) 
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represents  a  tubalar  locus  of  6^-—  1  dimensions  in  the  generalised  space, 
and  this  locus  separates  points  which  represent  configurations  in  which 
the  spheres  a,  h  overlap  from  those  in  which  they  do  not  overlap.  All 
configurations  represented  by  points  inside  this  locus  may,  then,  be 
excluded  as  impossible.  We  can  conveniently  refer  to  the  locus  given  by 
equation  (2)  as  the  tube  ab.  There  are  similar  tubes  con*esponding  to  all 
other  pairs  of  grains,  ac,  be,  ...,  JW(W— 1)  in  all.  The  necessary  and 
sufiicient  condition  that  a  configuration  of  the  system  shall  be  a  possible 
one  is  that  the  corresponding  point  in  the  generalised  space  shall  be  out- 
side all  these  tubes. 

3.  The  regions  of  the  space  which  are  outside  all  the  tubes — and  with 
which  alone  we  are  concerned — ^may  obviously  be  broken  up  into  any 
number  of  disconnected  regions  by  the  tubes.  The  various  regions, 
whether  disconnected  or  not,  will  each  be  repeated  ^!  times  in  exact 
similarity,  each  region  occurring  once  for  each  of  the  N\  ways  in  which 
it  is  possible  to  allot  the  rCdes  of  the  spheres  a,  6,  c,  ...  to  the  different 
grains. 

4.  The  tubes  specified  by  equations  (2)  are  the  same  for  all  values  of 
'^a»  Va>  Wat  ttft,  t^b,  Wh^  tte,  . . .  .  It  will  be  Convenient  for  the  moment  to 
disregard  possible  variations  of  these  velocity  co-ordinates  ;  or,  what  comes 
to  the  same  thing,  to  discuss  only  the  intersection  of  the  tubes  with  the 
locus  Mo  =  t?o  =  «?a  =.«*6  =  ..  =0,  this  intersection  being  a  space  of  8^ 
dimensions.  This  amounts  virtually  to  considering  only  the  system  at 
rest,  and  representing  the  possible  values  of  Xa,  y«,  Za,  «b,  yu  ^6>  a?e»  ...,  in 
space  of  9N  dimensions. 

5.  When  we  take  into  account  the  boundary  of  the  real  space,  this 
imaginary  space  is,  of  course,  of  finite  extension  in  every  direction.  If 
/^(^»  Vi  ^)  =  0  is  the  equation  of  the  boundary  of  the  real  space  in  which 
the  grains  are  piled,  then  the  imaginary  32^-dimensioual  space  is  bounded 
by  the  system  of  loci 

f{Xa,  t/af  Z„)   =   0,  /(Xh,  yi,,  ^6)   =   0, 

Since  no  part  of  a  grain  and  the  boundary  may  overlap,  we  must  fm'ther 
exclude  all  parts  of  the  space  which  correspond  to  configurations  in  which 
any  one  of  the  points  «„,  tfa,  Zay  xt,  yi.,  zu  ...  fti'e  within  a  normal  distance 
^(j  of  the  boundary.  Thus,  if  ^^(x,  /y,  z)  is  the  shortest  normal  distance 
from  the  point  x,  y,  z  to  the  boundary  in  the  real  space,  those  parts  of  the 
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iiimginary  space  are  to  be  excluded  for  which 

V^(«a,  y«,  z^  <  i(r,         ^(ajfc,  yfc,  z^  <  i<r, 


...  • 


Thus  the  non-excluded  space  must  be  supposed  bounded  by  the  system  of 
ixa—xi)^+(ya~!/b)^-^iza'-zt)^  =  AT*...  (a6,  be,  ...) 


i^(Xa,  Vai  Za)  =  ^<r ...  (a,  6,  c,  ...) 


(8) 


Systems  in  Closest  Piling. 

6.  A  system  of  grains  in  closest  piling  of  any  kind,  not  necessarily 
normal  or  antinormal,  will  be  represented  by  a  single  point  in  this  space, 
such  that  it  is  impossible  to  move  in  any  direction  from  this  point  without 
passing  into  parts  of  the  space  which  are  excluded  by  the  loci  (8).  Hence 
at  a  point  which  represents  closest  piling  at  least  3^  of  the  loci  (8)  must 
intersect,  and,  except  in  special  cases,  the  number  of  intersections  will 
not  be  greater  than  9N.  The  interpretation  of  a  point  being  on  one  of 
the  loci  (8)  is  that  there  is  contact  between  either  two  grains  or  a  grain 
and  the  boundary.  Hence  in  closest  piling  of  any  kind  there  will  in 
general  be  BJV  contacts.  Each  contact  between  a  pair  of  grains  affects 
two  grains ;  each  contact  with  the  boundary  affects  only  one.  When  the 
space  is  of  very  great  extent,  the  number  of  boundary  contacts  may  be 
disr^arded  in  comparison  with  the  contacts  between  pairs  of  grains.  We 
may  say,  then,  that  the  N  grains  experience  6^  contacts,  or  an  average  of 
six  contacts  per  grain.  In  special  cases  the  number  may  be  greater  than 
this.  For  instance,  when  the  boundary  is  such  as  to  admit  of  exact 
normal  piling  we  have  seen  that  the  number  is  twelve. 

7.  In  the  actual  problem  before  us  the  grains  of  diameter  a-  are  not 
in  closest  piling,  but  would  be  if  a-  were  increased  to  r.  Thus,  if  we  re- 
place or  by  T  in  equations  (8),  the  corresponding  loci  determine  isolated 
points.     These,  as  explained  in  §  8,  must  be  JV!  in  number. 

Let  us  now  suppose  the  parameter  r,  which  measures  the  diameter  of 
the  grains,  gradually  to  decrease.  By  the  time  that  r  has  decreased  to  (r, 
the  actual  partition  of  space  appropriate  to  the  problem  before  us  is 
reached. 

When  the  diminution  of  r,  i.e.,  the  contraction  of  the  tubes,  begins, 
the  first  change  which  will  occur  will  be  that  each  of  the  ^!  points  spreads 
out  into  a  space  of  finite  extension.  As  the  shrinking  proceeds,  two  new 
features  may  occur.  In  the  first  place,  connections  may  be  formed 
between  the  spaces  already  in  existence,  and,  in  the  second  place,  new 
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spaces  may  be  formed.  A  helpful  analogy  will  be  found  in  the  retirement 
of  a  flood  from  a  mountainous  country.  As  the  level  of  the  water  falls 
mountain  passes  may  become  uncovered,  and  so  connect  peaks  previously 
isolated,  and  also  new  peaks  may  appear  above  the  surface  of  the  water. 
Indeed,  the  analogy  may  be  turned  into  an  exact  statement  of  what 
happens,  as  follows  : — 

Let  us  represent  the  possible  configurations  in  a  space  of  8.^^+l 
dimensions  corresponding  to  the  variables  Xa,  j/af  ^a.  ^ft»  Jfbf  z^,  x^,  ...,  0, 
where  6  is  the  parameter  which  measures  the  diameters  of  the  grains. 
The  loci 

will,  as  before,  determine  which  regions  must  be  excluded  from  the  space, 
and  the  section  of  the  space  by  d  =  (r;  whatever  a-  may  be,  will  represent 
the  partition  of  the  original  space  when  the  value  of  the  parameter  is  a*. 
Or,  in  other  words,  this  section  will  represent  all  configurations  which  are 
possible  in  the  real  space  for  N  grains  of  diameter  o-.  The  surface  which 
separates  the  space  excluded  by  equations  (4)  from  the  non-excluded  space 
is  an  exact  model  of  a  mountainous  country,  the  axis  of  Q  being  vertical, 
and  the  horizontal  consisting  of  8^  dimensions-  instead  of  two.  The 
highest  peaks  are  ^!  in  number,  and  are  each  of  height  r.  By  the  time 
we  reach  d  =  0,  the  whole  section  by  a  horizontal  plane  has  become  con- 
nected— for  when  the  diameter  of  the  grains  has  shrunk  to  zero  the 
non -excluded  8A''-dimensionul    space  is   obviously  all    connected.     Thus 

6 


Fio.  2. 


the  lowest  points  on  the  mountainous  surface  are  of  altitude  not  less  than 
©  =:  0.     Graphically,  this  can  be  represented  as  in   Fig.  2.     Here  A  ,B 
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represent  two  highest  peaks,  of  height  0  =  r ;  C,  D,  two  lower  peaks,  of 
height  d  =  di,  these  representing  new  arrangements  of  closest  piling ;  and 
E^  F,  G,  the  mountain  passes,  of  heights  6^,  6^,  6^  respectively  connect- 
ing the  different  peaks  as  shewn  in  the  figure. 

To  represent  the  configurations  possible  for  grains  of  diameter  or,  we 
examine  the  section  of  the  mountain  range  by  the  plane  6  =^  a-.  The 
contour  line,  or  series  of  contour  lines,  of  height  cr  represents  the  loci  (S) ; 
the  spaces  enclosed  by  these  contour  lines  represent  configurations  possible 
for  the  grains. 

General  Features  of  the  Motion. 

8.  We  turn  now  to  the  kinematics  of  the  system  of  grains.     The  SN- 

dimensional  space  enclosed  by  any  contour  6  =  0-  must  be  extended  in  the 

directions  ««,  Va,  Was  m^,  V6»  Wbf  We.  . . .  from  —  oo  to  +  oo  in  each  direction. 

In  this  way  we  obtain  the  original  62^-dimensional  space  in  which  a  point 

represents  a  possible  arrangement  of  grains,  both  as  regards  position  and 

velocity. '  To  study  the  kinematics  of  the  system  of  grains  we  fill  this 

space  with  homogeneous  fluid,  which  moves  so  that  every  possible  motion 

of    the  grains  is  represented  by  the  motion  of  a  point  in   this  fluid. 

Actoally,  the  motion  of  the  grains  is  determined  by  conditions  which  are 

exactly  the  same  as  would  determine  the  motion  if  the  spheres  were  hard 

rigid  bodies  obeying  the  dynamical  law  of  energy  and  momentum,  and 

exerting  forces  on  one  another  only  at  contact. 

The  motion  of  the  fluid  in  the  imaginary  space  is  therefore  the  same 
cts  I  have  described  elsewhere*  in  connection  with  the  Theory  of  Gases. 
It  can  be  proved — 

(i.)t  That  the  initial  homogeneity  of  the  fluid  in  the  6JV-di- 
mensional  space  remains  unaffected  by  the  progress  of  the  motion. 

(ii.)  t  That,  unless  we  are  givcQ  the  initial  positions  and  velocities 
of  every  sphere,  and  calculate  the  motion  by  continued  application  of 
the  dynamics  of  collisions  (a  possibility  which  is  obviously  excluded 
entirely  from  the  present  problem),  then,  if  the  non-excluded  space  is 
divided  into  equal  infinitesimal  cells,  every  cell  has  an  equal  chance 
of  containing  the  point  which  represents  the  system  at  any  instant, 
provided  only  that  the  motion  has  been  in  progress  for  a  sufficiently 
great  time.  If  the  motion  has  originated  from  a  fortuitous  concourse 
of  grains,  the  result  is  true  without  the  necessity  of  making  the  last 
provision.  This  result,  however,  is  not  true  if  we  have  a  knowledge 
of  the  values  of  any  or  all  of  the  quantities  which  remain  constant 

*  Th0  Djfnmnieml  Thtory  of  O—f,  Cambridge,  1904,  p.  35,  et  •$q, 
t  L,e.y  §  37.  X  X.C.,  {  68. 
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throaghout  the  motion.  An  appeal  of  this  kind  to  the  theory  of 
probability  implies  that  a  certain  amount  of  knowledge  is  given,  while 
some  is  withheld.  What  is  given  in  this  case  is  the  specification  of 
the  dynamical  system :  what  is  withheld  is  a  knowledge  of  the  values 
of  the  co-ordinates  of  the  system. 

(iii.)*  That,  if  the  energy,  but  nothing  else,  is  given,  so  that  the 
system  is  represented  through  all  time  by  points  on  a  locus 

^ll+^J+^il+^6+--  =  constant, 
then  all  equal  small  elements  of  this  locus  have  an  equal  chance  of 
representing  the  motion,  from  which  it  follows  that  the  law  of  dis- 
tribution of  velocity  components  is  Maxwell's  law  of  trial  and  error 
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(iv.)  That,  as  regards  the  position  of  the  grains  at  any  instant,  if 
we  divide  up  the  d^-dimensional  space  of  §  7  into  infinitesimal  equal 
cells,  every  cell  has  an  equal  chance  of  containing  the  point  which 
represents  the  configuration  at  a  given  instant.  This  follows  from 
the  fact  that  the  selection  of  velocity  co-ordinates  and  the  selection 
of  positional  co-ordinates  in  the  6^-dimen8ional  space  are  absolutely 
independent  events.  This  proposition  is  not  subject  to  any  reservation 
of  the  kind  which  had  to  be  applied  to  proposition  (ii.),  for  clearly 
there  can  be  no  functions  of  the  positional  co-ordinates  only,  which 
remain  constant  throughout  every  possible  motion. 

It  will  be  found  that  the  proofs  of  these  propositions  rest  on  no 
assumption,  except  the  assumption  that  the  grains  behave  like  hard  elastic 
spheres,  subject  to  no  forces  except  when  in  contact.  In  particular,  it  is 
not  necessary  to  make  any  use  of  the  debateable  assumption  which 
Burbury  has  designated  ''  assumption  A." 

9.  When  the  S^-dimensional  space  consists  of  isolated  portions,  it  is 
obvious  that  the  representative  point  has  no  possibility  of  passing  from 
one  of  the  isolated  regions  to  another.  It  will,  therefore,  be  sufficient  to 
consider  the  motion  of  the  fluid  inside  one  of  these  isolated  regions. 
Excluding  the  infinitely  improbable  case  of  the  representative  point 
describing  a  periodic  orbit  in  the  generalised  space — i.e.,  excluding  the 
discussion  of  a  universe  in  which  time  would  appear  to  be  re-entrant — 
the  representative  point  will  wander  throughout  the  whole  of  the  available 
space,  and  the  time  spent  in  any  portion  will  be  exactly  proportional  to 
the  volume  (jjjj . . .  dxa  dtfa  dza  dxh . . . )  of  that  portion. 

•  X.«r.,  {{  66,  67. 
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The  Pbrmanbnce  or  Non-permanence  of  Peculiarities  of  Piling. 

10.  We  are  now  in  a  position  to  discass  the  wandering  of  the 
representative  point  in  any  section  of  the  surface  which  is  represented 
symbolically  in  Fig.  2. 

The  different  arrangements  of  closest  packing  are  represented  by  the 
highest  points  of  the  different  peaks,  i.e.,  points  at  which  an  increase  of  6 
involves  the  violation  of  the  condition  of  non-overlapping  of  grains. 

Let  us  call  these  various  peaks 

a,  a\  a\  ...,  )8,  fi',  jS",  .... 

It  has  been  seen  that  the  peaks  occur  in  sets  of  ^ ! .  Each  of  a  set  of 
peaks  may  be  indicated  by  the  same  letter,  and  the  particular  peak 
identified  by  the  number  of  accents.      The  different   types  of  closest 

packing  are  now  represented  by  the  peaks  a,  )3, We  may  refer  to 

these  types  of  packing  as  a-packing,  )3-packing,  See.  These  packings  are 
not  necessarily  homogeneous.  For  instance,  one  peak  might  represent  an 
arrangement  in  which  part  of  the  grains  were  in  strained  normal  piling, 
and  the  remainder  in  strained  cubical  piling.  And,  as  has  already  been 
said,  even  when  the  piling  is  homogeneous,  it  will  not  in  general  be 
unstrained ;  it  is  only  for  very  special  forms  of  boundary  that  it  will  be 
possible  to  arrange  the  grains  so  that  closest  packing  is  also  homogeneous 
unstrained  piling.  The  highest  peaks  will  obviously  represent  the  various 
types  of  normal  and  antinormal  pilings,  generally  strained,  so  that  each 
grain  will  on  the  average  be  touched  by  six,  and  not  twelve,  neighbours 
(cf.  §  6). 

The  whole  system  of  arrangements  represented  by  the  mountain  under 
peak  a  may  be  referred  to  as  loose  inexact  a.  piling.  The  looseness 
increases  as  we  descend  vertically  from  the  peak,  and  the  inexactness 
increases  as  we  move  away  horizontally  from  the  vertical  through  the 
peak.  Obviously,  when  we  are  vertically  under  the  peak,  the  measure 
of  inexactness  may  be  taken  to  be  zero,  for  the  centres  of  the  grains  are 
each  in  precisely  the  same  positions  as  in  the  configuration,  represented 
by  the  peak,  which  defines  the  type  of  packing  in  question.  At  the  ridge 
which  connects  peak  a  with  peak  fi  the  inexactness  is  so  great  that  it  is 
impossible  to  determine  whether  the  packing  is  of  type  a  or  fi. 

We  shall  now  suppose  that  a  single  closed  contour  line  encloses  peaks 
Of  fif  y,  ...,  and  that  the  system  of  grains  each  of  diameter  represented  by 
the  height  of  this  contour  is  moving  in  such  a  way  that  the  representative 
point  is  inside  the  contour.  We  shall  shew  that  at  any  given  instant  it 
is  infinitely  probable  that  the  piling  is,  with  certain  limitations,  of  one 
definite  kind. 
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11.  Let  us  suppose  that  the  whole  section  of  the  surface  in  the 
(SiSr+l)- dimensional  space,  which  is  made  by  the  horizontal  6  =  <r, 
consists  of  s  closed  curves,  so  that  there  are  s  isolated  contour  lines  at 
height  (T.  Let  us  suppose,  first,  that  the  section  cuts  a  finite  number  of 
types  of  peaks,  these  types  being  <p,  x*  i^*  •••  •  Then  there  are  ^!  peaks 
of  each  of  these  types  to  be  placed  within  the  s  separate  contour  lines,  so 
that  from  the  exact  symmetry  inter  se  of  the  ^!  peaks  of  any  given  type, 
it  follows  that  there  must  he  Nils  peaks  of  each  of  the  types  ^9  x>  ^«  ••• 
inside  each  contour  line. 

The  probability  of  the  piling  being  of  any  given  kind  at  a  given 
instant  is  measured  simply  by  the  area  of  that  part  of  the  section  which 
represents  piling  of  the  given  kind,  this  area  being  a  volume  in  the 
dJV-dimensional  space  of  §  7  ;  hence  it  follows  that  the  ratio  of  the 
probabilities  of  the  piling  being  of  types  ^»  x>  ^»  •••  ^b  the  ratio  of 
the  cross  sections  of  single  peaks  of  types  ^»  X'  V^>  -••  ^7  ^0  horizontal 

12.  Let  us  first  consider  the  simple  case  in  which  each  peak  is  a  right 
circular  cone  of  semi-vertical  angle  a,  the  heights  of  cones  of  types 
ip,  x>  ^  above  the  section  6  =  0-  being  /^,  h^,  h^,  ....  The  section  of  the 
cone  ^  is  a  "  circle  "  in  8^  dimensions  of  radius  h^  tan  a ;  its  area  is 
accordingly  [-^t.yyp  (i  4.  sjy^]  (^^  tan  a^ ;  (5) 

so  that  the  ratio  of  the  areas  of  the  cross  sections  of  cones  of  different 

*yP««>«  ArrCiC:....  (6) 

If  ip  is  the  highest  type  of  peak,  so  that  h^  is  the  greatest  of  the  quantities 
V  A),,  A^,  ...,  this  ratio  may  be  written 

tN       /J.  AWT 

y 
which,  on  putting  N  =  <x> ,  becomes 

1:0:0:  ...,  (7) 

except  when  the  two  highest  h's  differ  only  by  terms  in  l/JV.  Except  in 
this  special  case,  one  cross  section  is  infinitely  greater  than  any  of  the 
others,  and  the  order  of  this  infinity  is  that  of  e^. 

18.  When  we  abandon  the  simplification  of  regarding  the  peaks  as 
right  circular  cones,  the  method  fails.  We  can,  however,  say  that  each 
expression  of  the  type  (6)  must  be  replaced  by  the  product  of  SN  linear 

factors ;  so  that  each  ratio  of  the  type  h^  :  h^  must  be  replaced  by  the 
product  of  8^  numbers.     There  is  no  reason  why  any  of  these  numbers 


■■^r--'^ 
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should  be  equal  to  unity ;  so  that  it  is  infinitely  probable  that,  in  the  limit 
when  N  is  made  infinite,  their  product  will  be  either  infinite  or  zero,  to 
(he  order  ot  e^^.  Thus  it  is  infinitely  probable  that  in  the  corrected  form 
of  the  ratio  (6)  one  term  will  be  infinite  in  comparison  with  all  the  others, 
the  order  of  this  infinity  being  e^.  Thus  the  seiies  of  probability  ratios  is 
again  of  form  i  :0:  0:0:0..., 

the  order  of  the  O's  being  that  of  e'^. 

14.  It  may  be  useful  to  discuss  this  same  question  somewhat  more 
closely,  and  from  a  different  point  of  view.  We  could  compare  two 
^-dimensional  cross  sections  in  the  following  way.  First  measure  the 
greatest  intercepts  of  each  on  a  line  parallel  to  any  one  of  the  axes  of 
co-ordinates,  say  ^i,  and  let  these  be  i^i,  i/j.  We  are  going  to  regard  the 
ratio  of  the  areas  as  a  product  of  s  factors,  and  of  these  the  first  will  be 
taken  to  be  nillv  Next  we  measure  the  greatest  section  by  planes  parallel 
to  iii%'  These  may  be  taken  to  be  piiPi^,  il^tl^,  where  173,  172  are  the  greatest 
intercepts  on  lines  parallel  to  the  axis  of  $^,  each  multiplied  by  a  connecting 
factor.  The  second  term  in  our  product  of  s  factors  may  be  taken  to  be 
njnz'  We  can  continue  the  process  indefinitely,  and  finally  obtain  as  the 
value  of  p  the  ratio  required : — 

p  —  T  "^  -7  ...  • 
^\  ^2  ^s 

Let  us  first  suppose  that  nothing  at  all  is  known  about  the  ^-di- 
mensional cross  sections.  Then  fijfii  is  just  as  likely  to  be  above  unity  as 
below,  and  the  chances  of  two  values  j;i/ji',  =  q,  tjjtji  =  g""*  are  exactly 
equal.     The  same  is  true  for  fjjf/o*  ^^^  so  on.     Thus 

logp  =  log(^)+log(y)  +  ...  (8) 

is  a  series  of  terms  such  that  equal  positive  and  negative  values  are 
equally  likely  for  each  term.  The  expectation  of  log  p  is  therefore  zero^ 
as  it  obviously  ought  to  be,  since  we  do  not  know  whether  p  is  the  ratio  of 
A  to  B  or  of  B  to  A.     If,  however|  we  square  equation  (8),  we  obtain 

(tog,)'  =  [log(^)J+[log(^)J+...+  i!log(^)log(#)+....    (9) 

Of  the  terms  which  form  the  right-hand  member  the  squared  terms  are 
necessarily  positive ;  for  the  remainder  equal  positive  and  negative 
values  are  equally  likely.     Thus  the  expectation  of  (log  p)^ 

=  2  I  expectation  of    log("^)  |  [  =  ^X» 
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where  x  ^^  ^^^  average  expectation  of  the  squared  logarithms.  Thus, 
when  8  is  finite,  this  expectation  of  (log  pf  is  finite ;  when  s  is  infinite, 
this  expectation  is  an  infinity  of  the  order  of  s ;  so  that  the  expectation  is 
that  p  will  be  infinite  or  zero  to  the  order  of  e^^'. 

On  the  other  hand,  if,  instead  of  nothing  at  all  being  known  about  the 
cross  sections,  we  know  that  they  are  cross  sections  of  peaks  of  heights 
A,  A',  then  there  is  a  probability  that  loginiMih  log  (i|j/iii),  ...  will  all  be 
of  the  same  sign  as  log  (A/A') ;  so  that  the  result  of  equating  the  expecta- 
tions of  the  two  sides  of  equation  (9)  will  be  more  nearly  represented  by 

aog/>)»  =  ^(iog^)', 

giving  p  =  {h/h')'^  as  in  §  12. 

16.  This  treatment,  then,  brings  us  to  the  same  conclusion  as  that  of 
§  12,  namely,  that  it  is  infifiitely  probable  that  the  ratio  of  probabilities 
will  be  found  to  be  1:0:0:0 

the  first  term  corresponding  to  the  highest  peak.  If,  as  we  have  already 
supposed,  the  number  of  types  of  peak  is  finite,  the  sum  of  the  series 
1+0+0+0+  •.  is  unity  ;  so  that  it  is  infinitely  probable  that  the  repre- 
sentative point  at  any  instant  will  be  found  under  the  highest  peak. 
In  particular,  if  the  contour  includes  any  of  the  peaks  which  represent 
homogeneous  normal  and  anti-normal  piling,  it  is  infinitely  probable  that 
the  whole  system  at  any  instant  will  be  found  to  be  in  normal  and  anti- 
normal  piling.  The  condition  that  the  contour  shall  include  peaks  of 
normal  and  anti-normal  piling  is  simply  that  it  should  be  possible,  if  we 
were  able  to  handle  the  individual  grains,  to  arrange  them  in  such 
piling  without  taking  them  outside  the  boundary  of  the  real  space  in  which 
they  exist.  If  this  condition  ia  satisfied,  it  is  infinitely  probable  that  any 
divergences  from  this  piling,  if  of  the  kind  represented  by  separate  peaks, 
would  in  a  very  short  space  of  time  disappear.  We  may  perhaps  sum- 
marise the  question  by  saying  that  the  ''positional  entropy"*  of  the 
system  is  a  mfiTimmn  when  the  system  is  in  normal  and  anti-normal 
piling. 

16.  In  Prof.  Reynolds's  theory,  the  representative  point  obviously  has 
access  to  the  peaks  of  normal  piling.  The  diameter  of  a  grain  is 
5'5X10~^*;  the  mean  path  is  8*6X10"^.  In  a  linear  centimetre  there 
are  about  2  X 10^^  grains ;  so  that  by  closing  up  the  spaces  between  these 
we  save  a  linear  space  of  about  16  X 10""  cms. — space  enough  in  which  to 
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manipulate  millions  of  grains  at  once,  and  so  establish  normal  or  anti- 
normal  piling. 

In  this  theory,  matter,  electricity,  and  permanent  magnetism  are 
supposed  to  be  represented  by  certain  definite  kinds  of  deviations  from 
homogeneous  normal  piling— ^by  certain  peculiarities,  we  may  say,  in  the 
ether  structure.  If  these  peculiarities  are  such  as  are  represented  in  the 
peaks  of  normal  piling,  then  clearly,  as  the  representative  point  moves 
about  under  these  peaks,  the  peculiarities  will  continually  disapi)ear  and 
reappear,  and,  if  we  do  not  know  the  velocities  of  every  grain  of  the  ether, 
these  appearances  and  disappearances  will  appear  to  be  the  result  of  pure 
chance.  If,  on  the  other  hand,  these  peculiarities  are  represented  by 
separate  peaks,  then  the  representative  point,  as  we  have  just  seen,  will  ' 
hasten  from  any  one  of  these  separate  peaks  to  the  peaks  of  normal  and 
anti-normal  piling,  and  at  any  instant  it  is  infinitely  probable  that  it  will 
be  found  under  these  latter  peaks.  Thus  matter,  electricity,  and  magnet- 
ism would  have  no  permanence,  and  their  appearance  would  be  transitory 
and  infinitely  improbable  phenomena.  We  can  form  some  estimate  of 
what  would  be  the  rate  of  disappearance  of  these  phenomena  if  Prof. 
Reynolds's  theory  were  true.  The  motion  of  ordinary  matter  is,  according 
to  this  theory,  a  progressive  rearrangement  of  the  piling  of  the  ether. 
The  average  velocity  of  a  molecule  in  a  gas  at  ordinary  temperatures  is 
about  5  X 10^  cms.  per  second ;  so  that  the  time  of  passage  over  the 
diameter  of  a  grain  is  about  10"^  seconds.  This,  then,  would  be  the  time 
of  rearrangement  of  one  layer  of  grains.  The  time  of  rearrangement  of 
the  whole  universe,  i.e.,  of  the  disappearance  of  matter,  electricity,  and 
magnetism,  would  be  such  that  the  matter,  &c.,  would  be  reduced  to  e"^  of 
their  initial  amount  in  a  time  comparable  with  this,  just  as  in  the  theory 
of  gases  deviations  from  maximum  entropy  are  reduced  to  e"^  in  a  time 
comparable  with  the  description  of  a  single  free  path. 

17.  An  alternative  possibility,  although  excluded  from  Prof.  Reynolds's 
theory  by  the  numerical  values  given  in  his  memoir,  is  of  sufficient  interest 
to  be  worth  mentioning.  Contom*s  can  be  found  enclosing  a  series  of 
peaks  which  do  not  include  any  peaks  of  normal  piling.  In  this  case,  one 
type  of  peak,  say  ^,  will  have  the  greatest  cross  section ;  so  that  at  any 
instant  it  is  infinitely  probable  that  the  piling  will  be  of  type  ^.  By 
hypothesis,  this  type  is  not  normal  piling ;  so  that  the  universe  will  tend 
to  assume  some  state  other  than  that  represented  by  the  complete  dis- 
solution of  all  matter,  electricity,  and  magnetism. 

There  is  a  simple  criterion  which  enables  us  to  determine  whether  a 
configuration  is  under  a  peak  of  normal  piling  or  a  peak  of  some  other 
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kind.  If  we  imagine  all  the  grains  to  swell  uniformly  in  sise,  the  repre- 
sentative point  moves  vertically  upwards.  When,  on  account  of  the 
swelling,  a  grain  touches  either  another  grain  or  the  boundary  of  the  real 
space,  the  representative  point  has  reached  the  surface  of  the  mountain 
through  which  it  is  moving.  The  motion  is  now  up  the  side  of  the 
mountain ;  at  first  we  can  suppose  it  to  be  up  a  line  of  greatest  slope,  but 
when  a  second  contact  occurs  between  two  grains  or  a  grain  and  the 
boundary  the  representative  point  finds  itself  in  the  angle  of  a  gully  on 
the  mountain-side,  and  the  motion  has  to  continue  up  this  gully.  And  so 
we  proceed  indefinitely,  until  it  is  impossible  for  the  swelling  to  proceed 
further :  the  grains  are  jammed  together.  At  this  point  the  peak  is 
reached. 

Now  according  to  Prof.  Reynolds  the  existence  of  each  atom  of  matter, 
each  charge  of  electricity,  &c.,  is  characterised  by  a  surface  of  misfit,  and 
there  is  no  gearing  between  the  grains  inside  this  surface  and  those 
outside.  An  increase  in  the  size  of  the  grains  cannot  cause  this  want 
of  gearing  to  disappear,  so  that  at  the  peak  we  must  have  the  surfaces 
of  misfit  still  existing  in,  or  near,  their  original  positions.  Thus  all  points 
under  one  peak  represent  the  same  atoms  of  matter,  and  the  same  charges 
of  electricity  and  magnetism,  all  in  approximately  the  same  positions.  If, 
then,  this  peak  is  isolated  from  all  other  peaks  by  the  contour  line  of 
height  (T,  the  matter,  electricity,  and  magnetism  in  the  universe  will  be 
fixed  both  in  quantity  and  position.  If,  on  the  other  hand,  the  contour 
of  height  <T  includes  a  number  of  such  pei^s,  but  no  peaks  of  normal 
piling,  the  matter,  &c.,  will  in  general  be  variable  in  quantity  and  also  in 
position.  The  motion  of  the  universe  will  tend  to  a  certain  definite 
arangement  of  matter,  &c. — ^that  of  the  peak  above  the  greatest  cross 
section  made  by  the  contour.  This  arrangement  might,  of  course, 
represent  the  cold  motionless  universe,  with  the  matter  all  clustered 
together,  with  which  we  are  familiar.  But  in  the  motion  towards  this 
configuration  we  should  in  general  find  no  continuity,  either  in  quantity 
or  position,  of  matter,  electricity,  and  magnetism.  The  motion,  as  far 
as  one  can  see,  would  probably  consist  of  the  dissolution  of  matter  at  some 
points  and  the  appearance  of  matter  at  and  near  the  centre  of  the 
universe.  The  time  taken  for  the  universe  to  cover  e'^  of  its  path  towards 
the  final  stage  would  be  about  10~^  seconds,  as  in  §  16.  This  possibility 
however,  as  we  have  already  said,  is  excluded  by  the  figures  given  by 
Prof.  Reynolds. 

18.  We  have  so  far  only  discussed  the  case  in  which  the  contour 
includes  only  a  finite  number  of  types  of  peaks.     If  tbis  number  becomes 
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infinite  with  N^  two  new  difficulties  occur.  In  the  first  place,  it  may  be  that 
the  heights  of  the  peaks  decrease  by  steps  which  are  of  the  order  only  of 
l/N  or  even  smaller,  in  which  case  the  ratio  of  the  different  cross  sections 
can  no  longer  be  taken  to  be  1:0:0:0  —  And,  secondly,  the  sum  of 
the  terms  of  the  probability  ratios  may  be  a  divergent  senes. 

To  obviate  these  difficulties  we  may  agree  to  diWde  up  the  different 
peaks  only  into  a  finite  number  of  classes,  each  class  presenting  one 
definite  peculiarity.  Then  in  calculating  the  ratio  of  the  probabilities  of 
the  representative  point  being  under  peaks  of  two  different  kinds,  we  are 
again  calculating  the  product  of  an  infinite  number  of  factors,  so  that, 
as  in  §  15,  it  is  infinitely  probable  that  this  product  will  be  infinite  or 
sero.  Thus  we  may  assume  a  probability  ratio  of  the  f  oi*m  1:0:0:0... 
consisting  of  a  finite  number  of  terms. 

Let  us  agi*ee  that  all  arrangements  of  normal  and  antinoimal  piling 
are  together  to  form  one  class. 

There  is  no  obvious  justification  for  identifying  tfa^  first  tei*m  of  the 
probability  ratio  with  this  class.  There  will  be  a  final  state  towards 
which  the  universe  will  tend,  but  this  has  not  been  proved  to  be  a  state 
in  which  ether  alone  exists.  At  the  same  time  it  is  almost  obvious,  in 
spite  of  the  absence  of  definite  proof,  that  such  must  be  the  case.  And, 
whether  this  is  so  or  not,  with  the  figures  suggested  by  Prof.  Reynolds, 
the  motion  of  the  universe  towards  its  ultimate  state  would  still  be  at  the 
rapid  rate  which  has  been  mentioned,  and  the  i>eculiarities  in  the  ether 
would  still  not  possess  permanence  either  of  quantity  or  position. 

19.  The  question  of  the  ratio  of  the  probabilities,  as  between  ^leaks 
of  homogeneous  normal  piling,  homogeneous  antinormal  piling,  and 
combinations  of  the  two  kinds  of  piling  is  one  of  importance.  Prof. 
Reynolds  states  that  shot  shaken  together  tend  to  arrange  themselves  in 
homogeneous  noi*mal  piling,  while  Prof.  Everett  has  suggested  that  this 
may  be  because  the  six  close  lines  of  normal  piling  act  in  effect  as 
battering-rams,  breaking  up  weaker  structures  which  are  provided  with 
fewer  lines  of  battering-rams  ;  so  that  homogeneous  normal  piling 
ultimately  becomes  established  by  an  evolutionary  process. 

We  see  at  once  that  Prof.  Everett's  suggestion  is  not  borne  out  by 
the  analysis  of  the  present  paper.  As  regards  the  other  question  at 
issne,  we  may  notice  that,  except  for  the  influence  of  the  shape  of  the 
boundary  (an  influence  which  becomes  infinitesimal  when  the  number  of 
grains  is  very  great),  all  arrangements  of  normal  and  antinormal  pilings 
are  equally  probable,  these  arrangements  being  represented  by  peaks  of  the 
same  height  and  shape.     If  there  are  N  tiers,  the  probability  is  S'^'^— 1  to 
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1  against  homogeneous  normal  piling.  We  have,  however,  seen  (§  16) 
that  the  height  of  contour  proposed  by  Prof.  Reynolds  is  far  below  the 
level  of  the  passes  connecting  the  various  types  of  normal  and  antinonnal 
pilings ;  so  that  the  piling  ultimately  established  would  be  very  "  inexact 
(in  the  sense  of  §  10). 


ThB    PbBMANBNCB   OB   NON-PBBMANBNCB    OF   MaTBBIAL    MoMBMTUM. 

20.  Just  as  the  conservation  of  mass  requires  the  continued 
existence  of  a  peculiarity  in  the  piling  of  the  medium,  so  the  conserva- 
tion of  momentum  requires  the  continued  existence  of  a  peculiarity  in  the 
distribution  of  the  velocities  of  the  grains,  i.e,,  of  a  deviation  from  Max- 
well's Law.  The  average  rate  of  subsidence  of  such  a  deviation  can  be 
calculated  just  as  in  the  Theory  of  Gases.  The  velocities  of  the  grains, 
independently  of  the  arrangement  of  the  piling,  tend  to  arrange  themselves 
according  to  Maxwell's  Law.  As  regards  the  rate  at  which  this  arrange- 
ment takes  place,  we  require  to  distinguish  between  three  kinds  of 
deviation  from  Maxwell's  Law  : — 

(i.)  Deviations  in  which  the  mean  values  of  t/,  i\  u'— v',  tiv,  ... 
vanish  at  the  point  in  question,  while  the  mean  value  of  u*+v^+v^ 
at  this  point  is  different  from  the  value  at  points  in  the  neighbour- 
hood. Such  a  deviation  becomes  dissipated  by  conduction  and  wave- 
motion  ;  in  each  case  the  deviation  spreads  out  in  all  directions  at 
a  rate  which  depends  only  on  the  structure  of  the  medium. 

(ii.)  Deviations  in  which  the  mean  values  of  u^— v^  uv^  ... 
vanish  at  the  point,  while  the  mean  values  of  n,  v,  and  w  do  not 
vanish.  Such  a  deviation  becomes  dissipated  by  viscosity  and  wave- 
motion,  the  features  of  this  dissipation  being  the  same  as  before. 

(iii.)  Deviations  in  which  the  mean  values  of  u^^v^,  uv,  and  other 
functions  of  degree  higher  than  the  first,  which  would  vanish  if 
Maxwell's  Law  were  obeyed,  do  not  vanish.  Such  a  deviation  vanishes 
without  propagation  of  any  kind.  It  falls  to  e"^  of  its  value  in 
a  time  which  Maxwell  calls  the  ''  time  of  relaxation,"  this  time  being 
comparable  with  the  time  of  description  of  a  free  path.  In  ProL 
Reynolds'  theory  this  is  comparable  with  10"'^  seconds. 

In  so  far  as  I  understand  the  theory  of  Prof.  Reynolds,  momentum 
is  a  deviation  of  the  third  type ;  so  that  the  momentum  of  the  universe 
would  be  reduced  to  e^^  of  its  value  in  about  10~^  seconds.  The  altern- 
ative would  be  that  momentum  would  spread  itself  out  in  all  directions 
through  the  ether,  travelling  with  the  velocity  of  light. 
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Dynamics  of  the  Ether. 

21.  We  now  torn  to  a  discussion  of  the  phenomena  which  might  be 
expected  in  free  ether,  all  peculiarities  of  piling  being  absent.  It  will  not 
be  necessary  to  introduce  any  of  the  figures  suggested  by  Prof.  Osborne 
Reynolds  as  suitable  for  the  actual  ether :  we  shall  simply  discuss  the 
abstract  question  of  the  motion  of  a  granular  medium. 

Specification  of  the  Strains  of  the  Medium. 

2'id.  We  suppose  the  state  of  the  medium  to  be  specified  in  terms 
of  its  divergences  from  a  state  of  loose  uniform  normal  piling.  This  state, 
AS  we  shall  see,  may  be  regarded  as  an  equilibrium  position  for  the 
medium.  The  whole  space  is  supposed  to  be  of  such  extent,  and  the 
boundary  to  be  of  such  a  shape,  that,  if  the  diameter  of  each  grain  were 
X  instead  of  o-,  the  grains  could  just  be  accommodated  in  close  and  exact 
normal  piling.  Each  sphere  in  this  case  is  touched  by  twelve  others,  and 
the  points  of  contact  lie  on  six  diameters.  By  drawing  all  these  diameters 
for  each  grain,  we  arrive  at  a  network  of  straight  lines.  These  lines  lie 
in  six  directions  in  space,  these  directions  being  parallel  to  the  six  edges 
of  a  regular  tetrahedron.  It  will  be  convenient  to  speak  of  these  lines  as 
the  frame-lines  of  the  piling.  The  frame-lines  intersect  in  sixes,  and  the 
points  so  determined  are  the  centres  of  grains  of  diameter  r  in  close 
normal  piling. 

If  we  now  let  the  diameter  shrink  from  r  to  o-,  the  shrinkage  being  so 
flmall  that  r— o-  vanishes  in  comparison  with  r,  and  if  at  the  same  time 
we  endow  each  grain  with  motion  so  that  its  centre  describes  small 
rectilinear  paths  about  its  former  position,  we  have  a  medium  in  loose 
normal  piling,  the  piling  being  determined  by  the  same  frame-lines  as 
before. 

'  This  conception  explains  the  configuration  of  the  medium  in  terms 
of  the  frame-lines.  In  general,  however,  the  problem  will  be  to  determine 
the  frame-lines  from  the  observed  configuration  of  the  medium.  If  the 
medium  is  strained,  the  frame-lines  are  displaced  and  distorted ;  as  the 
strain  relaxes,  the  frame-lines  return  to  their  old  position.  What  we 
require  to  study  is  the  motion  of  the  frame-lines ;  so  that  it  would  be 
objectionable  to  define  the  position  of  these  frame-lines  in  any  manner 
which  involves  averaging  over  an  interval  of  time.  We,  therefore,  define 
the  position  of  the  frame-lines  at  any  instant  as  follows  : — 

Let  any  M  grains  be  taken,  these  grains  being  contiguous  grains  on  the 
same  frame-line  in  the  undisturbed  state  of  the  medium.  The  centres  of 
these  grains  will  not,  in  general,  be  coUinear,  but  it  will  always  be  possible 
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to  find  the  line  of  closest  fit  {i.e.,  the  line  such  that  the  sum  of  the 
squares  of  the  distances  of  the  M  centres  from  this  line  is  a  minimum). 
Let  us  do  this,  and  then  take  the  next  M  grains  and  again  find  their  line 
of  closest  fity  and  so  on  indefinitely.  If  the  strain  of  the  medium  may  be 
regarded  as  homogeneous  over  a  length  which  contains  a  great  number 
of  grains  (say  Af'),  we  shall  be  able  to  choose  Af  so  as  to  be  very  great 
compared  with  unity,  but  very  small  compared  with  IT.  If  this  is  done, 
the  lines  of  closest  fit,  each  of  length  Mar,  may  be  regarded  as  elements  of 
arc  of  a  continuous  curve,  and,  moreover,  the  position  of  this  curve  will 
not  be  influenced  by  the  to-and-fro  motion  of  the  grains,  but  only  by  the 
motion  of  the  medium  as  a  whole.  It  is  clear  that  these  curves  will  be 
the  same  no  matter  what  value  of  M  is  chosen,  so  long  as  it  satisfies  the 
conditions  mentioned  above.  We  define  the  curves  obtained  in  this  way 
to  be  the  frame-lines  of  the  strained  medium. 

The  frame-lines  will  still  intersect  in  sizes,  at  any  rate  except  for 
small  distances  of  a  high  order  of  infinitesimals.  We  define  these  inter- 
sections to  be  the  mean-centres  of  the  corresponding  grains.  If  the 
strained  medium  is  at  rest,  the  mean-centres  as  just  defined  become 
identical  with  the  mean  position  of  the  centres  averaged  through  a 
sufficient  time. 

The  vector  distance  between  the  mean-centre  of  a  grain  in  the 
standard  (normal-piling)  configuration  and  the  mean -centre  of  the  same 
grain  in  the  medium  when  strained  we  define  to  be  the  displacement 
of  the  medium  at  the  point  in  question. 

23.  As  regards  analysis  which  is  not  fine-grained  enough  to  separate 
out  the  individual  grains  of  the  medium,  the  displacement  of  the  medium^ 
as  just  defined,  will  be  a  continuous  function  of  position  in  the  medium. 
We  may,  therefore,  introduce  the  strain  components  e,  /,  g,  a,  6,  c,  and 
the  rotations  tT},  m^,  m^,  defined  as  usual  by  ^ 

bu  Bw  ,dv  ^      __  dw      Sv 

e  —  -y— ,     . . .  ,     Of  —  -K — r  T" »     •  •  •  »     ^^i  —  ^ "5" »     •  •  •  » 

ex  cy      oz  oy       oz 

where  u,  v,  w  are  the  components  of  displacement  at  x,  y,  z. 

A  short  line  passing  through  the  point  x,  y,  z  and  having  direction- 
cosines  ly  m,  n  is  extended  by  the  strain  by  an  amount  "* 

ifiy  /,  ?,  i«,  i6,  ic)  (Z,  w,  nf 
of  its  original  length. 

*  Cf.  Lore.  EUuticUy,  i.,  {9. 
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24.  When  a  strain  is  homogeneoas,  the  frame-lines  are  straight  lines 
in  the  strained  state,  and  alternate  meshes  of  the  lattice  formed  by  them 
are  similar  and  equal  tetrahedra.  When  the  slrain  is  not  homogeneous, 
but  satisfies  the  condition  of  varying  only  over  lengths  great  compared 
with  the  diameter  of  a  grain,  we  may  regard  the  alternate  meshes  in 
the  neighbourhood  of  any  point  as  consisting  of  equal  and  similar  tetra- 
hedra. And,  if  the  strain  is  small,  these  tetrahedra  differ  only  slightly 
from  the  regular  tetrahedra  of  edge  r  which  occur  in  the  unstrained  state. 
Let  the  edges  of  the  tetrahedra  in  the  neighbourhood  of  any  point  be 
oi>  ^f  <h9  ^^A*  <^6»  <H9  ^^^  their  direc);ion-cosines  in  the  unstrained  position 
be  Zi,  nil,  ^i>  ••••     Then  the  extension  qi—t  of  the  first  edge  is  given  by 


a,— T 


=  el^+fml+gn\+ami^ii+bnili+cliini, 

and  there  are  five  similar  equations  for  the  other  edges.  If  a^,  a^,  ...,  og 
are  given,  these  six  equations  may  be  regarded*  as  equations  to  determine 
^f/f  9y  A>  b,  c,  and  as  such  they  are  independent.  Thus,  instead  of  being 
given  the  strain  components  e,  /,  g,  a,  6,  c,  the  strain  is  sufficiently 
specified  by  a  knowledge  of  the  edges  of  the  tetrahedra  at  any  point,  and 
it  will  be  this  specification  of  strain  which  we  shall  find  most  useful. 
By  adding  the  six  above  equations  we  obtain 

^2(a-T)  =  2{e+/+g); 

T 

SO  that  the  cubical  dilation  is  three  times  the  mean  linear  expansion  of 
the  six  frame-lines  through  any  point. 

25.  We  cannot,  of  course,  assign  arbitrary  values  to  the  edges  of  the 
tetrahedra  at  the  different  points  of  the  medium :  the  condition  must 
be  satisfied  that  they  fit  together  and  fill  all  space.  The  obvious  fact 
that  the  edges  of  the  tetrahedra  are  not  arbitrary  is  simply  Saint-Venant's 
theorem  that  the  strains  in  an  elastic  solid  cannot  be  given  arbitrarily.* 
And  the  condition  that  the  tetrahedra  shall  fit  together  is  equivalent 
to  the  condition  that  any  journey  along  the  frame-lines,  which  is  such 
that  the  algebraic  total  of  the  "  steps "  (in  Prof.  Everett's  sense)  taken 
parallel  to  each  frame-line  is  zero,  shall  bring  us  back  to  the  starting 
point.  This  brings  us  at  once  to  the  conditions  that  a  given  system  of 
strains  may  be  possible  (cf.  Love,  p.  121). 

*  Lore,  SUttHeUf,  i.,  p.  121. 
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Stresses  in  the  Medium. 

26.  The  stresses  are  the  result  of  the  transfers  of  momentum  whieh 
take  place  at  the  different  collisions  between  the  grains.  At  a  ooUision 
the  components  of  momentum  in  the  tangent  plane  remain  unaltered,  but 
the  two  components  along  the  line  of  centres  are  interchanged.  There  is 
therefore  a  transfer  of  momentum  across  the  tangent  plane  equal  to  the 
difference  of  the  original  components  of  momentum,  and  this  may  be 
interpreted  as  an  impulsive  stress  acting  across  the  tangent  plane.  Thus 
the  system  of  stresses  in  the  medium  is  the  resultant  of  a  system  of  forces 
which  have  the  frame-lines  of  the  medium  for  lines  of  action.  Our  first 
task  will  be  to  determine  the  forces  along  the  frame-lines. 

This  obviously  will  involve  a  determination  of  the  number  of  collisions 
of  any  given  type,  and  the  ultimate  basis  for  any  calculation  of  this  kind 
must  be  a  generalised  space  of  the  kind  described  in  §  2.  We  must  not 
use  the  whole  of  this  generalised  space,  but  only  those  parts  which 
represent  configurations  having  certain  specified  frame-lines  in  the  neigh- 
bourhood of  the  point  P  at  which  we  are  calculating  the  pressures.  The 
x^lculation  of  the  pressures  may  be  supposed  to  proceed  as  follows. 

27.  When  a  collision  occurs  between  two  grains  moving  with  relative 
normal  velocity  V  there  is  a  transfer  of  momentum  mV  across  the 
common  tangent  plane,  and  this  is  produced  by  the  action  of  an  impulsive 
action  and  reaction  viV  along  the  line  of  centres.  We  may  replace  these 
impulses  by  ordinary  forces  of  repulsion  mV^/e  acting  for  a  time  c/F, 
where  e  is  to  be  made  to  vanish  in  the  limit.  Let  us  agree  that  the  time 
e/V  is  to  be  taken  as  beginning  e/V  before  the  collision,  and  terminating 
at  the  collision ;  then  e  will  be  the  distance  apart  of  the  two  grains  when 
these  forces  first  come  into  play.  Let  us  select  a  point  at  random  from 
those  parts  of  the  generalised  space  which  represent  configurations  having 
the  given  frame-lines  at  and  near  the  point  P.  On  examining  the  motion 
and  configuration  represented  by  the  selected  point  in  the  generalised 
space,  we  shall  find  that  certain  pairs  of  grains  will  undergo  collision 
within  a  time  e/V.  Between  these  pairs  of  grains,  then,  we  must  suppose 
forces  to  act.  On  compounding  all  the  forces  which  act  upon  the  grains 
intersected  by  any  plane,  we  obtain  the  system  of  forces  (pressures  and 
tractions)  acting  across  that  plane. 

These  forces  will  have  different  resultants  for  the  different  points  in 
the  generalised  space.  As  in  the  Theory  of  Gases,  ^  we  shall  find  that  the 
resultant  is  the  same  for  all  except  an  infinitesimal  fraction  of  the  points 

*  See  the  author*8  Dynamical  Thsoiy  of  Gatei,  \  120. 
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in  the  generalised  space,  and  that,  in  any  case,  the  observed  system  of 
forces  {ue.,  the  actual  system  averaged  through  a  sufficient  time)  is  the 
average  system  when  the  average  is  taken  through  all  those  parts  of  the 
generalised  space  with  which  we  are  concerned,  equal  elements  of  volume 
receiving  equal  weight  in  taking  the  average.  In  taking  this  average,  it 
will  be  convenient  to  use  the  language  of  the  theory  of  probability,  the 
statement  "  the  probability  of  the  occurrence  ol  x  is  p  "  meaning  that  x 
occurs  in  a  fraction  p  of  that  part  of  the  volume  of  the  generalised  space 
through  which  the  average  is  being  taken.  In  taking  this  average,  we 
have  to  average  with  respect  to  the  6^  variables  (1),  subject  only  to  the 
limitation  that  the  values  must  give  a  point  in  the  non-excluded  part  of 
the  generalised  space. 

28.  We  can  perform  the  averagmg  with  respect  to  the  velocity  co- 
ordinates at  once.  The  law  of  distribution  of  velocities  is,  as  we  have 
seen,  that  of  Maxwell;  so  that  the  probability  that  two  neighbouring  grains 
have  velocities  between  u  and  u+du,  u'  and  u'+du*  respectively  along 
the  line  of  centres  is  i  ^,, 

Let  us  put  It— u'  =  7,  u+u'  =  217,  so  that  V  is  the  relative  velocity, 
and  W  is  the  velocity  along  the  line  of  centres,  of  the  centre  of  gravity. 
Then  the  foregoing  expression  may  be  written  as 

^e'^'^^'e-'^'^'dVdW, 

IT 

and  on  integrating  from  P7=  —  oo  to  P7=H-qo  we  obtain,  as  the 
probability  of  a  relative  velocity  between  V  and  V+dV, 

/^  e-V^y'dV. 
V  2x 

Let  P  be  the  probability,  obtained  by  averaging  the  positional  co- 
ordinates, that  two  specified  grains  are  within  a  distance  e  of  one  another. 
If  this  condition  is  satisfied,  and  if  7  is  positive,  a  collision  wiU  occur 
within  time  e/V;  so  that  we  must  suppose  a  repulsion  mV^/e  to  act 
between  the  grains.  Hence,  integrating  over  all  values  of  7,  we  obtain,  as 
the  expectation  of  force  between  the  two  grains  in  question. 


Jo  V  2x  6  2eA 


The  system  of  pressures  is  accordingly  the  resultant  of  a  force  P/ieh  along 
each  frame-line,  P  being,  of  course,  different  for  the  different  frame-lines. 

8BR.  2.     VOL.  3.      NO.  891.  L 
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Stress- Strain  Relations. 

29.  We  can  now  show  that  the  stresses  and  strains  are  connected  by 
linear  relations,  and  can  determine  the  equations  expressing  these  relations. 
The  problem  is,  of  course,  the  same  as  that  of  determining  P  in  terms  of 
the  edges  of  the  strained  fundamental  tetrahedron.  This  involves  aver- 
aging in  the  generalised  space  with  respect  to  the  8N  variables 

^a>  tfa*  ^at       '^bt  Jfbj  ^6>       •  •  •  • 

We  begin  by  giving  fixed  values  to  a^t,  yt,  Zb,  Xc,  ...,  and  averaging  with 
respect  to  Xay  i/at  Za-  The  values  given  to  xt,  Pb*  Zb,  Xe,  ...  are  to  be  such 
that  those  of  the  grains  B,  C,  ...  which  are  near  to  A  are  at  their  mean- 
centres,  the  medium  being  strained  so  that  the  edges  of  the  fundamental 
tetrahedron  are  01,0^,  ...,  a^.  Let  B,  C,  D,  ...,  ilf  be  the  twelve  grains 
surrounding  A  ;  then  all  relations  of  the  type 

{Xa—xt)^+{ya—yb)^+(za''Zt)^  >  <^    (»*,  bc,  ca,  ...) 

are  already  satisfied  by  the  values  assigned  to  the  variables,  except  for  the 

twelve  relations  ,  , 

aOf  ac,  adf  ...,  am. 

We  have,  therefore,  to  average  over  all  values  of  Xa,  ya$  Za  which  are 
consistent  with  these  twelve  relations,  assigning  equal  weight  to  equal 
values  of  dxadyadza.  This,  however,  is  exactly  the  same  thing  as  averaging 
for  all  positions  of  the  centre  of  A  which  are  possible  in  the  real  space, 
subject  to  this  centre  not  approaching  to  within  a  distance  ^  of  any  one  of 
the  twelve  grains  6,  c,  ...,  m.  The  space  available  for  the  centre  of  A  is 
accordingly  bounded  by  twelve  spheres,  each  of  radius  <r,  having  their  centres 
at  the  mean-centres  B,  C,  ...,  Af.  The  linear  dimensions  of  this  space 
are  small  compared  with  the  radii  of  the  spheres,  so  that  the  bounding 
surfaces  may  be  regarded  as  plane.  The  space  available  for  the  centre  of 
A  is  therefore  a  dodecahedron.  Each  face  is  a  quadrilateral,  and  in  the 
unstrained  medium  these  quadrilaterals  become  equal  rhombuses 
(cf.  Everett's  paper,  §17).  In  the  strained  state,  let  Sb,  Sc,  ...  be  the 
areas  of  these  faces,  Sb  being  the  face  which  lies  in  the  tangent  plane  to  B. 
This  tangent  plane  will  be  perpendicular  to  BAy  where  A  is  the  mean* 
centre  for  the  grain  A,  and  its  distance  from  A  will  he  AB^tr.  Hence, 
if  we  regard  the  space  available  for  the  centre  of  A  as  made  up  of  twelve 
pyramids  on  S^,  Sc,  ...,  Sm  as  bases,  we  arrive  at  once  at  the  expression 

il{AB-(r)SB+(AC-cT)Sc+,..+(AM-cT)SM] 
for  the  volume  of  this  space.     The  probability  that  A  shall  be  within  a 
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distance  c  of  £  is  the  ratio  of  a  small  volume  of  base  Sb  and  height  e  to 
the  above  expression,  say  P',  where 

SeSs 


P'  = 


(10) 


{AB-(r)SB+...+{AM-(r)SM 

To  find  P  we  have  to  calculate  this  expression  for  other  possible  values 
of  Xk9  ffhf  ^b>  ^cf  •  ••>  and  average  it  over  all  these  values.  We  first  calculate 
P',  as  found  above. 

80.  In  the  figure,  let  ^,  P,  ...  be  the  mean-centres  of  A  and  the 
twelve  surrounding  grains,  C,  D,  E,  F  being  the  four  which  are  contiguous 
both  to  A  and  B.  A  BCD  may  be  regarded  as  the  fundamental  tetra- 
hedron; its  edges  being  oj,  a^,  ...,  o^,  as  marked.     The  whole  figure  is. 


except  for  the  strain,  what  Prof.  Everett  has  called  the  ''  normal  pile 
solid  '*  (see  his  paper.  Fig.  6) ;  B,  C,  D  form  an  equilateral  triangle ; 
EFGHIJ  is  a  regular  hexagon  parallel  to  BCD,  having  A  as  its  centre ; 
and  Kf  L,  M  form  a  second  equilateral  triangle,  its  plane  being  parallel  to 
BCD  and  equidistant  from  0,  its  projection  on  the  plane  BCD  coinciding 
with  the  triangle  BCD  if  turned  through  180°.  (The  triangle  KLM  is 
omitted  from  the  figure  for  clearness.)  The  lengths  of  other  lines  in  the 
figure  can  be  obtained  by  noticing  that  all  lines  joining  mean-centres  of 
contiguous  spheres  are  elements  of  one  or  other  of  the  six  frame-lines. 
Clearly  CD  and  EF,  being  similar  elements  of  parallel  frame-lines,  are 

L  2 
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equal  and  parallel.  Thus  C,  D,  £,  F  are  coplanar,  and  form  a  parallelo- 
gram. Similarly,  A,  C,  B,  E  form  a  parallelogram ;  so  that  CE  bisects 
AB.     Again,  D,  A,  F,  B  form  a  parallelogram ;  so  that  DF  bisects  AB. 

Thus  the  intersection  of  the  diagonals  of  the  original  parallelogram 
CDEF  is  also  the  middle  point  of  AB, 
The    line    AB    and    the    parallelogram 
CDEF  are  reproduced  in  Fig.  4. 

To  find  Sb  we  draw  a  plane  perpend- 
icular to  BA  at  a  distance  a-  from  By  and 
then  planes  perpendicular  to  CA^  DA, 
EA,  FA,  at  distances  or  from  C,  D,  E,  F 
respectively. 

The  quadrilateral  traced  out  on  the 
first  plane  by  the  last  four  is  the  required 
quadrilateral  of  which  the  area  is  Sb- 


Fie.  4. 


81.  In  the  unstrained  medium,  in  which  ai  =  aa=...=T,  let  the 
value  of  Sb  be  Sq.  Then  in  the  strained  medium,  in  which  aj,  o^,  . . .  eaeh 
differ  slightly  from  t,  we  may  write 

Sb=  So+(ai-T)^  +  ...  +  (a,-T)^ 

where  the  differential  coefficients  are  calculated  in  the  unstrained  state. 
Now  in  this  unstrained  state  OC  =  OF;  so  that  CDEF  is  a  rectangle, 
and  AC,AD,AE,AF  are  each  equal  to  t  ;  so  that  ^40  is  perpendicular  to 
the  plane  of  this  rectangle.  Thus,  in  the  unstrained  state  AC,  AD,  AE^ 
AF  are  symmetrically  placed  in  Fig.  4.  The  lengths  AC,  AD,  AE,  AF^ 
however,  are  simply  the  edges  a^,  ag,  og,  a^  of  the  fundamental  tetrahedron. 
Hence  it  follows  that  in  the  unstrained  state 

^Sb 8<Si? ^Sb ^Sb  . 

oa^         va^        da5         oa^ 

so  that  the  value  of  Sb  may  be  written 

Sb  =  So+Jp(ai— T)-f?(a2-f  aa+ag+oe— 4T)-f  r(a4— t)  (11) 

where  p,  q,  r  do  not  depend  on  a^,  o^,  ...,  o^. 

To  determine  p,  q,  r  we  consider  the  case  in  which  03  =  03  =  05  =  00. 
In  Fig.  ^  AC,  AD,  AE,  AF  are  now  equal ;  so  that  CDEF  is  a  rectangle, 
and  ^0  is  perpendicular  to  its  plane. 

Take  A  as  origin,  and  axes  of  x,  y,  z  parallel  to  AO,  DC,  FC.  Then 
the  co-ordinates  of  C,  D,  E,  F  are  Joj,   ±  Ja^,  ±  J0,  where  6  =  CF ;  so 

*^*  i(af+aJ+0«)  =  o^^  =  o^  =  o«  =  oj  =  ic^,  say. 
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The  plane  perpendicular  to  ^  C  at  a  distance  o-  from  C  is 

that  perpendicular  to  ^£  at  a  distance  <r  from  B  is  x  =  a^— o-,  and  the 
trace  of  the  latter  on  the  former  is  the  line 

a^y+dz  =  2ic(/c— (t)— ai(ai— <r). 

This  makes,  with  the  axes  of  y  and  z,  a  triangle  of  area 

i(ea^-^[2/c(ic-(r)-ai(ai-(r)]«, 

and  this  is  ^Sb,  since  the  quadrilateral  now  becomes  a  rhombus  of  which 
the  triangle  just  found  is  a  quarter.     Thus 

Sb  =  2(ea4)-^[ac(/c-(r)-ai(ai-<r)]". 

On  differentiation,  we  obtain 

dSB  =  ^^(T-(r)(2T-(r)(2i/c-dai)+  ^(T-(r)«(dai-da4-4i/c) 

T  T 

in  the  standard  configuration.    And,  by  differentiation  of  equation  (11), 

dSs  =  pdai+4g  Ar+rdai, 

from  which  p,  q,  r  are  found  by  comparison.      If  we  neglect  r— a*  in 
comparison  with  r,  these  values  become 

p  =  — 2V2(t— (t),         q  =  v'2(t— (t),         r  =  0. 
Writing  Oi — T  =  «!,         ...,         T — (T  =  ty, 

the  value  of  Sb  is  found  to  be 

Sb  =  \/2[tar^+tsr(aa+a8+%+«6— 2ai)]. 
Also 
UB-(r)SB+...+UAf-(r)Sir 

=  22(tar+(^)V2tg'(l+^"^^"^'^4"^'''"^)  =  2^/2xa^{6m+Sla,) 

as  far  as  the  first  powers  of  Oi,  Oa,  ...,  Oq  ;  so  that 

p,_  8€(Tsr+aa+aa+as+g«— 2ai) 

2tsr(6tsr+82ai) 


=  ^1  1+2^(02+08— a4+a6+a5—5ai)J. 


82.  We  now  proceed  to  average  P'  for  all  other  positions  of  the  grains. 
The  value  of  P'  has  depended  only  on  the  positions  of  the  twelve  grains 
contiguous  to  ^  ;  so  that,  if  we  keep  these  twelve  fixed  in  the  positions 


150  Mb.  J.  H.  Jbans  [Jan.  12, 

already  assigned  to  them,  the  process  of  averaging  for  the  positions  of  the 
remaining  grains  produces  no  effect  on  P'. 

The  value  of  Sb  depended  only  on  the  positions  of  the  four  grains 
BCDE.  We  can  therefore  average  for  all  positions  of  the  remaining  eight 
grains  without  affecting  the  value  of  Sb.     The  value  of 

depends,  however,  on  the  position  of  these  eight  grains.  Since  the  values 
for  which  this  expression  has  been  calculated  corresponded  to  mean 
positions  of  these  eight  grains,  and  since  we  are  neglecting  squares  of 
deviations  from  these  positions,  we  may  say  that  equal  deviations  from  the 
mean  positions  are  equally  likely  on  either  side,  and  hence  we  see  that 
the  averaged  value  of  the  expression  in  question  is  exactly  that  which 
has  been  calculated.  Hence  the  aversige  value  of  P'  also  is  exactly  that 
which  has  been  calculated. 

We  can  apply  a  similar  argument  to  the  final  process  of  averaging  with 
respect  to  the  four  remaining  grains  By  C,  D,  E.  We  accordingly  arrive 
at  the  result  that  P,  the  probability  of  which  we  are  in  search,  is  the  same 
as  the  P'  which  has  been  calculated. 

88.  We  have  found  the  cubical  dilatation  to  be  S(ai— t)/2t,  or,  in  our 
present  notation,  Sai/2T.  Let  us  denote  this  by  A.  Then  the  value  of 
P'  (or  P)  can  be  expressed  in  the  form 


The  force  along  the  frame-line  corresponding  to  the  edge  a^  of  the 
fundamental  tetrahedron  has  been  found  to  be  P/^eh,  Calling  this  force 
Fi,  its  value  is  now  seen  to  be 

Thus  the  stress-strain  relations  are  completely  known.  * 


Work  Function. 

84.  A  system  of  parallel  frame-lines  in  the  unstressed  configuration 
meet  a  perpendicular  plane,  to  the  number  of  unity  per  t'/\/2  of  area. 
Hence  in  a  unit  volume  of  the  medium  there  will  be  a  length  \/2/t^  of 
frame-lines  of  each  system,  containing  \/2/t^  elements.     It  follows  that 
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in  changing  the  state  of  strain  of  the  medium  the  work  done,  per  unit 
volume  of  the  unstrained  medium,  is 

This  is  seen  to  be  a  complete  differential  dW  where 

}F=g^[2AT+-^  {AV-iSaJ-SCoia^+aaag+OBa,^}]. 

Unit  volume  in  the  unstrained  state  is,  however,  represented  by  a 
volume  (1+^)  in  the  strained  state ;  so  that  the  work  function  per  unit 
volume  in  the  strained  state,  say  W,  is 

■^  =  ITS  =  8^  [M.a-A)+  ±.  »v-9)]. 

where  O  =  ^^i—8{a^a^'\'a2as+a^a^. 

To  reduce  this  to  rectangular  co-ordinates,  we  have  to  use  the  relations 

Oi/t  =  el^+ffn^+gf^+amini+briili+climi,  ..., 

which  have  already  been  obtained,  and  from  this  transformed  work 
function  the  stress-strain  relations  in  orthogonal  co-ordinates  can  be 
obtained  in  the  usual  way. 

Introduction  of  "  Ether  Temperature^ 

85.  The  reciprocal  of  the  quantity  h  measures  the  energy  of  agitation 
of  the  medium.  In  the  Theory  of  Gases  we  put  JA"^  =  JJT,  where  R  is 
a  constant  and  T  is  the  temperature.  In  the  present  problem  also  we 
shall  put  ^A~^  =  BTj  and  shall  define  T  to  be  the  ether  temperature.  In 
the  final  state  T  is  constant  throughout  the  medium,  but  in  discussing  a 
strained  medium  we  have  already  supposed  the  state  to  be  other  than  this 
final  state,  and  so  are  compelled  also  to  consider  the  possibility  of  non- 
uniformity  of  T. 

The  work  function  we  have  obtained  is  the  work  function  only  for 
strains  at  constant  ether  temperature — the  isothermal  work  function.  In 
terms  of  this  temperature,  it  becomes 

»Fi«>th  =  J^  (2AT(l-A)-f -1  (AV-e)). 

This  work  function  contains  implicitly  the  thermo-elastic  properties  of 
the  medium.  We  see  that  each  elastic  constant  is  directly  proportional 
to  T,  as  in  a  perfect  gas  (Charles'  Law). 
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The  Adiabatic  Work  Function, 

86.  This  last  circumstance,  and  the  occurrence  of  A  in  its  first  power 
in  the  work  function,  remind  us  that  the  medium  is  in  some  ways  more 
like  a  gas  than  a  solid.  There  is  a  second  work  function  to  be  considered, 
namely  that  appropriate  to  adiabatic  motion,  i.e.,  motion  which  is  so  rapid 
that  no  energy  escapes  by  conduction  during  the  progress  of  the  motion. 

In  unit  volume,  measured  when  unstrained,  there  are  VS/t'  grains. 
These  each  have  a  mean  kinetic  energy  8/4A,  so  that  the  kinetic  energy 
of  agitation  per  unit  volume  of  the  unstrained  medium  is  8\/2/4At^  or 
8  V2  r/2T^. 

When  strained,  let  dQ  be  the  quantity  of  energy  per  unit  volume 

which  escapes  by  conduction ;  then  we  have,  as  the  energy  equation  of 

any  element,  .^   ,^  rp. 

d{^^)''dQ+dW,^tr.  =  0, 

and,  as  far  as  the  first  order  of  small  quantities,  we  may  take 

dWi^t^  =  1^  dA. 

Putting  dQ  =  0,  the  energy  equation  becomes 

This  is  the  adiabatic  relation  between  r  and  A.     If  we  replaoe  dA  by  dv/v^ 
where  v  is  the  volume  occupied  by  any  part  of  the  medium,  we  obtain  the 

^°^®«^^  Tv^i^  =  constant. 


t» 


Since  r/tsr  is  very  great,  T  varies  very  rapidly  in  comparison  with  v. 
Thus  the  medium,  when  moving  adiabatically,  is  almost  incompressible, 
any  excess  of  energy  spent  upon  an  element  in  the  medium  being  used  in 
increasing  the  internal  agitation  of  the  medium  rather  than  in  compressing 
the  element.  The  medium  then,  behaves  like  a  gas  in  which  the  ratio  of 
the  specific  heats  is  nearly  infinite. 

If  Tq  is  the  temperature  of  an  element  when  unstrained,  and  if  the 
motion  of  straining  is  adiabatic,  the  strained  temperature  will  be 


^»(l-3^4 


To  obtain  the  adiabatic  work  function,  we  must  replace  T  by  this  ex- 
pression  in  the  former  (isothermal)  work  function.     We  thus  obtain  for 
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the  two  work  functions 

^-•'  =  vib'  (2Ar(l-A)+±(AV-e)). 

^-"  =  vib  (2AT(l-A)+^(JAV-e)). 

85.  The  meaning  and  method  of  calculation  of  6  have  already  been 
explained.  Taking  the  axes  of  x,  ^,  z  to  be  respectively  parallel  to  04, 
perpendicular  to  a^  in  the  plane  of  04050^,  and  perpendicular  to  this  plane, 
in  the  unstrained  medium,  we  obtain 

^4       =   ^> 


a. 


5 


=  le+if±-^c, 


whence  upon  substitution 

+  K+*6"+tV+  ^  (bc+ae)-  ^  a/. 

It  is  at  once  clear  that  the  medium  is  aeolotropic.  It  is  unnecessary  to 
discuss  the  nature  of  the  seolotropy  from  the  algebraic  form  of  the  work 
function,  since  a  sufficient  idea  of  it  can  be  obtained  by  considering  the 
arrangement  of  the  frame-lines.  We  may  notice,  however,  that  the 
number  of  elastic  constants  is  18.     Writing  the  work  function  in  the  form 

(Ciif  c^a,  . . . ,  Oq5,  Cia,  • . .  X  ^»  />  9*  ^»  ^»  ^)  » 

we  have  the  relations 

Ci4  =   C^f  Cg5  =   Cg4,  030  =:   C45, 

reducing  the  number  of  constants  from  21  to  18.*     These  are  three  of 

*  To  prove  the  relations,  we  have 

<^14-*i6  -  2  (/i«»l4M4+/4*Mli#li-/illli/4#l4-/iWi/4W,) 

It,  ti,  3t 

a       2     ooB(s.l4)ooe(y.l4), 
where  (c .  14)  U  the  angrle  between  the  axis  of  z  and  the  common  perpendicular  to  the  opposite 
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the  relations  by  which  Cauchy  reduces  the  number  of  elastic  constants  of 
the  general  crystal  from  21  to.l5  :  the  remaining  three,  namely, 

are  not  true.  The  conditions  which  must  be  satisfied  for  Cauchy's  rela- 
tions to  hold  in  an  elastic  solid  are  that  the  force  between  two  point  atoms 
should  be  along  the  line  joining  their  centres,  and  should  be  a  function  of 
their  distance  apart.  In  the  present  problem,  we  may  suppose  the  centres 
of  the  grains  to  be  point  atoms,  and  the  force  between  two  such  point 
atoms  to  be  proportional  to  their  frequency  of  collision.  This,  as  we  have 
seen,  does  not  depend  solely  on  the  distance  apart  of  their  mean-centres, 
but  depends  also  on  the  other  edges  of  the  fundamental  tetrahedron. 

In  cubical  piling,  on  the  other  hand,  the  frequency  of  collisions  along 
a  frame-line  depends  solely  on  the  extension  or  contraction  of  that 
frame-line,  and  it  will  be  found  that  the  six  relations  of  Cauchy  are  all 
satisfied. 

Conclusion. 

36.  The  seolotropy  which  we  have  found  to  be  associated  with  a 
granular  medium  in  normal  piling  seems  to  dispose  sufficiently  of  any 
claims  to  represent  the  ether  which  such  a  medium  might  be  thought  to 
possess.  At  the  same  time  it  may  be  of  interest  to  notice  a  few  other 
characteristics  in  which  such  a  medium  differs  from  the  ether  as  we 
know  it. 

I.  In  a  gas  the  rate  of  propagation  of  a  disturbance  by  wave  motion 
is  vei*y  great  compared  with  the  rate  of  dissipation  of  an  excess  of  energy 
by  conduction,  the  reason  being  that  the  disturbance  is  propagated  at  a 
rate  comparable  with  the  velocity  of  the  molecules,  while  the  excess  heat 
is,  so  to  speak,  buffeted  backwards  and  forwards  almost  at  random  by 
collisions  between  molecules,  in  its  effort  to  escape  by  conduction.  I  have 
not  worked  out  the  problem  of  conduction  in  a  granular  medium,  because 
it  is  pretty  clear  that  considerations  similar  to  those  just  mentioned  for  a 
gas  must  have  at  least  equal  weight  here  ;  so  that  we  are  led  to  suppose 
that  the  propagation  of  light  would  be  adiabatic.  On  the  other  hand,  the 
ratio  of  the  electrostatic  and  electromagnetic  units  would  obviously  be  the 
isothermal  velocity  of  propagation.     Thus    this  ratio  would  differ   from 


edges  1,  4  of  the  tetrahedron ;  and,  Riuoe  the  three  shortest  di8tances  between  opposite  edges 
of  a  regfolar  tetrahedron  are  mutually  perpendicular,  this  expression 

—  cos  (y .  z)  «  0. 
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the  velocity  of  light  by  an  amount  which,  as  is  shown  by  an  inspection  of 
the  two  work  functions,  would  be  comparable  with  the  whole  value  of 
either. 

n.  The  phenomena  of  viscosity  and  conduction  of  heat  resolve  them- 
selves, when  we  pass  to  the  ultimate  mechanism  of  the  medium,  into  a 
redistribution  of  the  energy  of  agitation  of  the  different  parts  of  the 
medium— in  fact  they  simply  represent  the  tendency  for  the  velocities  of 
the  grains  to  assume  Maxwell's  law  of  distribution.  Hence  in  any 
granular  medium  there  must  be  a  constant  degradation  of  energy  of 
wave  motion  or  mass  motion  into  energy  of  random  agitation  of  the 
medium ;  so  that  energy  of  radiation  and  the  motion  of  material  masses 
would  be  **  dissipated  "  in  raising  the  ether  temperature.  According  to 
Prof.  Reynolds,  the  energy  of  the  normal  wave  would  be  spent  entirely  in 
raising  the  ether  temperature  in  the  immediate  neighbourhood  of  the 
origin  of  the  wave.  Incidentally,  it  may  be  remarked  that  the  analogy  of 
sound  motion  leaves  little  hope  that  any  perceptible  amount  of  light  could 
reach  us  through  a  granular  medium,  from  even  the  nearest  of  the  fixed 
stars.  In  any  case,  however,  the  elastic  constants,  and  therefore  also  the 
velocity  of  propagation  of  light,  would  be  different  in  the  neighbourhood 
of  moving  or  radiating  bodies. 

A  first  consequence  of  this  would  be  that  as  the  material  energy  of  the 
universe  became  dissipated  into  the  ether  the  velocity  of  light  would  con- 
tinually increase.  This,  however,  would  be  unnoticeable,  amounting  only 
to  a  uniform  shrinkage  of  the  unit  of  time. 

A  second  consequence  would  be  that  in  the  neighbourhood  of  moving 
or  radiating  bodies,  where  the  ether  temperature  would  be  highest,  the 
velocity  of  light  would  be  greater  than  elsewhere  (or,  what  comes  to 
the  same  thing,  the  local  unit  of  time  would  be  less).  Consequently 
the  periods  of  vibration  of  atoms  would  be  less  near  hot  or  moving  bodies 
than  elsewhere — the  radiation  from  regions  in  which  the  ether  temperature 
was  higher  than  that  near  the  Earth  would  shew  a  uniform  displacement 
towards  the  violet  when  analysed  in  a  terrestrial  spectroscope,  while  that 
from  regions  of  lower  ether  temperature  would  shew  a  similar  displacement 
towards  the  red. 

A  third  consequence  would  be  that  light  passing  from  a  higher  to  a 
lower  ether  temperature  would  undergo  refraction.  And,  as  the  medium 
has  already  been  seen  to  be  seolotropic,  there  might  be  additional  refraction 
consequent  on  the  distortion  of  the  frame-lines  of  the  medium. 

If  a  region  of  the  ether  could  be  kept  permanently  at  a  higher  ether 
temperature  than  the  remainder,  a  condition  of  hydrostatic  equilibrium  of 
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the  medium  would  be  that  the  density  of  the  ether  should  be  less  in  this 
region  than  elsewhere.  Thus  there  would  be  an  outward  displacement  of 
ether  from  a  region  of  high  ether  temperature,  and  the  linear  dimensions 
of  matter,  if  any,  in  this  region  would  increase. 

Other  differences  between  the  behaviour  of  a  granular  medium  and  the 
observed  behaviour  of  the  ether  will  suggest  themselves  to  the  reader.  I 
have  only  attempted  to  mention  a  few  of  the  more  obvious  ones.  Ab 
regards  the  ability  of  the  granular  medium  to  represent  the  stmctore  of 
the  universe,  it  is  useless  to  mention  differences  of  this  kind  at  all  if ,  as  I 
have  tried  to  shew  to  be  the  case,  there  is  an  infinite  probability  against 
the  continued  existence  of  those  peculiarities  in  the  ether  whieh  must  be 
taken  to  represent  matter,  electricity  and  magnetism,  and  if  the  ether 
itself  is  crystalline. 
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AN  EXTENSION  OF  BOREL'S  EXPONENTIAL  METHOD  OF 
SUMMATION  OF  DIVERGENT  SERIES  APPLIED  TO 
LINEAR    DIFFERENTIAL    EQUATIONS 

By  E.  Cunningham. 

[Receiyed  December  6th,  1904.— Read  December  8th,  1904.] 

The  object  of  the  following  discussion  is  to  make  somewhat  more 
precise  the  connexion  between  Laplace's  definite  integral  solution  of  linear 
differential  equations  with  rational  coefficients  and  of  ''rank"*  unity 
in  the  neighbourhood  of  ^  =  oo  and  the  development  of  this  solution 
in  the  form  of  a  power  series  with  an  exponential  factor.  Poincar^  has 
shewn!  that  these  developments  are  ''asymptotic  expansions'*  of  the 
integrals  from  which  they  are  derived,  and  as  such  serve  to  calculate 
numerically  the  value  of  the  integral  for  large  values  of  the  variable. 
But  from  the  function  theory  point  of  view  asymptotic  expansions  are 
of  little  value,  inasmuch  as  they  do  not  represent  unique  analytic 
functions.  In  fact,  if  we  consider  the  integrals  of  a  given  differential 
equation,  not  only  does  an  asymptotic  expansion  fail  to  represent  a  definite 
solution,  but  a  definite  solution  has  different  expansions  for  different 
phases  of  the  complex  variable. 

Now  it  seems  clear  that  there  should  be  some  more  definite  relation 
between  the  divergent  series  and  the  integrals  of  the  equation  than  the 
foregoing  seems  to  suggest,  and  it  appears  that  some  approach  to  this 
connexion  may  be  made  on  the  lines  of  Borel's  theory  of  summable 
(sommable)  divergent  series.  I 

The  divergent  expansions  we  have  tp  consider  are  of  the  form 

Leaving  out  of  account  for  the  present  the  exponential  factor,  we  shall 
extend  Borel's  theory  to  include  series  of  the  form 


.-p 


!«.+■?+•••)• 


*  Forsyth,  Limar  J)\firiniial  Bquatiimty  p.  271. 

t  Acta  Math,y  i.  Tin.,  p.  296. 

X  E.  Borel,  L§^om  mr  Ui  Siriu  Di/vergenUi,  pp.  97/1 
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p  not  being  an  integer.     We  require  first  a  generalised  form  of  the  F 
function.     It  is  well  known  that  for  all  values  of  z 


2  sm  irz  J 


the  integral  being  taken  along  a  contour  which  goes  from  infinity  along 
the  axis  of  t  to  the  origin,  makes  a  small  positive  circuit  round  the  origin, 
and  returns  to  infinity  along  the  axis.  Integration  along  such  a  path 
as  this  will  be  denoted  by  the  suffix  A.  The  path  may  be  shown  diagram- 
matically  by  the  figure 


0 


Integrating  with  respect  to  a  along  a  like  contour,  we  have 


1. 


UrCC 


»+r 


I    r.  ^    .  -.«--da  =  (-l)-<'^''>{-2isinx(z+r+l)}u. 

J^  r(^+r+l) 
Consider  now  a  series 

which  may  be  divergent ;   and  let 
Then  we  have  the  formal  equation 

Further  ..  (|.)  =  (^)^^.^+.... 

the  equation  being  once  more  merely  formal  so  far. 

We  proceed  to  show  that,  if  we  agree  to  call  the  definite  integral  on 
the  left-hand  side  the  sum  of  the  divergent  series  on  the  right,  Borel's 
propositions  regarding  the  sums  of  divergent  series  are  equally  true  of  the 
more  general  series  and  their  sums  so  defined. 


•  Wbittaker's  Analytit,  p.  181. 
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We  shall  assume  that  z  is  not  an  mteger ;  for  otherwise  the  expression 
on  the  left  is  illusory.  If  ;?  is  a  positive  integer,  Borel's  method  of 
summation  is  applicable  without  modification.  If  ^a:  is  a  negative  integer, 
the  series  begins  with  a  finite  number  of  positive  integral  powers  of  x  and 
the  remainder  of  the  series  can  be  summed  by  Borel's  method. 

Assuming  then  that  z  is  not  an  integer,  let 


00 


0 

be  a  series  diverging  for  all  values  of  x,  however  large. 
L6t  f(i)  denote  the  associated  series 

i'iu^i-IV(z^n+l), 

and  let  this  series  be  convergent  within  a  finite  circle  about  ^  =  0 ;  and, 
by  continuation,  define  an  analytic  function,  existing  over  the  whole  plane, 
isolated  singular  points  excepted  ;  and  suppose  that  none  of  these  singular 
points  occur  within  a  certain  angle  6  bounded  by  two  lines  through  ^  =  0 
between  which  lies  the  real  axis,  nor  within  a  circle  of  finite  radius 
including  ^  =  0.  Further,  suppose  that  a  quantity  Ar,  real,  finite,  and 
positive,  can  be  found  such  that 

«-'^|/">(f)|...x  =  o,i, ... 

tends  uniformly  to  zero  as  $  becomes  large  within  this  sector. 

i.-./(i)*.=j..-/(»f. 

where  on  the  left  the  integration  is  taken  as  before,  and  on  the  right 
a  straight  line  inclined  to  the  real  axis  takes  the  place  of  that  axis  in  the 
path  of  integration.  Such  integrations  will  in  future  be  expressed  by 
the  suffix  B.     The  path  may  be  shown  diagrammatically  by  the  figure 


The  integral  on  the  right  exists  if  the  straight  line  in  question  lies  within 
the  angle  6 ;  and,  if  this  is  so,  that  path  may  be  taken  along  the  real 
axis  without  changing  the  value  of  the  integi'al.  We  must  also  have  the 
real  part  oi  x^  k.  The  existence  of  the  former  integral  is  contingent 
upon  (ajx)  lying  within  the  angle  6  ;  a  being  real  and  positive, 
X  must  lie  within  an  angle  such  that  x^^  lies  within  6.  Let  the  region 
which  fulfils  this  condition,  and  also  R(x)  ^  A:,  be  called  9  ;  in  the  future 
the  variation  of  x  will  be  supposed  restricted  to  the  region  6. 
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The  series  x"'  2  UnX'^  will  be  called  "  absolutely  sommable  "  within 
the  region  9,  and  either  of  the  above  written  integrals  will  be  denoted  by 

u  being  called  the  "  sum  "  of  the  above  series. 
It  will  now  be  shewn  that  the  series 


•0 


X"'  2  UnX'^, 


»b] 


obtained  by  omitting  the  first  term  of  the  previous  series,  is  likewise 
absolutely  sunmiable  within  O,  and  has  for  sum  u—UqX"'. 
The  associated  series  is  here 

i>ia,x)  =  a;-'[^  j^  +  5  ^^1^  +  ...] 

the  series  ^  {f(i)\  being  convergent  within  a  finite  circle,  and  giving  by 

continuation  throughout  the  plane  the  analytic  function  fii).  Hence, 
since  e~^^\f{i)\,  c"*^  |/'(f)  |,  ...  tend  uniformly  to  zero  within  0,  the 
integral  r 

l    «"*0(a,  x)da 

exists,  and  the  said  series  is  absolutely  summable  within  6. 
Its  sum 

.  =  n7-l/-ll(/m)-'-^^]^ 

=  -«.«-+ 11:7='=  ['-/(f)l+i  '-V  (f )*• 


=         W  —  tioX"'. 


Conversely,  if  a  series  be  absolutely  summable  within  0,  the  series 
obtained  by  prefixing  a  term  is  so  also ;  and  its  sum  is  the  result  of 
adding  the  term  prefixed  to  the  original  sum.  The  proof  of  this  is 
a  natural  extension  of  Borel's  proof  for  the  more  limited  definition,  and 
need  not  be  given  in  full.* 

From  these  two  propositions  it  follows  immediately  that  the  addition 
or  subtraction  of  any  finite  number  of  terms  at  the  beginning  of  a  series 

•  2>ro#M  ntr  1st  S^tiet  Diver^tntM,  pp.  101-2. 
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does  not  affect  its  sommability ;  and,  therefore,  that  the  interchange  of 
any  finite  number  of  terms  in  a  series  affects  neither  its  sommability  nor 
its  sum.  Next  it  is  clear  that  two  series  of  the  same  index  z  or  of 
indices  differing  only  by  integers  may  be  added  or  subtracted  term  by  term, 
the  result  being  a  series  absolutely  summable  in  the  region  common  to 
the  two  series,  its  sum  being  the  sum  or  difference  of  the  sums  of  the 
two  separately. 

We  may  similarly  extend  Borel's  proposition  as  to  the  multiplication 
of  two  such  series.     Let 

be  two  series  having  a  common  region  within  which  they  are  absolutely 
summable.     Then,  if 

the  series  x-^+'>  \xv^+  ^  +  •  •  • } 

will  be  absolutely  summable  within  that  common  region,  and,  if  u,  o,  w 
denote  the  sums  of  the  three  series  respectively,  w  =  uv. 
Letting  u(a),  v{b)  denote  the  asseciated  series 


\x)  lr(p+i)"^r(p+2)(x) ■*■•••}' 


\x)    W+l)"^r((r+2)(a;)"^-T 
the  product  of  the  sums  of  the  series  is  given  by 

(l-«-«^')(l-<5-*^wt)  =  f  «-«tt(a)ctef  e'^v(h)dh. 

Inasmuch  as  e'^u(a)  and  f^vij))  tend  uniformly  to  zero,  as  a  and  h 
become  infinite  along  the  given  contours,  this  product  may  be  written  as 
a  double  integral,  viz., 

f   f  <5-<«+*>tt(a)t>(6)cted6. 

Call  this  integral  W,  and  let  the  variables  be  changed  to 

c  =  a+6,.        y  =  a— 6. 

The.  w  =  \,-[\uii^yi^.^)i$Y. 

S.    TOL.  3.    »0.  892.  M 
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The  range  of  integration  with  respect  to  e  and  y  will  be  speeified  a 
Uttle  later. 

Let  L(^)c(2=2^^  bedenotedby  w(c);  so  that 


.=( 


e'^'ib  (e)  de. 


This  integral  from  its  formation  is  known  to  be  valid. 

Within  the  common  circle  of  convergence  of  tt(a),  v(b)  these  two  series 
may  be  multiplied  together,  giving  an  absolutely  converging  double  series 
of  powers  of  a  and  6.     The  typical  term  in  the  product  is 


ttr«#a^"*"'"fr 


+r  hv+$ 


or 


Call  this,  term  tOn, 

Now  as  to  the  paths  to  be  described  by  the  variables  c,  y  during  the 
integration : — 

For  a  given  value  of  c,  =  a+b,  y  describes  a  path  from  ^c  to  +6*  ft 
small  positive  circle  round  the  latter  point,  returns  along  itself  to  —  c»  and 
closes  the  path  by  a  small  positive  circle  round  —  c. 

The  variation  of  c  is  then  represented  by  the  diagram  used  above : — 


0 


The  y  contour  may  be  represented  diagrammatically  by 


and  an  integration  along  such  a  contour  will  be  denoted  by  I  . 

Supposing  I  c  I  so  small  that  the  corresponding  y  contour  lies  wholly 
within  the  region  for  which  i(c+y)  and  i(c— y)  lie  within  the  circles  of 
convergence  of  u(a),  v(b),  the  integral  tD(c)  can  be  integrated  term  by 
term.    The  typical  term  is 

Put  now  c+y  =  2et, 

so  that  c— y  =  2c(l  — <). 
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Then         |  (c+y)'+'-(c-yr'^'dy  =|   ^'^'•(l-^r+*d^(2c)^+'-+'+'+\ 

where  in  I   the  contour  is  of  the  same  kind  as  in   I  ,  but  the  points  —  c 
and  c  are  replaced  by  0  and  1.     The  integral  last  written  is  equal  to 

taken  along  the  contour  represented  diagrammatically  by 

and  the  integral  in  this  expression  is  Pochhammer's  generalization  of  the 
Enlerian  function  of  the  first  kind.*    It  is  equal  to 

4Bin  \{p+r+l)ir\  sin  \{(T+8+l)ir\  tr<'-^'*'*'^T(p+r+l)T(fr+8+l) 

(«»"(«»+«•+'+•)_  1)  Yip+r+<r+8+2) 

_  a-e-^){l-e-'^  r(p+r+l)T((T+s+l) 
l-«-»"(p+')  T(p+r+<r+$+2)    ' 

Thus  iL  d-v-      «,«>.<f^--^'-^'^'(l-g-'^)(l-e-'^ 

Thus  i J v>„dy  -  ^+r.,+.r(p+^+^+,+2)(i_-«-««<.+'y 

If  now  all  the  terms  of  w{fi)  which  have  the  same  value  for  (r+s)  be 
grouped  together,  we  obtain 


....  ..j+y+n+l 

wXc) 


provided  c  lies  within  a  certain  circle. 

Since  M{J(c+y)},  v{J(c— y)}  are  analytic  functions  which  exist  for 
all  values  of  c  and  y,  so  too  is  w  (c) ;  thus,  without  the  circle  of  convergence 
of  the  series  for  w(c),  the  continuation  of  this  series  will  give  the  value  of 


i(  t^{J(c+y)}t;{^rc-y)dy. 
Jc 


It  is  now  necessary  to  see  that  w  (c)  satisfies  the  same  conditions  that 
u(a)v(h)  satisfy,  viz.,  that  e"*|t^^Uc)|  tends  uniformly  to  zero  as  c  tends  to 
infinity,  when  x  lies  within  the  region  we  have  called  6. 


*  M9ih,  Anm.,  t.  xzxy. 

M    2 
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Within  this  region  we  have 

l«{i(c+y)}|<|a«»<'+*)| 

and  |»{i(c-y)H<|i8«»<-»>|, 

a,  fi  being  assignable  finite  constants. 

Hence  i«{i(c+y)}«{J(c-y)}|<|«'a^|; 

therefore  |w(«)|<2  if  \afi^\dy  <2afi\etr\, 

or,  putting  e/x  =  f ,  I ^^1  <2ai3\ie*'\. 

I        ^         I 

The  left-band  side  is  now  independent  of  x,  and  this  inequality  holds 
for  all  points  within  the  region  6.  Let  k  be  the  least  value  of  B(x)  within 
tUs  region.     Then        ,..|- (^j,,^  <  2a^|f«-«-'>|. 

Hence,  provided  B{x)  >  k,  e^^id(c)  tends  to  zero  when  (^  and  therefore  c, 
tends  to  infinity.     Similarly,  we  may  show  that,  since  u'(a),  v'{b)  also 
satisfy  this  condition  at  infinity,  so  also  does  w'(c)f  and  so  on. 
Consider  now  the  integral 

f  e-'w{c)dc  =  [e-'w{c)']j^+{  e''^w(c)dc  =  [  e-'^{w{e)\de, 

what  we  have  just  proved  being  sufficient  to  ensure  the  existence  of  this 
integral.     But 

so  that  {l-€-«''^'^'>}  wt?  =  f    e-^dcwic) 

where  w(c)  is  the  function  defined  by  the  series 

^^+^+~  r(p+(7-fn+l)* 

This   series  is  exactly  the   series   associated   with   the  divergent   series 
Z  Wnl^'^'^^f  and,  inasmuch  as  we  have  proved  that 

Lt  {e''\w^*'\c)\]  =  0 


yyU  ^  +  ^+n 


Cboo 


within  the  region  6,  this  series  is  absolutely  summable,  and  we  have 
shewn  its  sum  to  be  uv. 
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Next  consider  the  series  formed  by  diflferentiating  the  series  x^^^ti^x"^ 
term  by  term. 

For  convenience  put  x  =  l/z.  Then,  with  the  extended  definition  of 
absolute  summability  which  has  been  adopted,  we  may  apply  all  Borel's 
propositions  as  to  the  summability  of  the  derived  series  to  the  series 

The  proofs  are  so  identical  with  those  which  he  gives  that  they  need  not 
be  repeated  here.* 

Thus,  if  the  last  written  series  be  denoted  by  u{z)  and  its  sum  by  u, 
tho  divergent  series 

u'(z)  =  t£o/t>«^-^+UiO>+l)«^+... 

is  absolutely  summable  within  the  same  region  as  u(z)  and  has  for  sum 
dujdz.    Reverting  to  the  original  series  in  powers  of  1/a;, 

A|tt(a;)}=-a:-VU). 

But  x*  may  be  looked  upon  as  the  limiting  form  of  a  series  absolutely 
summable  within  any  assigned  region,  and  u'{z)  has  been  shewn  to 
be  so  within  a  certain  region.  Thus  u'(x)  is  absolutely  summable  within 
that  region,  and  has  for  sum 

_  «  du  _^djii 
dz       dx ' 

Thus  the  propositions  as  to  differentiation  are  extended  to  series  proceed- 
ing in  descending  powers  of  x. 

We  may  therefore  state  the  following  proposition,  which  includes 
practically  all  that  has  been  developed,  and  which  is  the  generalization 
of  Borel's  theorem  : — \ 

Let  U9U9  lOf  ...  be  series  absolutely  summable  for  x  =^  x^  and  each  of 
the  typical  form 

and  let  P(u,  v,  m?,  ...,  u^\  t?^^\  to^^  x) 

be  a  polynomial  in  the  series  u,  t?,  w  and  their  derivatives,  the  coefficients 


*  Borel,  LefOfu,  pp.  108-116 ;  Ann,  i4  VRcoU  Nitrm,,  1899,  pp.  94-6. 
t  Borel,  X^ONJ,  p.  114. 
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being  developable  for  \x\  >  \xq\  in  the  form  a?~*  ]«o+       +«-[f  ^  being 

any  index  and  the  series  being  convergent. 

Then,  if  the  polynomial  P  is  ealcolated  as  if  the  series  were  absolutely 
convergent,  and  the  terms  whose  indices  differ  by  integers  are  collected 
together,  the  result  is  an  aggregate  of  series  absolutely  summable  for 
X  =  Oxq,  0  >  1:  and,  if  the  sums  of  these  series  be  substituted  in  their 
place,  the  result  is  what  would  be  obtained  by  substituting  in  P  in  the 
first  instance  the  sums  of  the  series  u^  v,  w,  .,,. 

Further,  it  is  clear  that  the  sum  of  an  absolutely  summable  series 
is  identically  zero  when,  and  only  when,  each  coefficient  vanishes 
separately.  Hence,  if  the  equation  P(t<,  v,  ...,  x)  =  0  is  satisfied 
formally  by  the  absolutely  summable  series  u,  t?,  w,  ...,  the  analytic 
functions  defined  by  these  series  also  render  the  polynomial  P  identically 
zero. 

We  now  proceed  to  consider  expressions  of  the  form 


e-a:-^{tto+^+... 


where  x~^{uo+*--}  is  absolutely  summable  within  a  certain  region^  and 
is  denoted  by  u,  its  sum  being  u. 

Two  such  expressions  with  the  same  exponential  factor  may  clearly 
be  added  term  by  term  to  give  a  like  expression.  Two  series  i^.u  and 
e^.v,  if  multiplied  formally,  give  e^^'^'^^'uv,  and  the  product  uv  is 
absolutely  summable,  giving  the  product  of  the  sums  of  u  and  v,  that  is,  uv. 

Consider  now  the  process  of  differentiation  applied  to  such  expressions. 
Differentiating  formally,  we  have 

Now  u'  is  absolutely  summable  and  may  be  added  term  by  term,  to  au ; 
so  that 

dX 

where  u^^^  is  absolutely  summable.     Further,  the  sum  of 

Thus  the  process  of  differentiation  gives  a  series  of  like  form  whose  sum  is 
the  derivative  of  the  sum  of  the  original  expression. 

It   is   now  clear  that  the  general  proposition  stated  above   may  be 
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extended  to  the  case  where  u,  v,  w  represent  absolutely  sommable  series, 
eaoh  multiplied  by  a  factor  of  the  form  ^,  and  where  P  may  also  contain 
explicitly  expressions  of  the  same  form. 

We  may  now  bring  what  has  been  said  above  into  line  with  the  normal 
series  satisfying  linear  differential  equations  with  rational  coefficients,  of 
rank  1  at  infinity,  and  of  order  n.  Subject  to  the  condition  that  a  certain 
algebraic  equation  has  its  roots  all  different,  we  know  that  there  are  n 
expressions  of  the  form 

which  formally  satisfy  the  equation. 

Assuming  that  this  series  is  absolutely  summable  for  certain  values  of 
X,  it  follows  that  the  sum,  viz., 

is  an  integral  of  the  equation  for  those  values  of  x. 

Now  this  integral  may  easily  be  changed  into  Laplace's  definite 
integral  solution. 

Put  a  =  —x(t—a).    Then  the  above  sum  becomes  at  once 

The  contour  now  consists  of  a  line  from  infinity  to  the  point  ^  =  a, 
encircling  that  point  and  returning  to  infinity  in  the  direction  whence  it 
came,  namely,  the  direction  such  that  x(t—a)  is  real  and  negative.  Calling 
this  path  B'  and  integrating  by  parts,  the  sum  becomes 

_L^<_,r'[^«-«)'jpj^,-...)]^ 

The  assumption  as  to  the  absolute  summability  of  the  series  causes  the 
quantity  within  brackets  in  the  integrated  part  to  vanish  at  the  infinite 
limits.     Thus  we  are  led  to  the  conclusion  that,  provided 

'■^[<'-'"'{i^)-r(^)«-">+-)] 

eonyerges  oniformly  to  zero  when  t  becomes  infinite  in  a  certain  direction 
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for  all  values  of  z  within  a  certain  region  6,  the  integral 

exists  and  is  an  integral  of  the  given  equation. 

Now  it  has  been  shown  directly  from  the  recurrence  formula  for  the 
coefficients  Ur  that  the  series  within  the  last  written  integral  satisfies  the 
equation  lAiown  as  Laplace's  transformation  of  the  given  equation,^  and 
hence  that  a  finite  number  X  exists,  such  that,  as  t  becomes  infinite  by 
real  positive  values, 


for  all  values  of  m  such  that  R{pl)'>\A 


We  have  thus  arrived  directly  from  the  normal  series  at  an  analytic 
function  satisfying  the  equation  within  a  given  region  of  the  z  plane,  and 
therefore  throughout  its  region  of  existence ;  that  is  to  say,  we  have 
shown  that  a  normal  series  formally  satisfying  an  equation  defines  a 
unique  integral  of  that  equation  by  the  method  here  developed,  and  that 
these  series  may  be  added,  multiplied,  and  differentiated  within  a  certain 
region  as  if  they  were  absolutely  convergent. 

Poincar^'s  proposition  that  they  asymptotically  represent  the  definite 
integrals  is  included  in  the  fact  of  their  absolute  summability.  The  proof 
is  essentially  the  same  as  that  which  Poincar^  gives.  I 

As  was  stated  at  the  outset,  the  object  of  this  discussion  has  been 
rather  to  make  closer  the  connection  between  the  divergent  normal  series 
and  the  ordinary  integrals  of  the  differential  equation  than  to  obtain  fresh 
knowledge  of  the  integrals  from  the  divergent  series  apart  from  the  known 
integrals.  One  tangible  result,  at  least,  emerges  from  this  reversal  of  the 
procedure  which  begins  with  the  definite  integral,  viz. : — If  two  differential 
equations  with  rational  coefficients,  and  each  of  rank  1,  are  satisfied 
formally  by  one  normal  series,  these  equations  have  a  common  integral, 
even  if  that  series  be  divergent ;  and  consequently,  if  one  equation  be 
irreducible,  the  second  admits  of  all  the  integrals  of  that  one  as  integrals 
of  itself. 


*  V.  Schlesinger,  1. 1.,  }  iix. 

t  r.  Fowyth,  Linear  Diferential  Equatiom,  pp.  319-322. 

X  See  aleOf  Le  Roj,  **  Hteoire  sur  lee  SMes  dir./*  Ann.  de  la  Fae.  tUs  Sci.  is  Toul.^  1900, 
p.  427. 
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Suppose  two  such  equations  to  be  denoted  by  12  and  S,  S  being  irre- 
ducible, and  jR  containing  all  the  integrals  of  S,  and  being  therefore  of 
higher  order  than  8. 

If  the  Laplace  transformations  of  these  two  equations  be  called  U^  V 
respectively,  then  at  least  one  integral  of  V  must  satisfy  U ;  and,  if  7  is 
irreducible,  all  the  integrals  of  V  must  satisfy  U.  In  this  case,  therefore, 
U  must  be  of  higher  order  than  V,  unless  the  equations  are  identical. 

But  the  order  of  the  Laplace  transformation  is  the  degree  of  the  first 
coefficient  in  the  given  equation.  Hence,  if  a  linear  equation  of  rank  1 
with  rational  coefficients  is  irreducible,  and  also  its  Laplace  transformation, 
and  a  normal  series  exists  satisfying  this  equation  and  another  equation  of 
rank  1  with  rational  coefficients,  this  other  equation  must  not  only  be  of 
higher  order,  but  must  have  its  coefficients  of  higher  degree.  In  par- 
ticular, it  follows  that  no  two  equations  of  Laplace's  type,  i.e.,  with  linear 
coefficients,  can  be  satisfied  by  a  common  normal  series. 
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ON  THE  GENERAL  THEORY  OF  TRANSFINITE  NUMBERS 

AND  ORDER  TYPES 

ByE.W.  Hobson. 

[Receiyed  January  26th,  1905.— Baad  Febmaiy  9th,  1905.] 

1.  In  accordance  with  Cantor's  general  theory  of  ordinal  numbers 
and  of  aleph-nombers,  there  exist  two  aggregates 

ly         Of         Of        ...y       fly        ...,     CDy     CO'X'  ly      ...,     (iy     (i*7~l,      ...y     /jf       .  •  .  y. 

N0»  ff|i  ffgy    •••!  Hii»   •••>  Mi»>  Nm^.!}   •••>   Ho»  Wo+li    •••»  N^f   •••  y 

the  first  is  the  aggregate  of  all  ordinal  numbersy  and  the  second  is  that  of 
all  M  cardinal  numbers.  These  aggregates  are  both  normally  ordered 
{wohlgeordnef)  and  are  similar  to.  one  another ;  and  they  contain  respect- 
ively every  ordinal  number,  and  every  cardinal  number  which  belongs  to 
a  normally  ordered  aggregate. 

In  accordance  with  the  principle  which  is  fundamental  in  the  whole 
theory,  that  every  normally  ordered  aggregate  has  a  definite  order  typey 
or  ordinal  number,  and  also  a  definite  cardinal  number,  it  is  seen  that  the 
above  aggregates  have  an  ordinal  number  y  and  a  cardinal  number  Ky 
The  ordinal  number  y  must  itself  occur  in  the  first  aggregate,  and  must 
therefore  be  the  greatest  ordinal  numbery  i.e.,  the  last  element  of  the 
aggregate  ;  moreover  n^  niust  occur  in  the  second  aggregate,  and  must  be 
the  last  element  of  that  aggregate.  There  can,  however,  be  no  last 
ordinal  number ;  for,  on  the  assumption  of  the  existence  of  yy  an  aggreg- 
ate of  ordinal  number  y+1  can  be  formed;  for  examplCy  by  pladng  the 
first  element  of  either  of  the  above  aggregates,  after  y  or  Ky ;  it  can  then 
be  shown  that  there  can  be  no  last  aleph-number  My.  We  have  thus 
arrived  at  a  contradiction. 

Burali  Forti,  who  first  pointed  out  this  contradictioUy*  accounted  for 
it  by  denying  the  truth  of  the  theorem,  that  any  two  distinct  ordinal 
numbers  a^,  a^  must  necessarily  satisfy  one  of  the  relations  ai^a^,  oi^oa, 
in  accordance  with  Cantor's  definition  of  the  meaning  of  these  relations. 


*  JUnd.  del  Cireolo  fnat,  di  Palermo,  Vol.  xi.,   1897,  '*  Una  Qaeatione  nii  Kumeri  Traas- 
finite.'' 
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However,  Cantor's  proofs  of  this  theorem  does  not  appear  to  be  capable  of 
refutation ;  so  that  the  origin  of  the  contradiction  cannot  be  explained  in 
the  manner  indicated. 

B.  Bussell  has  suggested  that  the  aggregates  of  all  ordinal  numbers 
and  of  all  aleph-numbers  are  not  normally  ordered,  and  therefore  that 
these  aggregates  have  no  ordinal  number,  and  that  their  cardinal  number 
is  consequently  not  necessarily  an  aleph-number.  He  admits,  however,  that 
the  segments  of  either  aggregate  are  normally  ordered.  This  explanation 
is  confuted  by  the  argument  duet  to  Jourdain,  that,  if  the  above  aggregates 
are  not  normally  ordered,  then  they  must  contain  parts  of  type  *w ;  such  a 
part  would  then  be  a  part  also  of  a  segment  of  one  of  the  aggregates,  and 
such  segment  would  not  be  normally  ordered. 

The  contradiction  has  been  explained  by  Jourdain,  by  means  of  the 
suggestion  that  there  are  ordered  aggregates  which  have  no  order  type 
and  no  cardinal  number,  and  that  the  above  aggregates  belong  to  such 
class.  To  such  aggregates  he  gives  the  name  inconsistent  aggregates,  in 
virtue  of  the  fact  that  of  such  an  aggregate  it  is  impossible  to  think, 
without  contradiction,  as  a  "  collection  by  the  mind  of  definite,  distinct 
objects  to  a  whole.*'  It  appears  from  a  statement  made  by  Jourdain,! 
that  Cantor  had  himself,  some  years  previously,  arrived  at  the  same  con- 
ception and  name.  In  accordance  with  this  view  of  the  matter  there 
exists  an  ordered  aggregate,  that  of  all  the  ordinal  numbers,  every  segment 
of  which  is  normally  ordered  and  has  a  cardinal  number,  and  yet  the 
aggregate  itself  being  ''  inconsistent "  cannot,  without  contradiction,  be 
thought  of  as  having  an  order  type.  This  amounts  to  a  denial  of  the 
universal  validity  of  the  fundamental  principle  that  every  ordered 
aggregate  has  a  definite  order  type  ;  and  yet  it  is  by  means  of  this  very 
principle  that  the  existence  of  the  successive  ordinal  numbers  is  regarded 
as  having  been  established.  Each  successive  ordinal  number  was  defined 
to  be  the  order  type  of  the  ordered  aggregate  of  all  the  preceding  ordinal 
numbers. 

The  doubt  thus  thrown  upon  the  validity  of  the  principle  by  means  of 
which  the  existence  of  the  complete  series  of  ordinal  numbers,  and, 
simultaneously,  that  of  the  aleph-numbers,  is  established  in  Cantor's 
theory,  naturally  suggests  that  a  further  scrutiny  of  the  foundations  of 
that  theory  is  needed.     It  is  not  clear,  a  priori,  that  an  aggregate  which 


*  Math,  Annaleny  Vol.  zuz.,  p.  215. 

t  Phil.  Mag.,  1904,  *<  On  the  Transfinite  Kumben  of  well-ordered  Aggregates." 
X  Lo€'  at.,  p.  67,  note.    See  also  Hilbert,  Jahrfherickt  der  Deut$eh.  Math,  Vtreinff.,  Vol.  Tzu. 
p.  184. 
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is  inconsistent,  in  the  sense  employed  above,  may  not  be  reached  at  an 
earlier  stage  of  the  process  of  forming  the  successive  classes  of  ordinal 
numbers,  before  the  aggregate  of  all  such  numbers,  in  the  sense  of 
Cantor's  theory,  is  reached.  Moreover,  it  would  seem  reasonable  to  expect 
that  so  fundamental  a  distinction,  as  that  involved  in  the  notion  of  an 
inconsistent  aggregate,  should  be  indicated  in  the  general  definition  of 
an  ordered  aggregate,  or  in  close  connection  therewith.  In  any  case,  an 
explanation  of  the  contradiction  on  these  lines  cannot  be  regarded  as 
satisfactory,  until  criteria  have  been  obtained  which  shall  suffice  to  decide, 
in  respect  of  any  particular  ordered  aggregate,  whether  such  aggregate  has 
an  order  type  and  a  cardinal  number,  or  whether  it  is  an  inconsistent 
aggregate. 

2.  Before  proceeding  to  attempt  the  consideration  of  the  question  how 
far  Cantor's  general  theory  of  ordinal  numbers  and  aleph-numbers  can  be 
accepted  as  sound,  some  remarks  will  be  made  as  to  the  definition  of  an 
aggregate  in  general,  with  a  view  to  discover  whether  it  has,  in  the  form 
given  by  Cantor,  the  requisite  degree  of  precision;  An  attempt  will  then 
be  made  to  decide  what  limitations  or  qualifications  must  be  imposed  upon 
the  nature  of  an  aggregate,  so  that  in  the  development  of  the  theory,  the 
possibility  of  being  confronted  by  such  a  contradiction  as  that  which  was 
pointed  out  by  Burali  Forti  may  be  removed  at  its  source. 

Cantor  has  given  the  following  definition  of  an  aggregate  (Menge)  : — 
"  Menge  ist  jedeZusammenfassung  M  von  bestimmten  wohlunterschiedenen 
Objecten  m  zu  einem  Ganzen,  Af  =  |m[."  The  term  aggregate  being 
thus  taken  as  denoting  a  collection  of  distinct  objects,  in  the  most  general 
sense,  the  difficult  question  arises  as  to  when  the  elements  of  the  aggreg- 
ate can  be  regarded  as  adequately  defined.  In  the  case  of  a  finite 
aggregate,  the  elements  may  be  defined  by  means  of  individual  specifica- 
tion, but  this  is  not  possible  in  the  case  of  a  transfinite  aggregate. 
Individual  specification  must  then,  in  the  latter  case,  be  replaced  by  a  law 
or  a  set  of  laws,  forming  the  norm  by  which  the  aggregate  is  defined. 
The  most  general  definition  which  presents  itself,  as  a  prima  facie  defini- 
tion of  an  aggregate,  is  that  an  aggregate  consists  of  all  objects  each  of 
which  satisfies  certain  specified  conditions.  It  is,  however,  convenient  to 
admit  the  case  of  two  or  more  alternative  sets  of  conditions ;  thus  an 
aggregate  may  contain  all  objects  each  of  which  satisfies  either  the  con- 
ditions A  or  else  one  of  the  sets  of  conditions  B,  C,  ...y  K.  The  conditions 
forming  the  norm  by  which  the  aggregate  is  defined  must  be  of  a 
sufficiently  precise  character  to  make  it  logically  determinate  as  regards 
any  particular  object  whatever,  whether  such  object  does,  or  does  not. 
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belong  to  the  aggregate.  In  such  a  ease  as  the  aggregate  of  prime  num- 
bers, we  may  practically  be  unable  to  decide,  as  regards  a  particular 
number,  whether  that  number  is  a  prime  or  not,  but  we  know  that  the 
question  could  be  settled  by  means  of  a  process  containing  a  finite  number 
of  steps.  On  the  other  hand,  if  we  consider  the  aggregate  of  all  algebraical 
numbers,  we  may  possess  no  present  means  of  deciding,  by  means  of  a 
known  process,  whether  a  particular  number  is  an  algebraical  number  or 
not.  It  would,  however,  be  an  undue  restriction  of  the  conception  of  an 
aggregate,  to  insist  upon  the  possibility  of  actual  determination  by  means 
of  a  known  finite  process,  whether  a  particular  object  satisfies  the  norm  by 
which  the  aggregate  is  defined,  or  not.  We  therefore  agree  to  fall  back 
upon  logical  determinacy  as  sufficient ;  thus,  for  example,  it  is  logically 
determinate  as  regards  a  number  defined  in  any  particular  manner, 
whether  that  number  is  algebraical  or  transcendental,  although  we  possess 
no  perfectly  general  method  of  making  the  actual  determination. 

We  shall  accordingly  define  the  meaning  to  be  attached  to  the  term 
aggregate  as  follows  : — 

All  objects  which  are  stick  as  to  satisfy  a  prescribed  norm  are  said 
to  belong  to  an  aggregate  defined  by  that  norm.  TJie  norm  consists  of 
a  set  of  specified  conditions,  or  of  a  specified  set  of  alternative  specified 
conditions,  and  must  be  sufficient  to  render  it  logically  determinate,  as 
regards  any  particular  object  whatever,  whether  that  object  belongs  to 
the  aggregate  or  not. 

In  the  case  of  a  finite  aggregate,  the  norm  may  take  the  form  of 
individual  specification  of  the  objects  which  form  the  aggregate. 

8.  It  is  not  clear  that  an  aggregate,  defined  in  the  above  sense,  is 
necessarily  capable  of  being  ordered  at  all.  For  example,  it  is  difficult  to 
see  that  such  an  aggregate  as  that  of  '*  all  propositions  "  could  conceivably 
be  ordered  ;  it  being  assumed  that  the  meaning  of  the  word  '*  proposition  '' 
is  taken  as  so  definite  that  this  aggregate  has  a  norm,  in  accordance  with 
the  definition  above.  Again,  to  take  an  example  among  aggregates  of  the 
kind  usually  considered  in  mathematical  theory,  we  may  consider  the 
aggregate  obtained  by  covering  (Belegung)  the  aggregate  of  real  numbers 
by  itself;  this  aggregate,  which,  according  to  Cantor,  has  the  cardinal 
number  f=cf^,  is  equivalent  to  the  aggregate  of  all  functions  of  a  real 
variable :  it  is  difficult,  if  not  impossible,  to  see  how  order  could  be 
imposed  upon  this  aggi*egate.  If,  then,  a  transfinite  aggregate  is  to  be 
given  as  an  ordered  aggregate,  or  is  to  have  an  order  imposed  upon  it,  it 
would  appear  to  be  necessary  that  the  norm  which  constitutes  the  defini- 
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tion  of  the  aggregate  should  be  of  such  a  character  that  a  principle  of 
order  is  contained  therein,  or  can  at  all  events  be  adjoined  thereto ;  so 
that,  when  any  two  particular  elements  are  considered,  the  conditions 
which  they  satisfy  in  virtue  of  their  belonging  to  the  aggregate,  when 
individualized  for  the  particular  elements,  may  be  sufficient  also  to  assign 
relative  rank  to  those  elements  in  accordance  with  a  principle  of  order. 
This  is,  in  fact,  the  case  in  such  aggregates  as  those  of  the  integral 
numbers,  the  rational  numbers,  or  the  real  numbers.  In  the  case,  for 
example,  of  the  positive  rational  numbers,  defined  in  accordance  with  the 
arithmetic  theory  as  associations  of  pairs  of  integers,  the  relative  rank  of 
any  two  particular  elements  {p,  q),  {p\  q')  is  assigned  by  the  system  of 
postulations  which  defines  the  aggregate.  It  may,  of  course,  also  be 
possible  in  other  cases,  as  in  this  one,  to  re-order  the  aggregate  in 
accordance  with  some  other  law  eztrinsically  imposed  upon  the  aggregate ; 
but  the  nature  of  the  elements  must  be  such  that  this  is  possible. 
We  can  now  state  that : — 

In  order  that  a  transfinite  aggregate,  defined  as  in  §  2,  may  he 
capable  of  being  ordered,  a  principle  of  order  must  be  explicitly  or 
implicitly  contained  in  the  norm  by  which  the  aggregate  is  defined. 

In  the  definition  of  the  order  type  of  an  aggregate,  given*  by  Cantor, 
according  to  which  the  order  type  is  obtained  by  making  abstraction  of 
the  particular  nature  of  the  elements  of  the  aggregate,  the  conception  of 
their  order  being  retained,  it  is  assumed  that  the  aggregate  is  given  as  an 
ordered  one.  Again,  Cantor  has  defined  a  cardinal  number  as  the  notion 
which  remains,  when,  by  help  of  our  mental  activity,  we  make  abstraction 
of  the  nature  of  the  elements  of  an  aggregate,  and  of  the  order  in  which 
they  are  given.  Here  the  question  arises  whether  the  definition  of 
cardinal  numbers  should  not  also  be  applicable  in  the  case  of  aggregates 
which  are  not  given  as  ordered  aggregates.  Cantor  has  himself,  in  fact, 
in  his  theory  of  exponentials  which  involve  transfinite  numbers,  con- 
templated certain  aggregates  as  having  cardinal  numbers,  whilst  such 
aggregates  are  not  given  as  ordered  aggregates,  and,  prima  facie,  at  least, 
are  not  capable  of  being  ordered. 

The  relative  order  of  any  two  elements  of  a  transfinite  ordered  aggreg- 
ate is  determined  by  the  individual  characteristics  of  those  elements 
(including,  when  relevant,  their  positions  in  space  or  time),  subject  to 
the  defining  norm.  If  then,  complete  abstraction  be  made  of  the  nature 
of  the  elements,  they  become  indistinguishable  from  one  another,  and 

*  Math.  Amtalm,  Vol.  xx.ti.,  p.  497. 
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order  in  the  aggregate  is  thereby  obliterated  ;  all  relation  to  the  norm  by 
wbieh  the  original  aggregate  was  defined  having  disappeared. 

4.  Taking  the  case  of  an  aggregate  defined  as  an  ordered  aggregate, 
we  now  approach  the  consideration  of  the  fundamental  question  whether, 
and  under  what  conditions,  if  any,  such  an  aggregate  can  be  regarded  as 
having  a  definite  order  type  and  a  definite  cardinal  number.  This  is 
equivalent  to  asking  whether,  or  when,  meaning  can  be  given  to  these 
terms,  of  such  a  character  that  they  can  be  treated  as  denoting  permanent 
objects  for  thought,  or  as  mathematical  entities  which  may  themselves  be 
elements  in  aggregates. 

There  are  two  distinct  methods  of  establishing*  the  existence  of  a  class 
of  mathematical  entities  : — 

(1)  Their  existence,  as  definite  objects  for  thought,  may  be  shown  to 
follow  as  a  logical  consequence  of  the  existence  of  other  entities  alrieady 
recognized  as  existing,  or  of  principles  already  recognized  as  valid  ;  thus 
the  existence  of  the  new  entities  in  question  cannot  be  denied  without 
coming  into  contradiction  with  truths  already  known.  This  method  may 
be  termed  the  genetic  method. 

(2)  The  existence  of  the  entities  may  be  postulated ;  their  mutual 
relations  and  their  relations  with  other  entities  being  defined  by  means 
of  a  complete  system  of  definitions  and  postulations.  Accordingly,  the 
objects  in  question  are  a  free  creation  of  our  mental  activity.  The  validity 
of  the  scheme  thus  set  up  is  established  when  it  is  shewn  to  be  free  from 
internal  contradiction  and  from  contradiction  with  other  known  truths. 
Its  utility  is  to  be  judged  by  its  applicability  to  the  general  purposes  of 
the  science,  and  the  light  it  may  throw  upon  the  fundamental  principles 
of  that  science,  in  virtue  of  the  scheme  containing  a  generalization  of  what 
was  previously  known.  This  method  may  be  termed  the  method  of 
postulation. 

Both  these  methods  have  been  employed  by  Cantor  in  his  theory  of 
transfinite  numbers  and  order  types.  In  his  earlier  treatment  of  the 
subject  he  employed  the  second  of  the  above  methods.  The  existence 
of  the  new  number  a>,  and  of  the  other  limiting  numbers  of  the  second 
class,  was  postulated  in  accordance  with  his  second  principle  of  generation 
(Erzeugungsprmzip).  Freedom  from  contradiction,  and  utility  in  con- 
nection with  the  theory  of  sets  of  points,  which  suggested  the  postulations, 
were  relied  upon  as  the  grounds  upon  which  the  scheme  of  new  numbers 

""  See  Hilbert,  Jakr4sb0rieht  d.  d$uU4h,  maih.  r$nmg.^  Vol.  Tm.,  p.  180. 
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was  to  be  justified.    The  first  number  O,  of  the  third  class,  was  introduced 
by  a  new  postulation. 

In  his  later  and  more  abstract  treatment  of  the  subject,  Cantor  applied 
the  genetic  method.  The  existence  of  the  number  m  is  not  directly 
postulated,  but  is  taken  to  follow  from  the  existence  of  the  aggregate  {n\ 
of  integral  numbers ;  m  is  defined  to  be  the  order  type  of  this  aggregate, 
and  it  is  assumed  that  such  order  type  is  a  definite  object  which  can  itself 
be  an  element  of  an  aggregate.  The  existence,  as  definite  entities,  of  the 
cardinal  numbers  being  assumed,  the  successive  ordinal  numbers  of  the 
successive  classes  are  obtained,  by  assuming  the  general  principle  that  an 
ordered  aggregate  necessarily  possesses  a  definite  order  type  which  can  be 
regarded  as  an  object,  viz.,  the  ordinal  number  coming  immediately  after 
all  those  which  are  the  elements  of  the  aggregate  of  which  it  is  the 
order  type. 

5.  It  has  been  seen  above  that  the  assumptions  that  an  ordered  aggreg- 
ate necessarily  possesses  a  definite  order  type  and  a  definite  cardinal 
number,  which  can  be  treated  as  objects,  lead  to  the  contradiction  pointed 
out  by  Burali  Forti.  It  appears,  therefore,  that  the  classes  of  entities,  the 
ordinal  numbers  of  all  classes,  and  the  similar  aggregate  of  aleph-numbers, 
do  not  satisfy  the  condition  of  being  subject  to  a  scheme  of  relations 
which  is  free  from  contradiction.  In  fact,  the  principle  in  accordance  with 
which  their  existence  is  inferred  is  in  conflict  with  the  definition  of  the 
aggregates,  as  containing  every  ordinal  number,  or  every  aleph-number. 
It  would  then  appear  that  the  genetic  process,  which  led  to  the  definition 
of  all  ordinal  numbers  and  of  all  aleph-numbers,  cannot  be  a  valid  one. 
Thus,  the  principle  that  every  ordered  aggregate  has  a  definite  order  type 
which  may  be  regarded  as  a  permanent  object  for  thought  cannot  be 
accepted  as  a  universal  principle  to  be  used  in  a  genetic  mode  of  establish- 
ment of  the  existence  of  a  class  of  entities.  A  denial  of  the  validity  of 
this  principle  does  not,  however,  preclude  the  less  ambitious  procedure 
of  postulating  the  existence  of  definite  ordinal  numbers  of  a  limited 
number  of  classes,  in  accordance  with  Cantor's  earlier  method.  So  long 
as  the  postulation  of  the  existence  of  ordinal  numbers  does  not  go  beyond 
some  definite  point,  no  contradiction  will  arise,  and  the  utility  of  the 
scheme,  for  purposes  of  representation,  will  suffice  to  justify  the  postula- 
tions  which  have  been  made.  An  attempt  to  examine  the  structure  of 
such  a  class  of  ordinal  numbers  as  that  of  the  a>-th  class,  with  cardinal 
number  m«,  or  that  of  the  0-th  class,  with  cardinal  number  Mq,  will  lead 
to  the  conviction  that  such  conceptions  are  unlikely  to  be  capable  of  useful 
application   in    any   branch   of   analysis  or   geometry   for   purposes  of 
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representation.  Nevertheless,  in  case  inexorable  logic  compelled  us  to 
contemplate  the  existence  of  such  classes  of  objects,  they  would  form  a 
very  proper  field  of  exploration ;  we  have,  however,  seen  that  there  are 
grave  doubts  as  to  whether  this  is  the  case. 

6.  The  genetic  method  being  rejected  on  the  ground  that  it  leads  to 
the  construction  of  a  class  of  entities  which,  in  its  entirety,  can  have  no 
existence,  we  have  to  fall  back  upon  the  method  of  postulation.  A  con- 
sideration of  the  essential  elements  in  the  conceptions  which  lie  at  the 
base  of  the  scheme  of  finite  integral  numbers  may  afford  guidance  as  to 
how  far  we  may  properly  proceed  in  the  construction,  by  postiilation,  of 
transfinite  ordinal  numbers  of  successive  classes.  The  ordinal  numbers 
of  any  one  particular  class  are  those  which  belong  to  rearrangements  of 
the  elements  of  an  aggregate  of  which  the  order  type  is  the  lowest  number 
of  that  class.  We  may,  therefore,  consider  primarily  the  lowest  numbers 
of  the  classes  of  which  the  cardinal  numbers  are  Mq,  Nj,  Ng,  ...  respectively. 
A  finite  ordinal  number  is  characteristic  of  a  class  of  aggregates  all  of 
which  are  similar  to  one  another,  and  a  finite  cardinal  number  is  char- 
fM^teristic  of  a  class  of  aggregates  all  of  which  are  equivalent  to  one 
another ;  thus,  in  both  cases,  the  notion  of  correspondence  between  the 
elements  of  different  aggregates  is  an  essential  factor  in  the  idea  of 
number.  The  number  of  each  of  a  class  of  similar  or  of  equivalent 
aggregates  is  considered  to  be  a  definite  object.  The  relation  of  this 
object  to  any  member  of  the  class  of  which  it  is  oharacteristio  may  be 
illustrated  by  the  relation  of  the  colour  red  to  a  particular  red  object. 

The  existence  of  a  particular  number  does  not  follow  as  a  mere  logical 
consequence  of  the  existence  of  the  preceding  numbers,  but  from  the 
existence  of  the  class  of  aggregates  of  which  it  is  characteristic,  the 
relation  between  different  aggregates  cii  the  class  being  that  of  (1,  1) 
correspondence.  In  the  genetic  method,  as  applied  to  the  construction 
of  the  whole  series  of  classes  of  transfinite  ordinal  numbers,  this  notion 
of  correspondence  plays  no  part ;  in  fact,  the  existence  of  a  number  is 
constantly  inferred  from  that  of  a  single  unique  ordered  aggregate.  For 
example,  the  existence  of  O  and  of  ^9l  is  inferred  from  the  existence  of  the 
single  aggregate  of  numbers  of  the  first  and  second  classes.  Generally,  in 
tiie  whole  scheme,  the  existence  of  a  new  number  is  inferred  from  the 
existence  of  that  unique  aggregate  which  contains  the  preceding  ordinal 
numbers.  That  this  procedure  leads  to  contradiction  has  been  already 
seen.  The  transfinite  numbers  must  be  regarded  as  obtained  or  defined 
in  accordance  with  the  same  principles  as  obtain  in  the  case  of  the  finite 
numbers,  if  they  are  to  be  regarded  as  numbers,  even  in  an  extended 
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sense  of  the  term.  It  seems,  then,  highly  probable  that  the  negleet  of 
the  principle,  that  correspondence  between  similar  or  between  equivalent 
aggregates  is  essential  to  our  right  to  consider  the  numbers  belonging  to 
aggregates  as  definite  entities,  may  be  the  source  of  the  contradiction  which 
arises  from  the  thorough-going  application  of  the  genetic  method  which 
leads  to  Cantor's  complete  series  of  ordinal  numbers  and  aleph-numbers. 
In  accordance  with  this  view  of  the  nature  of  number,  finite  or  transfinite, 
the  postulation  of  the  existence  of  a  definite  entity,  which  entity  shall  be 
entitled  to  be  regarded  as  a  number,  is  only  justified  when  it  is  shown 
that  other  aggregates  exist  besides  the  aggregate  which  consists  of  the 
preceding  ordinal  numbers,  of  which  other  aggregates  the  postulated 
number  is  the  characteristic  number.  Thus  the  postulation  of  the 
numbers  a>  and  Nq  requires  for  its  justification  the  exhibition  of  other 
aggregates  besides  { n  [ ,  that  of  all  finite  numbers ;  in  this  case  &e  re- 
quirement is  satisfied  by  the  definition  of  sets  of  points  or  of  other 
geometrical  objects,  and  thus  there  really  exists  a  class  of  aggregates 
which  are  all  similar  to  the  ordered  aggregate  1,  2,  8,  ...,  n, ... ;  and  hence 
the  postulated  order  type  a>  and  the  postulated  cardinal  number  h^  are 
really  entitled  to  rank  as  ordinal  and  cardinal  numbers  respectively. 
When  we  consider  the  ordinal  number  Q,  and  the  cardinal  number  H^,  the 
state  of  the  case  is  very  different.  In  order  that  the  existence  of  O  might 
be  on  a  parity  with  that  of  o),  it  would  require  to  be  shown  that  it  is 
possible  to  define  a  set  of  objects,  say  points  of  the  linear  continuum^ 
which  should  be  such  that  to  each  prescribed  ordinal  number  of  the  second 
class  there  corresponds  a  definite  point  of  the  continuum,  i.e.,  to  show  that 
a  norm  is  possible  which  would  define  a  set  of  points  of  order  type  O. 
This  has  hitherto*  not  been  accomplished,  nor  have  aggregates  having  any 
of  the  cardinal  numbers  Mg,  Mat  ...  been  defined  by  means  of  definite  sets 
of  rules.  If  it  be  urged  that  the  postulation  of  the  existence  of  the  order 
type  O,  and  of  the  corresponding  cardinal  number  Hi,  does  not  of  itself  lead 
to  contradiction,  it  may  be  replied  that  such  postulation  does  not  entitle 
O  and  Hi  to  rank  as  numbers  in  the  sense  in  which  a>  and  Hq  are  numbers ; 
for  in  the  latter  case  the  essential  elements  in  the  original  conceptions 
of  ordinal  and  cardinal  numbers  are  all  present,  whereas  this  has  not  been 
shewn  to  be  true  of  O  and  Mi.  Moreover,  the  postulation  of  the  existence 
of  O  and  Mi,  if  it  does  not  of  itself  lead  to  contradiction,  can  only  be  made 
by  means  of  a  principle  which,  when  applied  systematically,  certainly 
leads  to  contradiction.     In  accordance  with  the  criterion  laid  down  above. 


*  An  attempt  to  deflna  a  set  of  points  of  oazdinal  number  Ni  baa  been  made  bj  O.  H. 
Haidy ;  this  wffl  be  oritldaed  in  f  12. 
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Ml,  H^  ...  cannot  at  the  present  time  be  regarded  as  definite  entities,  and 
could  not  be  regarded  as  in  any  true  sense  numbers,  even  if  any  meaning 
could  be  assigned  to  them. 

It  may  conceivably  turn  out,  in  the  future,  to  be  possible  to  justify  the 
postulation  of  certain  of  the  numbers  Mi,  Mg,  ...  with  the  classes  of  ordinal 
numbers  which  would  belong  to  them  ;  it  will,  however,  certainly  never  be 
possible  to  do  this  for  the  whole  class  [Hfi],  where  fi  is  any  ordinal 
number  of  the  aggregate  of  all  ordinal  numbers,  in  accordance  with 
Cantor's  complete  scheme,  because  such  postulation  leads  to  unavoidable 
contradiction.  The  setting  up  of  a  scale  of  standards,  to  which  standards 
no  aggregates  not  consisting  of  the  preceding  numbers  conform,  involving 
as  it  does  the  employment  of  sphinx-like  aggregates,  to  each  of  which  no 
other  aggregate  can  be  shown  to  be  similar,  would,  a  priori,  appear  to  be 
ah  illegitimate  extension  of  the  notion  of  number,  from  which  an  essential 
element  had  dropped  out,  and,  a  posteriori,  it  has  been  shown  to  lead  to 
contradiction. 

It  may  be  urged  that  no  contradiction  would  ensue  if,  in  single  in- 
stances, the  existence  of  order  types  and  powers,  considered  as  definite 
entities,  were  postulated  for  aggregates  of  the  unique  character  referred 
to  above.  But,  if  this  were  done,  such  order  types  and  powers  would  not 
be  entitled  to  rank  as  numbers,  and  such  sporadic  creations  would  be  of 
no  importance  in  mathematical  theory.  Systematic  postulation  of  this 
character  is  just  what  has  been  shown  to  lead  to  a  self-contradictory 
scheme  of  entities,  and  is  therefore  illegitimate. 

7.  A  cardinal  number  has  been  defined  *  by  B.  Russell  to  be  a  class 
of  equivalent  aggregates.  It  may  then  be  urged  that  such  class  may 
contain  only  one  member,  and  that  this  is  sufficient  for  the  existence  of 
the  cardinal  number.  In  fact,  Bussell  infers  f  the  existence  of  the  number 
9»+l  from  the  mere  existence  of  the  numbers  0,  1,  2,  . . .,  n.  In  accordance 
with  the  view  here  advocated,  this  definition,  or  any  other  one  which  allows 
the  existence  of  a  cardinal  number  to  be  inferred  solely  from  the  existence 
of  a  unique  aggregate,  to  which  no  other  aggregates  have  been  shown  to 
be  equivalent,  must  be  rejected.  Bussell  objects!  to  the  conception  of  a 
number  as  the  common  characteristic  of  a  family  of  equivalent  aggregates, 
on  the  ground  that  there  is  no  reason  to  think  that  such  a  single  entity 
exists,  with  which  the  aggregates  have  a  special  relation,  but  that  there 
may  be  many  such  entities.  The  mind  does,  however,  in  point  of  fact,  in 
the  case  of  finite  aggregates  at  least,  recognize  the  existence  of  such  single 

*  FrineiplM  of  Mathematict,  VoL  i.,  p.  111-116. 
t  Ibid,  p.  497.  t  IM*  P-  H4. 
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entity,  the  number  of  the  aggregates ;  and  this  is  a  valid  result  of  our 
mental  activity,  subject  to  the  law  of  contradiction.  Since  Russell 
apparently  regards  the  activities  of  the  mind  as  irrelevant  in  questions  of 
existence  of  entities,  his  view,  and  the  one  here  advocated,  do  not  rest  upon 
common  premisses.  An  advantage  claimed  for  the  view  here  supported, 
over  that  of  Bussell,  is  that  it  does  not  lead  to  such  a  contradiction  as  that 
pointed  out  by  Burali  Forti. 

The  definition  of  cardinal  number,  by  abstraction,  which  Cantor  employs, 
can  be  justified  only  by  the  interpretation,  that  abstraction  is  made  only 
of  those  characteristics  in  which  the  elements  of  the  aggregate  difler  from 
the  corresponding  elements  of  equivalent  aggregates.  The  partial  abstrac- 
tion will  then  consist  in  taking  the  cardinal  number  to  be  the  common 
characteristic  of  all  such  equivalent  aggregates.  To  make  a  complete 
abstraction  of  the  nature  of  the  elements  of  a  transfinite  aggregate  would 
remove  the  relation  with  the  cardinal  number. 

8.  The  conclusions  at  which  we  have  arrived  in  the  course  of  the  above 
discussion  may  now  be  summarized  as  follows  : — 

(1)  The  aggregates 

o»     V  •••»  •'^»»  •••»    ••»  ^w+i*  •••»  •'o>  •••>  ^^>  ••• 

of  all  ordinal  numbers,  and  of  all  aleph-numbers,  in  the  sense  in  which 
Cantor  contemplates  them,  have  no  existence.  Their  existence  cannot  b^ 
established  without  the  assumption  of  the  principle  that  every  normally 
ordered  aggregate  necessarily  has  a  definite  order  type  and  a  definite 
cardinal  number  which  can  themselves  be  regarded  as  objects  capable 
of  being  elements  of  an  aggregate.  This  principle  leads  to  contradiction, 
and  must  therefore  be  rejected  as  not  being  a  universally  valid  truth. 

(2)  Of  the  aleph-numbers,  the  postulation  of  the  existence  of  n^  has 
hitherto  alone  been  justified,  by  showing  that  it  is  possible  to  define 
aggregates  consisting  of  objects  other  than  the  ordinal  numbers  them- 
selves, of  which  it  is  the  characteristic  cardinal  number.  The  numbers 
09,  09+1,  ...,  (0.2,  ...,  a?,  ...  of  the  second  class  exist;,  but  it  has  not  yet 
been  shewn  that  the  totality  of  all  these  numbers,  taken  in  order, 
has  a  definite  order  type,  or  a  cardinal  number.  To  do  this  it  would 
be  necessary  to  shew  that  a  finite  set  of  rules  can  be  set  up  which  will 
suffice  to  define  a  definite  object  corresponding  to  each  ordinal  number 
of  the  second  class. 

(8)  The  existence  of  individual  aleph-numbers.  other  than  H^,  with 
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the  classes  of  ordinal  numbers  belonging  to  them,  may,  in  the  future, 
possibly  be  established,  but  it  is  not  possible  that  this  should  be  done 
beyond  some  definite  point. 

It  may  be  observed  that  an  aggregate  which  consists  wholly  of  distinct 
physical  objects  which  do  not  penetrate  one  another,  must  be  enumerable 
(abzdhlhar),  for  each  such  object  occupies  some  finite  volume  in  space; 
and  it  has  been  shewn  by  Cantor  that  any  set  of  non-overlapping  portions 
of  space  is  enumerable.  It  follows  that  the  objects  in  an  unenumerable 
aggregate  must,  with  the  possible  exception  of  an  enumerable  component 
of  the  aggregate,  consist  of  ideal  or  abstract  objects. 

9.  The  regarding  of  a  collection  as  a  "  whole  "  has  been  emphasized 
by  Cantor  as  essential  to  the  notion  of  an  aggregate.  It  is  no  doubt  true 
that,  in  a  certain  sense,  every  logical  class,  or  every  aggregate  as  defined 
in  §  2,  forms  a  whole,  as  being  dominated  by  a  norm  ;  but,  for  the 
purposes  of  mathematical  science,  the  important  question  is  under  what 
circumstances  such  an  aggregate  may  be  regarded  as  having  a  definite 
cardinal  number,  and,  if  ordered,  a  definite  order  type.  An  attempt 
has  been  made  above  to  answer  this  question  in  the  case  of  normally 
ordered  aggregates ;  the  answer  in  the  case  of  other  aggregates  would 
be  on  the  same  lines. 

Ordered  aggregrates  have  been  defined  which  are  not  normally  ordered  ; 
Bud  of  such  aggregates  the  most  important  is  the  arithmetic  con- 
tinunm  defined  as  of  the  order  type  6,  considered*  in  detail  by  Cantor. 
That  d  is  a  definite  object,  with  a  corresponding  definite  cardinal 
number  c,  must,  as  has  already  been  pointed  out,  be  regarded  as  a 
poBtulation  subject  to  the  law  of  contradiction.  It  is  known  that  a  class 
of  aggregates  exists  which  are  similar  to  the  linear  continuum,  and 
thus  conform  to  the  type  d,  and  have  c  as  their  common  cardinal 
number ;  this  is  in  accordance  with  the  regulative  principle  which  we 
have  maintained  to  be  essential  to  justify  our  regarding  c  as  a  number. 

As  has  been  already  remarked,  aggregates  may  be  defined  which  are 
unordered.  In  such  cases  no  question  arises  as  to  the  existence  of  an 
order  type,  but  there  is  no  reason  why  such  aggregates  should  not  have 
cardinal  numbers,  provided  that  in  the  case  of  such  an  aggregate,  equi- 
valent aggregates  can  be  found  of  which  the  cardinal  number  in  question 
is  the  common  characteristic.  The  aggregates  of  which  the  cardinal 
number  is   (f=f  are  an  example  of  this  species  of  aggregate.      Two 


*  MtUh,  Amnmlm,  VoL  XLVi.,  p.  610. 
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aggregates  which  have  been  independently  defined  are  not  necessarily 
comparable  with  one  another  as  regards  either  order  type  or  cardinal 
number.  It  cannot  be  assumed  a  priori  that  the  cardinal  number  of 
one  of  them  is  necessarily  either  greater  than,  equal  to,  or  less  than  that 
of  the  other,  in  the  sense  in  which  these  relations  are  defined  in  the 
theory.  Further,  it  cannot  be  assumed  that  an  ordered  aggregate  sneh 
as,  for  example,  the  continuum,  is  necessarily  capable  of  being  normally 
ordered.  There  is,  as  we  have  seen,  no  convincing  reason  for  thinking 
that  any  unenumerable  aggregate  is  capable  of  being  normally  ordered. 
Two  aggregates  of  abstract  objects,  which  have  been  independently 
defined,  belong,  no  doubt,  to  the  same  universe  of  thought ;  but,  never- 
theless, any  particular  category  of  relations  may  be  too  narrow  to  formulate 
any  nexus  between  the  two  systems,  so  that  it  is  conceivable  that,  so  far 
as  such  relations  as  those  of  order  and  cardinal  number  are  ooncemed* 
the  two  aggregates  may  be  completely  isolated  from  one  another. 

10.  In  some  proofs  of  theorems  which  have  been  given  by  writers 
on  this  subject,  which  proofs  have  for  their  object  the  establishment 
of  relations  of  inequality  or  equality  of  cardinal  numbers,  aggregates  are 
employed,  the  elements  of  which  are  regarded  as  being  successively 
defined  by  an  endless  series  of  separate  acts  of  choice.  When  we  leave 
the  region  of  the  finite,  it  would,  however,  appear  that  we  have  passed 
beyond  the  region  in  which  definitions  by  arbitrary  acts  of  ehoiee  can 
be  regarded  as  adequate  specifications  of  definite  objects ;  the  ezistenoe 
of  a  norm  would  appear  to  be  essential  to  our  right  to  regard  an  aggregate 
as  really  defined,  and  therefore  to  justify  our  making  use  of  the 
conception  of  such  an  aggregate  in  the  proof  of  a  theorem.  The  point 
may  be  illustrated  by  a  discussion  given*  by  P.  Du  Bois  Beymondt 
in  which  he  contemplates  the  existence  of  a  number  represented  by 
a  non-terminating  decimal  in  which  the  figures  are  determined  by  no 
law.  He  contemplates  that  each  figure  in  the  decimal  may  be  fixed 
by  a  throw  of  dice,  and  rejects  the  conception  of  such  a  decimal  (ewig 
gesetzloses  Decimal)  as  representing  a  real  number.  A  non-finite,  or 
endless,  process  can  be  Conceived  of  as  a  completed  whole,  only  when  it  is 
subject  to  some  kind  of  norm ;  thus  a  non-terminating  decimal  represents 
a  number,  only  under  the  presupposition  that  a  set  of  rules  can  be 
given  which  suffice  to  determine  the  figure  which  occupies  any  assigned 
place  in  the  decimal.    In  general,  the  proof  of  the  possibility  of  giving 

*  AUfmmnm  I^meHommUhtoris,  p.  91. 
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a  norm  is  required  before  an  aggregate  of  any  particular  character  can 
be  contemplated  as  existing,  or  can  be  legitimately  made  use  of  in 
a  demonstration. 

Cantor,  in  his  proof  that  Mq  is  less  than  any  other  transfinite  cardinal 
number,  has  assumed  that  it  is  possible  to  pick  out  of  any  given  transfinite 
aggregate  an  enumerable  component.  This  proof  can  only  be  accepted 
as  vidid  in  case  it  is  possible  to  define  an  enumerable  component  of 
the  aggregate  in  question.  In  a  large  class  of  cases — ^possibly  in  all 
which  are  of  importance  in  mathematical  theory — ^this  condition  can  be 
satisfied :  for  example,  in  the  case  of  the  continuum.  In  the  aggregate 
of  ''all  propositions,"  for  example,  the  enumerable  component  may  be 
taken  to  be  that  aggregate  of  propositions  which  asserts  the  existence 
of  the  numbers  1,  2,  8,  .... 

O.  H.  Hardy  has  extended  *  Cantor's  method,  for  the  purpose  of  shew- 
ing that  every  transfinite  cardinal  nimiber  is  either  an  aleph-number,  or 
is  greater  than  all  the  aleph-numbers  ;  and,  in  particular,  2^^  =  c  ^  Mf 
The  proof  runs  as  follows : — ^Having  given  an  aggregate  whose  cardinal 
number  is  >  Mo*  we  can  choose  from  it  successive  individuals 

Ux,  tlj,  . . . ,  Ktof  ...»  tt/l>  ... 

corresponding  to  all  the  numbers  of  the  first  and  second  classes  ;  if 
the  process  came  to  an  end,  the  cardinal  number  would  be  Ho-  ^^ 
cardinal  number  is  therefore  ^  Ni  ;  and,  if  >  n^,  it  is  ^ »« ;  and  so 
on.  And,  if  >  k*,  for  all  finite  values  of  n,  it  must  be  ^  n«  ;  for  we 
can  choose  individuals  from  the  aggregate  corresponding  to  all  the 
numbers  of  the  first,  second,  . . . ,  n-th,  . . .  classes.  And,  by  a  repetition 
of  these  two  arguments,  we  can  shew  that,  if  there  is  no  »/§  equal  to 
the  cardinal  number  of  the  aggregate,  it  must  be  at  least  equal  to  the 
cardinal  number  of  the  aggregate  of  the  »/§,  and  so  is  greater  than 
any  n^. 

Apart  altogether  from  the  question  as  to  what  constitutes  all  the 
aleph-numbers,  this  argument  could  only  be  made  valid  if  it  were  shewn 
how  the  successive  individuals  t^,  iis»  *.*>  t^/i>  ..•  are  to  be  defined  by 
means  of  some  norm,  and  also  how  the  individuals  of  the  aggregate 
which  may  correspond  to  the  numbers  of  the  first,  second,  . . . ,  n-th,  . . . 
classes  can  be  assigned  by  a  norm.  The  process  can  neither  come  to 
an  end,  nor  be  regarded  as,  in  any  sense,  a  completed  one,  unless  this 
has  been  done. 


^  QtUNTttrfy  Jourmii  tf  Math.,  Vol.  zzxr.,  1903,  p.  88. 
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11.  Two  proofs  have  been  advanced,  that  every  cardinal  number  is 
necessarily  an  aleph-nomber  ;  this  is  equivalent  to  the  statement  that 
every  aggregate  which  has  a  cardinal  number  can  be  normally  ordered. 
If  these  proofs  could  be  accepted  as  valid »  the  particular  theorem  would 
be  established,  that  the  arithmetic  continuum  is  capable  of  being  normally 
ordered ;  and  the  only  question  which  would  remain  open,  as  regards  this 
aggregate,  would  be  as  to  which  particular  aleph-number  is  the  cardinal 
number  of  the  continuum. 

The  first  of  these  proofs,  that  of  Jourdain/  is  founded  on  the 
assumption  that,  if  a  cardinal  number  is  greater  than  every  aleph,  there 
must  be  a  part  of  the  aggregate  to  which  this  cardinal  number  belongs 
which  can  be  made  to  have  a  (1, 1)  correspondence  with  the  '^ inconsistent" 
aggregate  of  all  the  ordinal  numbers  arranged  in  normal  order.  This 
assumption  is  regarded  as  justified  by  the  process  of  mft-lring  the 
successive  elements  of  the  aggregate  of  ordinal  numbers  correspond  to 
elements  of  the  given  aggregate ;  it  is  then  argued  that,  if  this  process 
comes  to  an  end,  the  cardinal  number  of  the  aggregate  is  an  aleph,  and,  if  it 
does  not  come  to  an  end,  the  given  aggregate  must  contain  as  a  part 
the  *'  inconsistent "  aggregate  of  all  the  ordinal  numbers ;  thus  in  the 
latter  case  the  aggregate  is  inconsistent,  and  has  no  cardinal  number. 

The  objection  to  this  proof  is  of  the  nature  which  has  been  already 
stated,  viz.,  that  no  norm  is  forthcoming  by  which  the  correspondence 
in  question  is  defined  ;  and,  in  default  of  such  norm,  there  is  no  meaning 
in  speaking  of  an  essentially  endless  process  as  a  completed  one,  or 
as  having  come  to  an  end. 

In  the  second  proof,  duet  to  E.  Zermelo,  no  account  is  taken  of  the 
possibility  that  an  aggregate  may  have  no  cardinal  number,  or  of  the 
existence  of  ''  inconsistent "  aggregates.  The  proof,  which  is  funda- 
mentally of  a  similar  character  to  that  of  Jourdain,  is  represented  as 
demonstrating  that  every  aggregate  can  be  normally  ordered,  and  thus 
has  an  aleph  as  its  cardinal  number. 

It  is  assumed  that  in  each  part  M'  of  a  given  aggregate  ilf,  one 
element  m*,  called  the  special  {ausgezeichnetes)  element  of  M\  can  be 
chosen.  A  part  M'  must  contain  one  element  of  M  at  least,  and  may 
contain  all  the  elements  ;  and  the  aggregate  jAf'}  of  all  parts  of  M  is 
considered.  Each  element  ilf'  of  { M'  [ ,  corresponds  to  a  special  element 
which  belongs  to  M\  and  this  particular  mode  of  covering  the  elements 
of  [M*]  by  elements  of  M,  is  called  a  "covering''  y;  the  employment 
of  a  particular  "covering"  y  is  essential  to  the  proof.     A  y-aggregate 

*  Fha.  Mug.,  JanoAzy,  1904,  pp.  67,  70. 

t  Mmth.  Aimalm,  Vol.  ZJZ,  1904,  <*  Beweii,  daas  jede  Menge  wohlgeordnet  wezden  kann.*' 
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is  then  defined  as  follows  : — Let  AT,  be  a  normally  ordered  aggregate 
consisting  of  different  elements  of  Jf ,  such  that,  if  a  is  any  arbitrarily 
chosen  element  of  Jfy,  and  A  is  the  segment  {Ahschmtt)  of  Afy  defined  by 
a,  which  segment  consists  of  all  the  elements  of  My  which  precede  A^ 
then  a  is  always  the  special  element  of  M—A.  Every  such  aggregate 
My  is  a  y-aggregate.  If  every  element  of  M  which  occurs  in  a  y-aggregate 
be  called  a  y-element  of  Af,  it  is  shewn  that  the  aggregate  Ly  of  all 
y-elements  can  be  so  ordered  that  it  is  itself  a  y-aggregate,  and  contains 
all  the  elements  of  the  original  aggregate  M.  It  follows  then  that  M 
can  be  normally  ordered. 

Zermelo  himself  expressly  recognizes  the  assumption  made  as  to  the 
existence  of  a  definite  ''  covering  "  y.  The  objection  t6  this  assumption 
is  of  the  same  character  as  before,  viz.,  that  for  its  validity  a  norm  must 
be  shewn  to  be  possible ;  this  norm  must  assign  to  each  part  of  the  given 
aggregate,  a  definite ''  special "  element  belonging  to  that  part.  In  the  case 
of  such  an  aggregate  as  the  arithmetic  continuum,  it  is  not  clear  how 
such  a  norm  could  be  devised ;  indeed,  it  seems  probable  that  a  proof  of 
the  poBsibUity  of  establishing  such  a  norm  involves  difficulties  comparable 
with  those  which  occur  in  any  attempt  to  prove  the  original  theorem. 
The  non-recognition  of  the  existence  of  ''  inconsistent "  aggregates, 
which  existence,  on  the  assumption  of  Cantor's  theory,  cannot  be  denied, 
introduces  an  additional  element  of  doubt  as  regards  this  proof.  The 
aggregate  hy  here  employed  is  parallel  with  the  normally  ordered 
aggregate  which  occurs  in  Jourdain's  earlier  proof. 

12.  {Added  February  26^A,  1906.] — A  method  has  been  given*  by 
G.  H.  Hardy  for  the  construction  of  a  set  of  points  of  cardinal  number  Hi. 
He  proposes  to  determine  for  each  ordinal  number  ft  of  the  first  or  of  the 
second  class,  a  sequence  &i,  69,  &g,  ...,  bn,  ...,  consisting  of  increasing 
integers,  so  that  to  each  number  ^  a  unique  sequence  corresponds  which 
is  not  identical  with  the  sequence  which  corresponds  with  any  other 
ordinal  number  of  the  first  two  classes.  The  sequence  is  then  correlated 
with  a  point  of  the  linear  continuum  (0,  1),  by  taking  that  binary  radix 
fraction  in  which  the  &i-th,  69-th,  fig-th,  ...  figures  are  all  1,  whilst  the 
remaining  figures  are  all  0  ;  the  point  of  the  linear  continuum  so  defined 
being  taken  to  correspond  to  )8.  The  sequence  corresponding  to  the 
number  1  being  taken  to  be  1,  2,  8,  4,  6,  ...,  the  other  sequences  are 
determined  by  the  following  modes  of  formation  : — 

(1)  If  bif  69,  69,  ...,  bfif  ...  corresponds  to  )8,  then  69,  69,  64,  ...,  ^n+i,  ... 
is  the  sequence  which  corresponds  to  fi+1. 

•  Qtfrtm-l^  Journal  9f  Muikmmtia,  Vol.  xxxr.,  1903,  p.  88. 
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(2)  The  sequence  which  corresponds  to  a  limiting  number  y  of  the 
second  class  is  obtained  from  the  sequences 

^*u>  ^^>  ^Hb»  •••»  ^i«»  •••» 
flji>  ^*«»  ^Hbh  •••>  ^**»»  •••> 
^*si>  ^*ai»  ^Hbh  •••>  ^*t»»  •••> 

which  correspond  to  a  sequence  fii,  fi^t  Pb,  •  •  •  of  ordinal  numbers  of  which 
y  is  the  limiting  number,  by  traversing  the  sequences  diagonally,  and 
thus  Oil,  a^  a^  ...  is  the  sequence  which  corresponds  to  y. 

Every  sequence  &|,  b^^  b^  ...  is  to  be  such  that  biK.bfK.b^  — 
It  is  pointed  out  by  Hardy  that  an  infinite  freedom  of  choice  arises  in  the 
case  of  each  limiting  number  y,  since  there  are  an  indefinite'  number  of 
sequences  of  the  preceding  ordinal  numbers,  of  each  of  which  sequences 
y  is  the  limiting  number.  Thus,  for  example,  «^  is  not  only  the  limit  of 
«,  «.2,  o>.8,  ...,  but  also  of  o>+l>  o'.2+2,  o>.8+8,  ... .  In  the  case  of 
the  smaller  limiting  numbers  of  the  second  class,  Hardy  shews  how  to 
exercise  this  freedom  of  choice  so  as  to  obtain  distinct  sequences ;  thus  m 
is  taken  as  the  limit  of  1,  2,  8,  ... ;  tf  is  taken  as  the  limit  of 
«,  C0.2,  «.8,  ... ;  in  particular,  1,  5,  17,  49,  129,  ...  is  obtained  as  the 
sequence  corresponding  to  oa^. 

In  order  that  the  method  should  really  suffice  to  define  a  sequence 
which  shall  correspond  uniquely  to  each  prescribed  number  fi  of  the  first 
or  of  the  second  class,  it  would  be  necessary  to  replace  the  freedom  of 
choice  by  a  definite  norm,  or  finite  set  of  rules,  which  would  decide  in  the 
case  of  any  particular  limiting  number  y,  of  which  particular  sequence  of 
the  preceding  ordinal  numbers  it  must  be  regarded  as  the  limit,  for  the 
purpose  of  forming  the  sequence  of  integers  which  is  to  correspond  to  y, 
in  accordance  with  the  mode  of  formation  prescribed  in  (2). 

Hardy  has  given  no  norm  of  this  character,  but  confines  himself  to 
the  selection  of  the  sequences  which  are  to  correspond  to  some  of  the 
lower  limiting  numbers  of  the  second  class  ;  thus  he  finds 


(•^.2) 

1,     If,      .  .  ., 

(••) 

1,     If,      .  .  ., 

(«^) 

1,  6,  ..., 

(•i)  1,  6,  ... . 


When  we  reach  the  region  of  the  e-numbers  of  the  second  class,  it  is 
difficult,  if  not  impossible,  to  imagine  the  nature  of  the  norm  which  would 
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suffice  to  make  the  decision  referred  to  above,  and  no  saoh  norm  is  in  fact 
forthcoming.  On  this  ground,  the  method  cannot  be  regarded  as  really 
defining  a  set  of  points  corresponding  to  all  the  nambers  of  the  first  and 
second  classes. 

Moreover,  it  can  be  shown  that,  if  sequences  such  as  those  contem- 
plated by  Hardy  are  employed,  the  second  figure  b^  would  have  indefinitely 
great  values  for  numbers  fi  of  the  second  class,  and  thus  that  for 
sufficiently  great  ordinal  numbers  of  the  second  class  the  corresponding 
sequences  can  have  no  existence.* 

Corresponding  to  oiT,  Hardy  finds  the  sequence  1,  6,  jp,  9,  ...  (p  >  6). 
With  the  mode  of  defining  the  sequences,  as  in  (2),  corresponding  to 
higher  limiting  numbers,  for  all  numbers  >  w"*,  the  second  figure  in  the 
sequences  will  in  no  case  be  <  6,  and,  in  fact.  Hardy  finds  for  the  num- 
ber ex  defined  as  the  limit  of  o>,  oT,  oT*,  . . .,  a  sequence  1, 6,  p\  9', . . .  (p'>6) . 
For  any  number  >ei  the  second  figure  will  be  not  less  than  jp';  thus 
ex+1  has  6,jp',  q\  ...  for  its  sequence,  and  for  ti+w  the  second  figure  of 
the  sequence  is  p'.  It  follows  that,  with  the  mode  of  formation  con- 
templated, the  second  figure  of  the  sequence  corresponding  to  e^,  defined 

as  the  limit  of  e^,  e^S  tfV^  •••»  is  i^ot  less  than^'.  Proceeding  in  this  way, 
we  see  that  for  the  numbers  ei,  tfs,  €3,  ...,  ^n,  ...  the  second  figure  of  the 
sequence  must  continually  increase  as  n  is  increased.  Now  consider  any 
sequence  fti,  ^9,  ...,&«,  ...  of  increasing  integers ;  there,  is  a.  number  fii^ 
from  and  after  which  the  a^  is  always  >  ki ;  again,  there  is  a  number  fi^ 
from  and  after  which  the  o^  is  always  >  k^,  and  so  on.  The  number  )8», 
which  is  also  a  number  of  the  second  class,  being  the  limiting  number  of 
the  sequence  )8i,  fit,  ^9  ...»  is  such  that  in  the  sequence  of  integers  which 
corresponds  with  it,  the  a,  is  greater  than  k.  for  every  value  of  n,  and  is 
therefore  indefinitely  great.  There  can  therefore  exist  no  sequence  which 
corresponds  to  fiu ;  hence  it  is  impossible  to  construct  in  the  manner 
contemplated  an  unenumerable  set  of  points.  The  point  here  discussed 
was  not  considered  by  Hardy,  probably  simply  because  he  did  not  attempt 
to  set  up  a  definite  norm  for  the  sequences. 

W.  H.  Toung  has  employedt  Bernstein's  diagrammatic  method,  to 
correlate  ordinal  numbers  of  the  second  class  with  points  of  the  continuum. 
The  method  does  not,  however,  amount  to  the  construction  of  a  set  of 
points  of  cardinal  number  N|,  in  accordance  with  the  view  maintained  in 


^  Brof .  W.  Bomgide  oommimicated  to  me  that  lie  had  ooQTinoed  himMH  of  the  tmth  of  this 
ftatement.    I  then  derieed  the  pfoof  of  its  ooireetoees  girea  in  the  text. 
-*-  Fne.  London  Math.  Soc.,  Ser.  2,  Vol.  1,  p.  243. 
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the  present  communication  as  to  the  necessity  for  a  definite  norm  which 
shall  determine  the  correspondence. 

18.  In  case  the  criticism  which  has  been  here  given  of  the  general 
theory  of  order  types  and  of  aleph-numbers  be  accepted  as  wholly,  or  in 
part,  valid,  the  debt  which  mathematical  science  owes  to  the  genius  of 
O.  Cantor  will  be  in  no  respect  diminished.  The  fundamental  distinction 
between  enumerable  and  unenumerable  aggregates,  the  ordinal  theory  of 
the  continuum,  the  theory  of  irrational  numbers,  with  the  interpretation 
of  the  arithmetical  theory  of  limits,  and  the  conception  of  the  transfinite 
ordinal  numbers  of  the  second  class,  with  their  applications  to  the  theory 
of  sets  of  points,  remain  as  permanent  acquisitions  which  rest  upon  a  firm 
logical  basis.  This  order  of  ideas  has  already  become  indispensable  for 
purposes  of  formulation  in  analysis  and  in  geometry;  it  is  constantly 
receiving  new  applications,  owing  to  its  admirable  power  in  providing  the 
language  requisite  for  expressing  results  in  the  theory  of  functions  with 
the  highest  degree  of  rigour  and  generality.  Cantor's  creations  have 
rendered  inestimable  service  in  formulating  the  limitations  to  which  many 
results  in  analysis,  formerly  supposed  to  be  universally  valid,  are  subject. 

The  outlying  parts  of  the  theory  to  which  exception  has  been  taken  in 
the  present  communication,  do  not  appear  to  be  comparable  in  importance, 
for  the  general  purposes  of  analysis,  with  those  parts  to  which  the 
criticisms  made  are  inapplicable.  The  latter  involve  only  a  natural 
extension  of  the  notion  of  numbers,  in  which  account  is  taken  of  all  the 
elements  which  are  essential  in  the  conception  of  number  in  its  original 
form ;  whereas  an  endeavour  has  here  been  made  to  shew  that  the  more 
speculative  general  theory  of  aleph-numbers  and  order  types  depends  upon 
an  extension  of  the  notion  of  numbers  which  leaves  out  of  account  an 
essential  element  in  that  conception,  viz.,  the  notion  of  correspondence ; 
and  that  this  is  the  origin  of  the  contradiction  which  ensues  when  an 
endeavour  is  made  to  contemplate  the  totality  of  these  new  entities. 

The  criticisms  here  given  are  advanced  with  some  diffidence,  on  account 
of  the  great  logical  difficulties  of  the  subject,  and  especially  of  the  philo- 
sophical difficulties  involved  in  questions  relating  to  existential  propositions. 
It  is  hoped,  however,  that  the  remarks  made  in  this  communication  may, 
in  any  case,  be  of  some  utility  as  a  contribution  towards  the  discussion  of 
questions  of  great  interest  which,  at  the  present  time,  cannot  be  regarded 
as  having  been  decisively  settled. 


ThB   BYALUATION   of   certain   DRFINITB    tNTEORALS.  189 


ON  THE  EVALUATION  OP  CERTAIN  DEFINITE  INTEGRALS  BY 

MEANS  OF  GAMMA  FUNCTIONS 

By  A.  L.  Dixon. 

[Reoeiyed  May  2nd,   1904.— Bead  May  12th,  1904.— Reoeived,  in  revised  form, 

January  10th,  1906.] 

The    following    communication  consists    of    two   distinct  parts.     In 
Part  I.,  I  investigate  a  formula  for  the  multiple  integral 


J(.-i)  n  f 


n  ( 2  A^iA 

tml     \*«1  / 


where  in  =  1— ^i— A"~---~^ii-i»  wid  in  which  j8„  yi,  A^t  are  quantities 
which  have  their  real  parts  positive,  and  in  which,  moreover,  2)8— Zy  is 
either  zero  or  has  its  real  part  positive.  This  formula  is  modelled  on 
Lejeune  Dirichlet's  formula 


8i»n 


i 


ff    %i    •••*»*   ^i...»t»-i—  r(2flj  ' 


both  integrals  being  taken  for  all  real  positive  values  of  iit  i^  ...»  ^n-i 
which  make  in  positive. 

In  Part  II.  I  wish  to  find  integrals  which  will  take  the  place  of  the 
two  given  above  in  the  cases  when  fi,  and  yt  are  not  restricted  to  have 
their  real  parts  positive.  This  second  part  is  founded  on  Pochhammer's 
investigation*    of  a  double  circuit    integral  constructed   to  replace  the 

Eulerian  integral  of  the  second  kind   I  a!f''^{l—x)^~'^dXf  in  cases  when 

the  real  parts  of  I  and  m  are  not  positive. 


*  Math.  Arm.,  Vol.  xxzr.,  p.  495,  '*  Zur  Theorie  der  Euler'sohen  Integrale. 
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I. 
1.  The  multiple  integral 

(     u  ^'-^  'n  f  iT  A^  (.) ""  if  1  if, . . .  if..i, 

J(ll-l)f-l  1-1      \$ml  / 

in  which  in  =  1— fi— f«— ..— fn-i. 

and  Z  )9«  =  2  yi  f 

•«i  1-1 

and  in  which  )8«,  yi,  A^  denote  constants  which  have  their  real  parts 
positive  for  all  values  of  a  and  t,  taken  over  a  field  of  integration  for 
which  (it  (f,  ...f  (n  are  all  real  and  positive,  is  equal  to 


— 1 


n  e?'    n  (2  ^^ft)    deidd^...den^u 

J(m-1)  1-1  •«!  \|«1  / 


tml 

in  which  dw  =  1 — di — 6^ — ... — d^-iy 

taken  over  a  field  of  integration  for  which  d|,  d,,  ...»  dm  are  all  real  and 
positive.     In  particular  when  m  =  1, 

n  ^'-^  ( 2  A.iA    di.ii^ ...  <if,-i  = '-'  .  ,  n  ^  '•. 
(—1)  .-1       \.-i      /  r  ( 2  /S.)  •"' 

2.  Consider  first  the  case  when  m  =  1,  and  pat  y  =  2^.     In  the 
integral  r        »  /,         v-^ 

J(n-l)    1  \1  / 

make  in  the  first  place  the  transformation 

i,  =  inv,    («  =  1,2 n— 1), 

»-i  /       »-i    \  -1 


so  that 


»-i  /       »-i    \  -1 

f»  =  l-  2  6=(l+  2  I,.]    , 


and  6=  W(l+2i|.). 

Then  the  limits  of  fit  are  0  and  oo ,  and  the  transformed  integral  is 

...  I      n    i/f'"^  (-4»+  2  AtfjA     dfiidn^,,.  dnn-u 
0        Jo     »-i  \  »«i         / 

the  factor  (1+2j|j)"'"^  disappearing,  since  y  =  2)8. 
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Now  BubBtitute  for  (^ii+  2  Agfigj      by  the  fommla 

Then  we  shall  get 

In  this  ohange  the  order  of  integration/  and  integrate  with  respect  to 
the  fi  by  the  formula 


j"  f^/-'  t'^*^^d;n.  =  r08.)  A^^-^*, 


'n'r(/8.)^r^' 


and  we  shall  get       -£=L__1_L.  f  ^«-*  «-^-  if, 

since  y—   2   )8,  =  )8«, 

That  is,  we  have,  finally, 


r  {R^ 


n  ro8j  .. 


r  (!>.)-   • 

as  the  value  of  the  integral 

8.  This  restdt  being  established,  let  us  apply  it  to  the  multiple  integral 

•«»  Ism 

where  <r  ^  2  )8^  :=  2  yi 

S-l  lei 

and  '26  =  1,        2*ft  =  l, 

S-l  tel 

the  field  of  integration  being  for  all  real  positive  values  of 

fl>   fl>    •••>   %n-U   %»f   ^1,    ©J,    ...,    Bm-U   vtM 


*  For  a  justiflcation  of  this  see  later,  f  6. 
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f«» 


Since  A^  has  its  real  part  positive  for  all  valaes  of  s  and  t^  2  Agiit 
and  ^  AttBt  also  have  their  real  parts  positive,  and  so  we  get,  integrating 
first  with  regard  to  the  d,  and  secondly  with  regard  to  the  ^,  that 

nT(yA     'nif.''uC^A^(y'd€,d€^...dinJi 

is  equal  to 

nVosj  (     *iidV''nCi^A^dy^'de^de^...d0u,i. 

iml  J(»-l)   1-1  •-!  Vl-l  / 


4.  Another  formula  of  the  same  type  is  obtained  by  integrating 


HaA-^  n 

first  with  regard  to  the  x,  and  then  with  regard  to  the  y,  and  equating  the 
two  results  obtained.     In  this  way  we  get  the  equality 

n  r08,)  ...      ^^ '• dy^dy^...dy^ 

r-l  Jo  Jo         Jo  Vr  ,  ^      .   ^  ^        v« 


n  Ur+2.c„y.y»r 

r-1 


n"e-'^«»'-» 


=  n  r(y.)         ...     -^=i ^ i*i<ir,...<to„ 

t-l  Jo  Jo         Jo    TT   /Tj    I  ^  i-r        \T. 


in  which  fir^  y«,  ^^9  -&«,  Cn  are  constants  which  have  their  real  parts 
positive  for  all  values  of  s  and  t,  and  the  field  of  integration  in  both 
integrals  is  for  all  positive  real  values  of  the  variables. 

6.  It  is  necessary  to  justify  the  inversion  of  the  order  of  integration 
in  the  multiple  integral  with  infinite  limits. 

Taking  the  integral  just  considered  iu  §  4,  I  suppose  the  limits  of  ov  to 
be  0  to  Ar  and  of  y^  to  be  0  to  Xf«,  where  K  and  k,  are  real  positive 
quantities  ;  then  it  is  sufficient  to  show  that,  as  K  and  h,  are  indefinitely" 
increased,  in  any  order  and  in  any  manner,  the  integral 


where  V  =  lArXr+^B»y,+lI.Cr,Xry,, 

r  $  r    i 

can  be  made  less  than  any  assignable  quantity. 
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In  order  to  include  the  integral  in  §  2,  zero  values  ol  At  and  £«  will 
Dt  be  excluded  from  consideration.  This  we  may  prove  as  follows : — 
hroughout  the  range  of  integration  we  have 

a?r  >  Ar        and        y,  >  ft,, 

id  therefore  Xry,  >  J(Ary,+ft,a?r), 

id  so  F>  2avUr+J2C„ft.)+2y.(B.+J2C„W  ; 

r  $  $  r 

>  that  the  above  integral  is  less  than 

This  is  a  product  of  factors  which  tend  to  zero  separately  and  inde- 
sndently  as  K  and  ft«  are  indefinitely  increased,  and  so  the  inversion  of 
le  order  of  integration  is  justified. 


6.  If  in  the  formula  of  §  1  we  take  Atm  =  1  for  all  values  of  s,  we 
liall  have  Zil«M^«  =  2^^  =  1,  and  so,  changing  m— 1  into  m,  we  shall 

et  the  following  result : — 

n  e*'  n  (2  A^i.)    di,d€, ...  din^u 

1  which  in  =   1— ^1  — ^9— ...— ^ii-l» 

ud  fit,  yty  Agt  denote  constants  which  have  their  real  parts  positive  for  all 
alues  of  8  and  t,  with  the  condition  that  the  real  part  of  Z)8— Zy  is 
ositive,  taken  over  a  field  of  integration  for  which  ^|,  ^s,  ...,  ^n  are  all 
mJ  and  positive,  is  equal  to 

n    Tifi,)  .       |=«+l      ^     ,  *-n  /  <-«  \  -/I, 


'(2/3-2y)'n  r(y,) 

(-1 


n   el'    n  (e«+i+  2  A^Bt)    de^de^ ...  cM«, 

(m)     <=i  ,«l   \  f«.1  / 


(am  «*:n  tsin 


rhere  d^+i  =  1—^2  ^<     ^<1     y«+i  =  ,?i  ^»""  ,?i  y«» 

he  field  of  integration  being  for  all  positive  real  values  of 

C7|,    t/j,    ...,    Um-^l' 

By  making  the  substitution    dt  =  d'd»^i,   this  last  expression  may 

BXt.  2.    TOL.  3.    WO.  894.  O 


194  Mb.  a.  L.  Dixon  [Jan.  10, 

be  written  in  the  equivalent  form 


n 


rr...rn>-'n(i+'r^.a')-'- 

Jo  Jo        Jo  1-1  (-1  V        t-i  / 


r(2^-2y)  n*r(yj 

In  particular,  when  m  =  1  we  have  that 


i 


n 
(-1 


which  may  also  be  written 


s-l 


r(2:i8-y)r(y)-'*  n(i+^^' 


n 


7.  Generalisations  of  the  known  formulae  for  definite  integrals  of 
Lejeune  Dirichlet's  type,  in  which  ^(^i+^s+-*-^ii-i)  takes  the  place  of 
^^*~\  are  easily  obtained  from  the  fundamental  formulss  of  §  8.  Thus, 
for  example, 

2  €)  n  C'-' 
(_i  \     «.i      / 

is  equal  to       H  r(/3J        ,^n  /  '     clm'^'      x /i  ^i^^a  -  ^-^ 

where  2)8,  =  2yi ; 

the  field  of  integration  for  both  integrals  being  over  all  real  positive 
values  of  the  variables,  such  that  their  sum  is  less  than  h  (»;e.,  we  have 
2^«  >  A  and  2d(  >  A)  and  )8„  yt,  A+A^ih  being  constants  which  have 
their  real  parts  positive  for  all  values  of  8  and  t. 

To  prove  this  it  is  only  necessary  to  make  the  substitutions  2^«  =  t, 
(g  =  tXgf  and  2d|  =  u,  dt  =  uyi,  so  that  2a;,  =  1  and  2yi  =  1. 
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If  in  this  fonnula  we  take  m  =  2,  write  y  for  y^  and  pat  ^«s  =  0 
for  all  valaee  of  «,  we  shall  get  that 


is  equal  to 


•bH 


when  the  real  part  of  2)8— y  is  positive. 


n. 


8.  In  a  paper  in  the  liaihemati^cht  AnncUen^  Vol.  zzxy.,  p.  49^, 
Pochhammer  has  investigated  a  double  circuit  integral,  constructed  to 
take  the  place  of  the  Eulerian  integral  of  the  first  kind, 


£ 


0 

when  the  real  parts  of  a  and  b  are  not  restricted  to  be  positive. 
The  double  circuit  integral  in  question  is 

ra+,  o+,i-,o-) 


f 


a!-*(l-aj)*-^daj, 


by  which  is  denoted  an  integral  taken  along  a  path  which  starts  from 
Bome  point  c,  lying  on  the  real  axis  between  0  and  1,  makes  a  circuit 
round  1  in  the  positive  direction,  and  returns  to  c,  then  a  circuit  round  0 
in  the  positive  direction  in  the  same  way,  and  then  circuits  round  1  and  0, 
respectively,  in  the  negative  direction  so  that  the  integrand  returns  to  c 
with  its  initial  value. 

The  value  of  this  double  circuit  integral  is  independent  of  the  position 
of  e,  and  we  may  suppose  the  path  of  the  variable  to  be  the  real  axis 
except  at  points  in  the  immediate  neighbourhood  of  the  points  0  and  1, 
where  we  may  suppose  it  to  describe  small  circles  about  0  and  1. 

Now  when  the  real  parts  of  a  and  b  are  positive  the  values  of  the 
int0gral  round  these  small  circles  become  infinitely  small  at  the  same 

0  2 
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time  as  the  radii  of  the  circles  become  infinitely  small,  and  the  cizdM 
may  be  reduced  to  their  centres  so  that  the  integral  is  redneed  to  ooi 
taken  along  the  real  axis  between  the  points  0  and  1.  Moreover  tht 
integrand  is  multiplied  by  ^'^  when  a  circuit  is  made  round  0,  and  bj 
f?^  when  a  circuit  is  made  round  1. 

Denoting  this  integral  by  e^<*'*'^>  %  (a,  b\  Pochhammer  shows  that 

«(a+l,6)  =  --^«(a,«, 

«(a.6+l)  =  -^«(a.6); 
and  farther  that  when  the  real  parts  of  a  and  b  are  positive 

Leaving  out  of  consideration  the  cases  in  which  a  or  6  is  an  integer,  for 
which  some  modification  is  necessary,  it  is  easy  to  see  that  these  equa- 
tions establish  the  formula 


f 


Tf^'Hl^x)^-^  dx  ^  (^-1X^-1)  TOW' 


for  all  values  of  a  and  6. 

This  particular  double  circuit  integral  is,  of  course,  not  the  only  one 
which  can  be  so  used ;  any  circuit  which  encloses  each  of  the  points  0  and 
1,  the  same  number  of  times  positively  and  negatively,  and  for  which, 
when  the  real  parts  of  a  and  b  are  positive,  the  integral  reduces  to 


/(«•"•,  t?'''^  r  sf"^  (1  -a:)*"^  dx. 


where  /  is  a  rational  integral  function,  will  do  as  well.  Thus,  for  in- 
stance, if  the  circuit  (1+,  0+,l— .0-)be  denoted  by  C,  the  circuit 
1-f ,  C,  1-,  C  will  make  f(e^  c****)  equal  to  («*-**- 1)'(«*^-1);  the 
circuit  1+,  C,  1-  will  make/  equal  to  e^^'^e^'-lXe^-l);  and  the 
circuit  1-f,  0-f ,  C,  0—,  1  —  ,  C—  will  make /equal  to 

(e*'*^«+*>- !)(<?*'*'•- l)(f*"*-- 1). 


9.  Consider  the  integral 

(        xf'"*-r^"'  ...  at-^V^"'  dx^dx^  ...  dx^^u 
J(»-i)  * 
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and  the  field  of  integration  is  such  that  each  of  the  boundaries 
-Xi  =  0»  ^r^  =  0,  ...,  o^n  =  0  is  enclosed  by  the  same  number  of  positive 
and  negative  circuits,  these  circuits  being  drawn  so  as  not  to  meet  any 
of  the  boundaries,  so  that  after  the  field  has  been  covered  each  factor  of 
the  integrand  returns  to  its  original  value,  and,  moreover,  is  such  that, 
when  fii,  ^^,  ...  have  their  real  parts  positive,  the  integral  can  be  reduced 
to  one  taken  throughout  the  content  bounded  by  o^i  =  0,  a;^  =  0,  . . .,  ^n  =  0, 
where  x^,  x^,  ...,  are  real  and  positive.  Since  the  integrand  is  multiplied 
by  a  factor  e^^r  when  a  circuit  is  made  round  Xr  =  0,  the  value  of  the 
integral,  when  fii,  fi^*  ...  have  their  real  parts  positive,  will  be 

f{(?'^\  e*"\  . . .)  (        arf"^ ...  dx,  (£»«.. .  dxn^u 

J<»-i) 

taken  throughout  the  content  bounded  by  x^  =  0,  j;^  =  0,  ...,  that  is,  it 
will  be  ^^^ 

n    T(j3r) 

/  being  the  appropriate  rational  integral  function  which  belongs  to  the 
particular  field  chosen,  and  I  wish  to  show  that  the  value  of  the  integral 
will  be  given  by  the  same  formula  for  all  values  of  ^i,  fi^*  •  •  •  • 

The  form  of  the  field  of  integration  will  in  general  be  independent  of 
the  values  of  jS^,  fi^,  ...»  but  modifications  are  necessary  if  any  of  them 
are  positive  integers,  in  order  to  avoid  the  occurrence  of  zero  factors  in  /. 
If  fir  is  a  positive  integer,  the  field  of  integration  will  start  from  and  end 
in  Xr  =  0,  just  as  in  the  case  of  Pochhammer's  integrals  J  xf^'^il-'X)^'^  dx^ 
in  which,  if  a  is  a  positive  integer,  the  double  circuit  is  replaced  by  a 
single  contour  which  starts  from  0,  makes  a  circuit  round  1,  and  returns 
to  0  again.  Negative  integral  values  of  fir  are  excluded  from  con- 
sideration. 

10.  One  such  field  of  integration  is  obtained,  and,  moreover,  the  formula 
is  proved  for  the  particular  case  by  applying  to  the  integral 


I         n  icf'"^  dxidx^  ...  dxn-: 

J(ii-i)  f«i 


the  transformation  which  is  commonly  used  to  obtain  its  value  when  fit  is 
restricted  to  be  positive  for  all  values  of  8. 
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If  we  put  Xi  =  1— t?i, 

x^  =  t?i(l — ©q), 
«8  =  t?it?9(l— t?a), 


•••     •••     •••     ••• 


I 


•«« 


n  x^'^dxidx^ ...  da;«-i 
(«-i)  f-i 


is  transformed  into 


j(l-i?/^-'t;f +^+   -^^-^  dr,  [(l-t;g)^-'t;f  ^^^^^  •■'^-'  dva  ... 


X  j  (1  -t;,-,)^-^-'  tr^_V  (fo».i, 


and  now,  if  we  sappose  all  the  variables  v  to  make  doable  circuits  about 
the  points  0  and  1,  so  that  each  factor  of  the  above  expression  is  a 
Pochhammer  integral,  we  get  as  the  value  of  the  expression 


i»n 


n  T{/3^ 

(e«.^_l)(e»"(*+fc+-+«_l)(<s»^_l)(<st«(fc+...+«_i) ...  »-i   ^       . 

The  original  variables  x  will  in  this  case  describe  a  closed  continuum  of 
(n— 1)  dimensions  in  a  space  of  2(n^l)  dimensions,  such  that  each  of  the 
boundaries  Xr  =  0  is  enclosed  by  the  same  number  of  positive  and  nega- 
tive circuits,  because  this  is  true  of  the  variables  v,  and,  moreover,  this 

continuum  will  not  meet  any  of  the  boundaries.  Also  any  factor  a^'~^  of  the 
integrand  will  return  to  its  original  value  after  the  continuum  has  been 
covered,  since  this  is  true  of  any  of  its  factors  v^'^^v^*"^ ...  (1— t?,)^*"** 

Further,  when  the  real  part  of  13,  is  positive  for  all  values  of  «,  each  of 
the  double  circuits  can  be  reduced  to  the  part  of  the  real  axis  between  the 
points  0  and  1,  described  four  times  with  different  values  of  the  integrand, 
as  explained  by  Fochhammer ;  so  that  the  continuum  described  by  the 
variables  x  can  be  reduced  to  that  bounded  by  x^  =  0,  rc^  =  0,  ...,  where 
all  the  variables  may  be  taken  to  be  real  and  positive.  This  field  of 
integration,  therefore,  is  such  a  one  as  has  been  described,  and  the  value 
of  the  function /(«*'*^,  tf*"^,  ...)  for  this  particular  field  is 

X(^^«-i— !)(««««.— 1). 


1905.] 
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If  any  of  the  /8  are  positive  integers,  it  is  necessary  to  modify  the  field  of 
integration.  As  the  order  of  the  letters  is  immaterial,  we  may  suppose  all 
the  positive  integral  indices  to  come  at  the  end  ;  thas,  if  /8«  is  a  positive 
integer,  the  path  of  the  variable  Vn^i  is  a  contour  which  starts  from  0  and 
makes  a  circuit  round  1  and  returns  to  0* ;  if  /S^-i  and  /Sn  are  both  positive 
integers,  Vn-s  makes  the  circuit  just  mentioned,  while  the  path  of  Vn-i  is 
the  real  axis  from  0  to  1. 

11.  It  is  also  possible  to  construct  such  surfaces  geometrically.     Con- 
sider the  double  integral 


where 


fl/g  — .  X  ""  fl?j  ""  2?j. 


If  we  put  Xi  =  Vi+Zii,  x^  =  y^+z^h  then  y^,  Zi,  yj,  z^  are  the  co- 
ordinates of  a  point  in  four-dimensional  space.  The  boundaries  are  the 
planes  yi  =  0,  ^j  =  0 ;  y,  =  0,  ^,  =  0  ;  yi+y^  =  1,  z^+z^  =  0.  When 
the  real  parts  of  /S^,  /S^,  and  fi^  are  positive,  the  integration  is  over  the 
area  of  the  triangle  in  the  plane  ^i  =  0,  z^^O  which  is  bounded  by 
Vi  =  0,  y,  =  0,  yi+y^  =  1. 

Let  this  triangle  be  OAB  in  the  figure.     Take  a  point  P|  in  the 


PiQ.  1. 


*  Cf,  Poohhammer,  ke,  ait.,  p.  610. 


aoo 
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triangle  whose  co-ordinates  are  (a,  b^  0,  0) ;  and  its  images  P^  P^  P^  in 
the  other  three  quadrants. 

Consider  the  surface  whose  equations  are 

This  can  be  represented  by  two  circles,  a  point  on  the  surface  beuig 
represented  by  two  points  taken  together,  one  on  each  circle.    Thus  the 


Fio.  s. 

points  Pi,  Ps,  Ps,  Pi  in  Fig.  1  are  represented  respectively  by  the  pairs 
{A,A^,  UUa),  UU'j),  (AiA'^. 

This  surface  can  be  described  in  four  distinct  ways,  since  the  circles 
Oi  and  O9  may  each  be  described  either  in  a  positive  or  negative  direction. 
If,  starting  from  {Ai,  A^,  we  describe  each  circle  in  the  positive  direction, 
Xi  and  x^  will  each  have  taken  the  factor  ^'',  and  x^^'^x^'^^  therefore,  the 
factor  «*^<A+^,  and  the  whole  surface  will  have  been  described  in  a 
positive  sense.  If,  now,  we  describe  each  circle  in  the  negative  sense,  the 
whole  surface  will  have  been  described  positively  again,  but  Xi  and  x^  will 
each  have  taken  the  factor  «~^**,  and  x^'^x^'^  will  have  returned  to  its 
original  value.* 


*  This  mtkj  be  iUustrated  by  patting  /3,  —  1,  y,  »  aooed,  t,  -  saind,  yi  —  ^ootf, 
z^^brin^.    The  integral  11  xfi->dr{>-<  if X|d!sr,beoome8  in  this  case   -a^^b^\\e'i^t^^*d0d^,  tad 

iUfonr  values  will  be  -a^'^'(«^)**^>-l)(#^*^— 1)  according  to  the  directions  in  which  tb« 
circles  ronnd  Oi  and  Of  are  described,  and  the  integrand  will  return  to  its  starting  point  (^i,  A^ 
with  the  corresponding  values  a'>~'6^~^^«*(±^i±^>J.  If,  starting  with  these  values  as  the 
initial  value  of  the  integrand,  the  surface  were  described  in  the  negative  sense,  that  is  if  the 
integral  were  taken  over  the  opposite  side  of  the  surface— or  over  a  variiti  oppoU^ — the  value  ol 
the  integral  would  be  changed  in  sign. 

In  the  ca8e  of  an  anchor  ring  in  ordinary  space  of  three  dimensions,  we  have  similariy  a 
surface  which  has  an  inside  and  an  outside,  and  in  which  two  sets  of  circles  drawn  on  it,  vis., 
those  about  the  axis  of  revolution  and  those  about  the  circular  axis,  can  be  described  independ- 
ently in  either  direction. 
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Let  such  a  double  description  of  the  surface  be  denoted  by  Cu>  the 
surface  itself  being  called  S^^ 

We  may  deform  this  surface  S^g  into  the  surface  represented  by  two 
contours,  one  of  which  starting  from  Ai  describes  the  line  i^iOi  to  some 
point  near  to  O^,  then  makes  a  small  circle  about  Oi,  and  returns  to  ili  on 
the  other  side  of  the  axis  OiAi;  the  other  being  a  similar  contour  starting 
from  A^  and  making  a  small  circle  about  O^.  Then  corresponding  to  any 
point  Q  in  the  area  OMPiN  we  shall  have  four  points  on  this  deformed 
surface,  viz.,  if  the  point  Q  is  represented  by  the  two  points  Bi  and  B^ 
and  if  the  points  infinitesimally  near  to  Bi  and  B^  on  opposite  sides  of 
OiAi  and  O^A^  respectively  are  denoted  by  Bi+>  ^i—  and  -Ba+j 
£]— ,  we  have  corresponding  to  Q  the  four  points  represented  by 
(Bi±,  B^±). 

If  «f*"*«f*"^  start  from  P,  with  its  natural  value,  viz., 

exp  [08i-l)loga+08,-l)log6], 

where  log  a  and  log  6  are  real,  and  if  its  value  at  (£i+,  £9+)  be 
^"'*J*"S  then  its  value  at  (B^-,  B^+)  wUl  be  «^''^>a:J'"'rrf~*,  at 
(Bi+,  B9-)  will  be  62»*^a^*"'«f"\  and  at  (B^-^B^-)  will  be 
^«(^i+fc)a^i-*a:J*''\  and,  if  we  consider  the  area  OMPiN  to  be  described 

positively  as  the  describing  point  is  passing  through  (Bi+,  Bs+),  it  will 
be  described  negatively  at  (Bi+.^a— )  and  (Bi— , -B9+),  but  positively 
at  {Bi — ,  B2 — ). 

So  that,  when  the  real  parts  of  /S^  and  /S^  are  positive  and  the  circles 
round  0|  and  O9  may  be  reduced  to  their  centres,  we  have  that  the 
integral  over  the  surface  S^  is  equivalent  to  («*"^'— l)(c***^— 1)  times 
the  integral  over  the  area  OMPiN.  Thus  the  integral  over  Cu  is  equi- 
valent to  2(e*^^— 1)(«*''^— 1)  times  the  integral  over  OMP^N. 

An  exactly  similar  field  of  integration  enclosing  the  comer  A^  viz., 
that  over  the  surface  8^^  whose  equations  are 

yl+A  =  6^        yl+zl  =  c», 

where  V^+^^z  =  1 — yi— ^9— « (^i+^a)> 

will  be  denoted  by  C^,  and  over  a  similar  surface  enclosing  the  comer 
B  by  Cai. 

In  order  that  when  Zi  and  z^  are  taken  infinitesimally  small,  the  whole 
area  of  the  triangle  OAB,  in  Fig.  1,  may  be  covered,  these  surfaces  must 
be  so  deformed  that  each  meets  the  others  in  a  single  line.     That  this  can 
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be  done  may  be  seen  by  moving  B  oat  to  a  very  great  distance  along  Oj/i ; 
then  the  two  surfaces  S^  and  S^  become 

y\+z\  =  a«,        yl+zl  =  b\ 

and  (i-yj«+^  =  (l-a)«,        yj+^  =  6*, 

which  meet  one  another  along  the  circle 

Vi  =  a,        ^1  =  0,        yl+4  =  **' 

and  by  continuous  deformation  we  may  bring  B  back  again,  and  still  have 
the  two  surfaces  meeting  one  another  along  a  single  line.  We  may 
suppose  the  portions  of  the  triangle  OAB  which  correspond  to  the  three 
fields  of  integration  Cu,  (7^,  Cn  to  be  OMP^N,  MAKP^,  KBNPi  respect- 
ively,  and  now,  if  we  assume  the  element  of  area  which  describes  the  field 
to  start  from  Pi,  then  move  along  the  line  PiK,  make  a  circuit  round  AB 
at  K,  and  return  to  Pi — so  that  the  integrand  has  taken  the  factor  a""*^* — 
then  to  describe  Cu  in  a  positive  sense,  then  the  circuit  round  £  in  a 
negative  sense,  and  finally  C^  in  a  negative  sense,  then  we  shall  have  as 
the  equivalent  of  the  integral  over  this  field,  when  the  real  parts  of  ^i 
and  /8s  are  positive, 

2(«*'*^-l)(e*"^-l)(c*'^»-l) 

times  the  integral  over  the  area  OMPiN  in  the  plane  Zi  =  0,  jr,  =  0. 
The  integrals  along  the  positive  and  negative  circuits  around  K  destroy 
one  another,  since  the  integrand  returns  to  its  original  value  after  C^  has 
been  described. 

If  we  construct  similar  fields  corresponding  to  the  other  two  regions 
AMPiK  and  BNPiK,  these  three  taken  together  will  give  a  field  of 
integration  such  as  is  required,  and  the  factor  /(tf*"^S  tf**^,  tf*"^)  corre- 
sponding to  it  will  be 

2(e*"^-l)(<5*^-l)(6*^-l). 

If  /Sg  ^B  a  positive  integer,  it  is  necessary  to  avoid  the  factor  (e*"^— 1). 
The  field  of  integration  may  be  taken  to  be  over  the  surface  8^^  so 
deformed  that  P^  M  and  Pi  N  lie  along  KA  and  KB  respectively,  or  rather 
over  the  part  of  such  a  surface  cut  off  by  a  boundary  curve,  which  lies  in 
the  plane  ^i+ffs  =  1>  ^i+^^^a  =  0,  and  encloses  the  line  AB  ot  Fig.  1. 

12.  I  now  propose  to  show  that  for  any  field  of  integration  of  this 
sort  the  value  of  the  integral 


I 


1905.]  Thb  byaluatiok  of  obbtain  definitb  integrals.  208 

where  Xn  =  1— «!— Xj — ... — x^.i, 

for  all  values  of  fix,  13^,  ...  (negative  integral  values  excluded), 
/  (e**^,  tf*"^,  . . .)  being  the  appropriate  function  for  the  field  chosen. 

This  I  shall  do  by  the  method  of  induction,  so  that  the  formula,  being 
true  for  any  values  of  /Sj,  /S^,  ...,  which  have  their  real  parts  all  positive, 
is  also  true  for  any  values  of  /8x,  /S^,  ...  whatever. 

For  shortness  I  write  F  for  the  integral 


i 


a5?~   Xy"    . . .  XrX"^  dXi  dx^  . . .  dXn^lt 

taken  over  a  field  of  integration  such  that  each  factor  of  the  integrand 

x^'**^  returns  to  its  initial  value  after  the  field  has  been  covered. 

Further,  I  write  Fr  for  the  integral  obtained  by  replacing  fir  in  F 
by  )8r + 1 .     Then,  since 

=  «J'"*a^"*  iiSrd— a?!— «9— ...— ««-l)— iSnXr}, 

I  get,  on    multiplying    by    «?"*a:f"*  ••  ^1V~*«^+V"^...  «^"i"^   and  in- 
tegrating throughout  the  field,  the  two  relations 

0  =  firFn-finFr,  (1) 

0  =  lSrF-l3rFx'-l3rF^-...-(fir+lSjFr-...-l3rFn^U  (» 

the  left-hand  side  vanishing  since  oc^x^"  returns  to  its  initial  value.* 

In  these  equations  r  may  have  any  one  of  the  values  1,  2^  ...,  (n— 1), 
and,  if  we  write  down  the  series  of  n— 1  equations  so  obtained  from  (2), 
and  solve  them,  we  get  at  once 

Fr  =  (firl^/S)  F    (r  =  1,2,  8,  ...,n). 
18.  By  the  help  of  this  relation  the  evaluation  of  the  integral 


I 


•»» 


(«-l)  .-I 


*  Or,  if  ^r  is  «  poritiTe  integer,  hM  lero  lor  it;  initial  and  final  rahiee. 
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is  reduced  to  that  of  another  integral  of  the  same  form  in  which  fir  can 
be  replaced  by  /3r+n,  where  n  is  a  positive  integer,  that  is,  finally,  to 
the  evaluation  of  the  integral  when  all  the  /8  have  their  real  parts  positive, 
and  so  the  result  is  established  that,  if  the  value  of 


i 


•«» 


n  ajf^"^  &1 . . .  dxn^i 
(»-i)f»i 

taken  over  a  suitable  field  is 


when  the  real  parts  of  /8|,  /S^,  ...  are  positive,  it  is  given  by  the  same 
formula  for  all  values  of  ^i,  /S^, 

14.  The  same  reasoning  may  be  applied  to  extend  to  all  values  of  i8« 
and  yt — with  the  exception  of  negative  integral  values — the  formula 
proved  in  Part  I.,  §  8,  of  this  paper. 

For,  if  we  have 

'ff  r(y,)0(€2->s  e*-^->», ...)  f      nif'-'^n  (^  A.tiydi,di^...d(n^i 

f=l,  J(n-l)  »=1  <*-l    Wl  / 


f«l  J(m-1)  <«1  »-l    \l-l  / 

X  d^i dO^  . . .  ddm-if 

the  integrals  being  taken  over  suitable  fields,  and/  and  0  being  the 
rational  integral  functions  corresponding  to  the  fields  of  integration  which 
have  been  chosen,  then  we  shall  get  on  integrating  each  side  with  respect 
to  some  one  coefficient,  say  A»rt  the  same  formula  with  fi^  and  yr  changed 
into  )8^— 1  and  yr— 1  respectively.  That  the  constant  of  integration 
introduced  in  this  way  is  zero  may  be  seen  as  follows.  It  is  not  a 
function  of  Agt,  and  therefore  it  cannot  be  a  function  of  A^t  for  any  values 
of  8  or  t^  since  the  integrals  are  unaltered,  if,  throughout  them  both,  any 
two  suffixes  s,  or  any  two  suffixes  t,  are  interchanged. 

As  it  is  therefore  independent  of  the  coefficients  Agt,  we  may  put 
Agt  equal  to  unity  for  all  values  of  s  and  t,  and  we  get  integrals  of  the 
form  considered  in  the  last  paragraph,  and  the  relation  is  at  once 
verified. 

The  formula,  then,  having  been  proved  for  values  of  13,  and  y<  which 
have  their  real  parts  positive,  is  also  true  when  fis  and  yt  are  replaced  by 
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j3«— n  and  yi— n  where  n  is  any  integer,  and  so  is  trae,  in  general,  for  all 
values  of  )8«  and  yi. 

16.  A  similar  extension  may  be  made  for  the  formula  of  §  4,  the  field 
of  integration  beginning  and  ending  at  infinity  (a;^  =  +  « ,  for  all  values 
of  r),  and  making  circuits  about  Xr  =  0.  In  fact  the  formula  is  at  once 
proved  for  one  such  field,  by  making  use  of  the  expression  for  F  (j>)  as  a 

contour  integral,  viz.,  Atp^-i  yx^'^C'dx,  taken  round  a  contour  which 

starts  from  infinity  on  the  positive  side  of  the  axis  of  real  quantity,  makes 
a  circuit  about  the  origin,  and  returns  to  infinity  on  the  negative  side  of 
the  real  axis. 
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GENERALISATIONS  OF  LEOENDRE'B  FORMULA 

By  A.  L.  DnoN. 

[RMttTed  May  2iid,  1904.— BMid  May  12tli,  1904.— RMttTed  in  refiaed  form  Jaavaiy  10th,  1906.] 

In  a  paper  in  the  Messenger  (Vol.  xxxm.,  Part  2,  p.  81)  entitled  *'  A 
Formula  including  Legendre's  EK'+KE'-KK'  =^  ^ir,''  Prof.  E.  B. 
Elliott  has  proved  that,  if  we  write  L  (a,  b,c;  k)  for 

sn^ucn^udn^udu    (modir), 


i: 


the  following  relation  will  hold  good,  viz., 

L  (a,  6,  c+2;  k)  L  (c,  6,  a;  ic')+L  (a,  b,c;  k)L  (c,  6,  a+2;  k') 


— L  (a,  6,  c;  ic) L  (c,  6,  a;  c')  = 


In  the  present  communication  I  propose  to  apply  the  method  used  by 
Prof.  Elliott  to  the  proof  of  similar  relations  for  more  general  integrals. 
Legendre's  formula  may  be  written* 


n(rc- 
•-1 


a^'^xdx. 


a^^^xdx, 


n(rc- 

Ja,f-1 

C««8 


a,)'"*da; 


a,)'"*da; 


=  2x1  ; 


and  in  the  first  place  I  investigate  a  similar  formula  by  which  a  de- 
terminant of  the  (n^l)-th  order,  whose  elements  are  of  the  form 


£ 


«Bii 


is  equal  to  a  product  of  gamma  functions  ;  secondly,  I  prove  that  the  ratio 
of  a  determinant  of  the  (n— r— l)-th  order  to  a  similar  one  of  the  r-th 


*  Wdentraw,  <*  Beitng  lur  Theorie  der  Abel'soh«&  I&togimle**  {Wtrks,  Vol.  i.,  p.  118). 
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order,  the  elements  of  both  being  of  the  same  form  as  that  just  given, 
can  be  expressed  as  d,  product  of  gamma  functions. 

From  these  two  results  together  I  deduce  some  other  formulae,  which 
correspond  to  Weierstrass's  relations  for  hyperelliptic  integrals.* 

Finally,  I  show  that  similar  relations  exist  for  integrals  of  the  form! 


1 


f«ii 


1.  Writing  /(0)  =  (e-ai)(e-aa)...(e-a,), 

where  ai^  a^^  ...^  a^  are  taken  to  be  all  real,  and  arranged  in  descending 
order  of  magnitude,  so  that 

Oi  >  O]  >  Og ...  >  a«, 
consider  the  substitution 

(— ir"^/'(ai)^9  =  (a?i— OiXa:,— ai)...(a;»-i— Oa), 

*••         ...         ...         ...         ...         ••• 

{-ir-^f(ar)ir  =  (ar,-a,)(a!i-a,)...(x,_i-a,), 

*•.  ...  .••  •••  •••  ... 

where  the  number  of  the  x  is  one  less  than  the  number  of  the  roots  of  the 
equation  /(d)  =  0. 

The  identical  relation  between  the  ^  is 

€l  +  €2+'"+(n=h  (2) 

which  is  immediately  deduced  from  the  relations 

2/4  =  0    (p<»-«,        1^=1. 
Transform  the  multiple  integral 

in  which  ^r=  1""^1 — ^J-^'^^r-l  —  ^r+i...— 6»> 

and  fig  has  its  real  part  positive  for  all  values  of  «,  by  the  substitution  (1). 

*  WeittitnM,  loe.  eii.,  p.  127. 

t  Of.  Abel,  "Petite  Contribation  k  U  Thiorie  de  qiielqaee  F<motU»s  Tnaaoendentalet" 
((BWvrw,  Vol.  X.,  pp.  40-60). 


(8) 
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It  becomes 


n*{(-l/«-V(aJ}^-^jj...j''^^^^ 


(4) 


where 


and 


B{x)  =  n  (a?-aO^-» 


1-1 


T  ^^  d  {gif  fa,  ...»  fr--l>  yr-^lt  ** *»  yii) 


The  limits  are  chosen  so  that  Zi  varies  from  a^  to  o^,  ^r^  from  a,  to 
Of,  ...,  ^f  from  a«4.i  to  a«.  All  these  limits  correspond  to  the  limit  sero 
for  one  of  the  f,  and,  moreover,  the  value  of  any  (  is  always  positive  for 
this  range  of  valaes  of  the  x. 

Since  ir  is  always  positive,  we  have 

l>fi+f«+...+fr-i+^r+i+...+6»  (6) 

throughout  the  integration,  and  so  the  field  of  integration  for  d,  ...,  fr-b 
(f¥if  '"f  in  is  for  all  positive  values  subject  to  this  condition  (5). 
The  value  of  the  (  integral  is  therefore  by  Dirichlet's  theorem 


ro8^)ro8a)...ro8j 


and  I  have  the  result 


rr...^'  ''u'  B(x;)Jdx,dx^..,dxn^,  =  5J^""^^*"'-^^'^^^"'T^- 


(6) 


2.  Now 


J  = 


d  (f  1*  %a>  "  •  >  %r~l»  €r+lf  '  " I  Cm) 

d(a?i,  a?9,  ...,ajn-i) 


•Cl  ^  Cl\  Xn  '—  dy 


Xn-l  — «! 


Xi  —  Or-l        Xg— ar-i'       *"'      aJn-l  — Or-l 


I  ,  *  *  *  y 

3/| "~"  CLn  X^  "~  Afi 


arn.i— a, 


(7) 
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•b» 


where  in   11'   the  dash  denotes  that  the  term  corresponding  to  «  =  r  is 


•*-i 


omitted  from  the  product. 

Further,  JIL'f(a^  vanishes  when  x,  =  Xt  and  when  a«  =  Of,  and  it  is 
therefore  equal  to  a  numerical  multiple  of  n(ar,— «i)n'(ar— Or) ;  and  so  I 

8^*  j^ll(x.^xd 

(t>8;  f>8';  8,t  =  l,  2,  8,  ...,  (n— 1);  »',  ^  =  1,  2,  8,  ...,  n), 
which  may  be  written  in  the  form 


J  = 


11(0,'— Or) 


a?-*, 


x:-\ 


'2 


JH-i 


'I 
.n 


aj~-«, 


•>  ^%9  1 


.«-4 


a.*-*      ^»-'      J.*""*  n;     1       1 


(8) 


8.  Now,  writing  H(a„a,+i,m)  for 


f 


n  {x—a^'^x'^dx. 


(9) 


I  shall  get  as  the  value  of   the  multiple  integral,  when   expressed  in 
Xi,  asj,  ...,  Xn — taking  for  J  the  form  (8) — ^the  determinant 

HCoi,  Oj,  n— 2),       H(ai,a^,nSh       ..,     H(ai,a^,lh      H(ai,a^O) 

H{a^,  a„  n— 2),       ff  (a,,  Oj,  n— 8),      ...,     -ffCo,,  Oj,  1),       H{a^  Oj,  0) 

•••     •«•     •••     •••     •••     •••     ••• 

£r(a»-i,  On,  n— 2),  ff(a,-.i,  a»,n— 8),  ...,  ff  (On-i,  a,,  1),  £r(an_i,  a»,  0) 

(10) 
divided  by        n{(-.ir-y(aj}^--^n(a.-a()  (sX); 

so  that  I  have  as  the  final  result :  the  determinant  (10)  is  equal  to 

n  i(-l)-y(aJ}''.-^n(a.-a^5W^ 

where  «  and  t  take  all  the  values  1,  2,  8,  ...,  n,  subject  to  the  condition 

8>t. 

It  should  be  noticed  that  the  question  of  the  sign  of  J{€lx)  has  been 
disregarded,  so  that  it  is  necessary  to  determine  what  sign  should  be  given 
to  the  result  in  any  particular  case.* 

As  an  example  of  this  formula,  put 

n  =  5,        i8.  =  J      (5  =  1,2,8,4,6); 

fc.  2.    fOL.  8.     NO.  896.  F 
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then,  writing  B(x)  for  («— ai)(«— a^(a?— a,)(a:— aJCa?— a,),  we  get  for 
hyperelliptic  functions  of  genus  two  the  relation 


£ 


£ 
£ 
£ 
£ 


g*<to 


£ 


gda; 
da; 

C      g<te 


£ 
£ 


Cdx 


£ 


<2x 


=  -t^ 


4.  Taking  the  form  (7)  for  J,  and  writing  I,  (Ov,  a«^i)  for 


'•^    t»% 


dx 


I  get 


n  (x-ad^  z TT r  , 


•••         •••  •••  •••  •••  ••• 


"       (-ir-y(a.)r(2i8i) 


(5  =  1,  2,  8,  ...,n).      (11) 


6.  I  now  go  on  to  investigate  the  result  of  applying  this  method  of 
transformation  to  evaluating  a  determinant  of  the  (n— l)-th  order,  whose 
elements  are  integrals  of  the  form 


£ 


•«« 


t-m 


n  (x-af"'^  n  {x-'bii"''3^dx. 


in  which  &|,  &a,  ...»  &«i,  01,0,,  ...,  ^  are  taken  to  be  all  real  and  arranged 
in  descending  order  of  magnitude,  so  that 

Oi  >  O]  >  03  ...  >  On 

and  CD  >  61  >6j  >6j  ..•  >  6»  >  Oj, 

and  in  which  /3«  and  y%  and  £)8— -£y  denote  quantities  whose  real  part 
is  positive  for  all  values  of  «  and  t. 
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Under  these  conditions  bt—dt  is  always  positive,  and  x^-bt  does  not 
change  sign  throaghout  the  integration. 

Consider  the  transformation  of  the  integral 

...  n     U  ix.-xif''^   n     U  {x,-bd''''Jdx^dx^...dXn     (12) 

by  the  substitution  (1). 

/is  ^(^i>  ^P   ">  ^«-i>  ^r-fi,  ...,^11)^   g^jjj  jg  considered  to  be  expressed  in 

dyXif  x^t  ...|  X«-i) 
terms  of  Xi^  x^  . . . ,  a;«.i. 

a:,— 6t)-T-(— l)*"y(6i)  by  partial  fractions,  I  have 


•-1 


(- l)-y(W  ~  pli  (- l)"-y  (Op)  (6,-<g  ~  .fi  6,-a. •  ^"^ 

80  that  by  this  transformation  the  given  integral  becomes 

the  range  of  integration  being  for  all  positive  values  of  the  (^  with  the 
condition  2^«  =  1. 

6.  In  the  preceding  paper  (Part  I.,  §  6)  it  has  been  shown  that  this 
multiple  integral  can  be  replaced  by 


•-1 


^...,,^ —        ...     n  e?*-' n  (1+ 2  ^-^)    djd^...djdn. 
r(2i8-2y)  n  r(yO  •''  •''     -"^  *-^       '-'  ^     '"  ^^"""^ 

'"'  (16) 

Transform  this  integral  by  a  substitution  exactly  similar  to  (1),  viz., 

(-1)~-V'(6t)0/  =  {x^-bd{x^-bd  ...  (x^-bd, 
where  ^{x)  =  (a— 6i)(a;— 6j)  ...  («— 6J 

and  the  number  of  the  variables  6  is  equal  to  the  number  of  the  x. 

The  limits  of  Xi  are  from  &|  to  oo ,  of  x^  from  b^to  bi^  ...^  ot  Xt  from 
b%  to  &(-i.     Then,  as  in  §  1, 

•^  =  •'(t) = n|E|   (O.I  ..'=!,»,....«.). 

p  2 
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and  can  be  expressed  in  various  forms  as  a  determinant,  just  as  cTC^/o?)  in 
§  2.  In  partictdar,  the  form  (8)  of  §  2  is  the  same  for  the  two  cases,  and, 
corresponding  to  the  form  (7),  I  have 


J'  =  n  ft 

<b1 


Also,  I  get  at  once 


a?!— 6/       «a— 6/ 


... , 


a?m— 6i 


•••  •••  •••  ••• 


X|— 6»'      «»— ftn' 


•  ••  > 


Xm^bm 


(16) 


i-» 


n  {Xt—ai  a 


(-ir^(oJ  a,-h 

so  that  the  integrand  takes  the  form 


=  1+2 


Bt 


bt—a,' 


(17) 


T^m 


rsB« 


(18) 


.  dXn-\ 


77   TT    I       r«l )  TT    I    r=l 

1.1  \(-l)*-^0'(6,)/  .«i  \(-l)~0(aJ. 
Finally,  then,  I  get  that  the  integral 

...  n     n  (rc-oi)^*"'    n  n  (a;,-6i)-^'j(-*^)&?i&^. 

Jo,  Jo,        Ja„        «-l      ««1  »-l  «-l  ^^^ 

is  equal  to 

...  n  n  («r-6*)^'"'  n   n  (Xr-ay^'J[-)dx^dx^...da^    (19) 

multiplied  by 

'ff  i  (- 1)-* 0(a.) }  ^M  (-  ir -y  («.) }  ^'"^  n  r(6j       , 


f«i 

n 

t«i 


ffu-i)-7(6o}*M(-ir-'^'(W[*'-'  n* r(y,)  r(2^-2y)' 

f«l  <=i 


7.  Giving  to  J  (Hz)  and  J(d/ar)  the  form  (8),  and  writing  fl*(a„  a,+i,  r) 


for 


n  («-a/'-'  n  (x-6, 

and  H'(b„  b,^i,  r)  for 


)-»'«'•(& 


(20) 


(21) 


I  get — writing  down  in  each  case  only  the  first  and  last  rows  of  the 
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determinantB — ^that  the  determinant 

H(ai,  Oa,  n— 2),      H (Oj,  a,,  n— 8),     ...,     jff  (Oj,  a,,  1),      H{ai,a^O) 

•••     •••     •••     •••     •••     •••     ••• 

H(aH-i,a»,w— 2),    HiOn^uOn^nS),    ...,    ^(0^.1, a»,  1),   H(a»-i,an,0) 
is  equal  to  the  determinant 

H'(oo,6i,  w-1),     -ff'(QO,6i,m-2),    ...,    H'(qo,6i,  1),     £P(qo,6i,  0) 

•••  •••  •••  •••  •••  •■•  ••• 

ir(6«-i,6«,wt-l),  H'(6«.i,6«,m-2),  ...,  H'(6^„6«,l),  H' (6^.1, 6^,  0) 
multiplied  by 

1  Il(a.-a,)  nU-ir0(aJt^M(-ir-^r(ai)}^'"'ro3j  .      20^ 

rcs/s-Sy)  n(6i--6r)  n{(-.ir-y(w}^'|(-ir"'0'(Wl"'"'r(yo'    ^  ^ 

where  «  and  «'  take  the  values  1,  2,  8,  ...,  n,  and  s'  >  s ;  t  and  ^  the 
values  1,  2,  8,  ...,  m,  and  t'  >  ^. 

As  examples  of  this  formula,  putting  n  =  8,  m  =  2,  /8«  =:  yi  =  },  and 


r»6 


writing  a^  and  o^  for  62  &z^d  ^i>  ^^^  -^C^)  for  11  (x— Or),  we  have 


Cxdx  p 


ix)} 
dx 

r-7 


vTb(^ 


c 


agdg  p       dag 


similarly,  putting  B{x)  for  11  («— Or),  we  have 


£ 


v{Bix)y 


c 


V{.B(a!)}' 


J..  71^^' 


Cx<?ie 

Cxda; 


1: 


f 


dx 

V{.B(«)} 

...Vi-B(«)[ 
<fx 


A/ii2(x)j' 


p     x*dx  r*    xdx 

J..Vi-B(a')}'       J<w7P^' 


dx 

dx 

(ix 
T77 


vTb^ 
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and  there  are  similar  formolte  for  hyperelliptic  fonctionB  of  any  order. 
If  we  put  m  =  1,  y  =  1,  n  =  4,  /8i  =  j8,  =  j8,  =  J,  fi^  =  1,  and  write 
a  for  a^,  B(x)  for  {x—a^(x—a^(x—a^,  we  shall  get,  after  some  slight 
reduction, 


xdx 

dx 

.,Vi-B(«)}' 


rxdx 


dx 


Z 


dx 


r 


dx 


<2iB 


(*-6)ViiJ(«)} 

^^ 

(x-b)y/{Bix)\ 

dx 

{x-b)y/{B(x)\ 


_      V 
=  x«  •'^ 


V 


B{a)]  r  dx 

B{b)}h{x-aW{B(x)y 


which  is  equivalent  to  11  (u,  v)—Tl(v,  u)  =  uE{v)—vE(u)t  in  the  notation 
of  elliptic  functions. 


8.  Giving  to  Jii/x)  and  JiQjx)  the  forms  (7)  and  (16)  respectively, 
and  writing  Ip(a^  o^^i)  for 


£ 


«»» 


l»» 


dx 


a,^lf«l  1-1  («  — fly(a5— Or) 


(28) 


where  r  is  any  chosen  number  out  of  1,  2,  8,  ...,  n  ;  and  i^(6^  6f^i)  for 


dx 


X  —  bn 


(24) 


I  get — again  writing  down  only  the  first  and  last  rows  of  the  determinants 
—that 


is  equal  to 


•  •  • 


r,  (00 , 6,),   r,  (6„  6,),   ....   r,  (6,_„  t j 


•••  ... 


i;,(a),6i),    rmCfti.  V /'»(6«-i,  tj 


(26) 


*  In  this  diet«niiiiiant  there  is,  of  couiw,  uo  row  A. 
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multiplied  by 


««■» 


.  n  u-ir^(aj}'''{(-i)-'/'(aJ}'''r(/8j 


r(2^-2y)(-l)*"  /(«r)  if  |(_i)-y(j^p,  {(-ir-^0'W}^'r(yi) 


9.  It  is  convenient,  for  the  sake  of  extensions  to  be  made  immediately, 
to  restate  these  f ormnlte  in  the  form  they  take  when  the  integrals  which 
form  the  constituents  of  the  determinants  are  transformed  by  a  general 
homographic  transformation,  or,  what  is  the  same  thing,  when 
2^— 2)y  =  0.  The  results  are  most  easily  obtained  by  using  trans- 
formations similar  to  (1),  §  1,  on  the  formulse  of  §  1  of  the  preceding  paper. 

If  bif  bf,  ...f  bmt  <h*  (h*  "-f  ^  &^6  ^^  quantities  arranged  in  order  of 
magnitude,  and  fi,  and  yi  denote  quantities  whose  real  part  is  positive  for 

all  values  of  s  and  ^,  such  that   Z  )8«  =   Z  y^,  and  if 

H(a,,  Op+i,  r)  =  n  («— a/-"^  11  {x—bd'^'sirdx, 

and  H'(6p,  6p+i,  r)  =  f^    *ff  (a;-W^'"^  U  (x-cQ'^'x^da, 

then  the  determinant 
H(ai,  Oa,  n— 2),      jff  (oi,  a,,  n— 8),      ...,     HCoj,  a„  1),      fCoi,  a„  0) 


H(a»-i,a»,n— 2),    H(a»-i,  a»,n— 8),    ...,    H(a»-i, a»,  1),    H(a»-i,a»,0) 
is  equal  to  the  determinant  (m  >  1)  ^^ 

2^(61,62,^1-2),      £P(6i,  6,,  m-8),    ...,    -BP(6i,  6„1),      -BP(6i,  63,  0) 

...  ...  ...  ...  ...  ...  ... 

mb—ubM,m-2),  fl'(6,_„6«,m-8),  ...,  ^(6,_i,  6«,  1),  fl'(6,_„6«0) 
multiplied  by 

n(o.-<v)  n  {(-ir»(oj[''M(-i)'-^/'(oJl'''"'ro8^ 
n(6,-6r)  n  {(-D-ycwf''  {(-ir->^'(6o}'"~'r(yy 

where  /(9)  =  H  (0— o^),        *(fl)=  ff  (0— 6^, 

(-1  (-1 

«  and  s'  take  the  values  1,  2,  8,  ...,  n,  and  <  >  «',  t  and  if  the  values 
1,  2,  8,  ...,  m,  and  f^-lf. 
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When  m  =  1  and  y  =  Zj8  the  above  first  written  determinant  is  equal 


to 


(B) 


10.  Moreover,  if 


fB« 


JikCOp,  Op+i) 


-c 


II  {x-af* 


dx 


p^^  Tt(x—bd 


^h\yi  («—«*)(«— «r)' 


where  r  is  some  selected  number  from  1  to  n,  and 

where  q  is  some  selected  number  from  1  to  m,  then  the  determinant 


(in  which  there  is  no  row  Ir)  is  equal  to  the  determinant  (m  >  1) 


Tiibiy  69),       /iCftj,  fea)* 


/ii(6i,  69)1       liiCfta,  ^a)* 


ri(6«-i,  6 J 


n.(6-i,  6J 


(in  which  there  is  no  row  Tq)  multiplied  by 


«s» 


(-i)»-i^>(fej  .5  U-ir^(aj(-i)->/(aj}''-roj 

(-1)"-V(«r)  '5p  |(-l)-7(6.)(-l)-»^'(6^}».r(y,)* 
When  m  ^  1  and  y  =  Sj8,  the  al)ove  first  determinant  is  equal  to 


«*» 


II  )(6-a.)(-l)»-y(a.)|'''r(j8,) 


(O 


«=>1 


(-i)"-y(o,) 


{(-1)-Vl6)}»r(y> 


(D) 


11.  The  resalts  (A),  (B),  (C),  (D)  of  the  last  paragraphs,  obtained  on 
ihe  supposition  that  fi,  and  yi  are  quantities  whose  real  parts  are  positive, 
and  that   Oi,  a,,  •••>  «•  and   b^,  b^,  ...,  6.  are  arranged  in  order   of 
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magnitude,  may  now  be  extended  to  include  all  values  of  these  quantities, 
the  only  condition  which  is  retained  being  that  6|— a«  must  be  positive 
as  to  its  real  part,  for  all  values  of  t  and  s. 

This  is  done  by  replacing  the  definite  integrals  between  fixed  limits  by 
double-circuit  integrals. 

Thus,  for  example,  if  if  (a«,  a«+i,  r)  in  formula  (A)  or  (B),  be  defined  as 

in  which,  of  course,  the  double  circuit  is  so  drawn  as  not  to  pass  through 
any  of  the  points  a  or  6,  and,  if  similar  modifications  be  made  in  the 
definitions  of  Ip(aq,  a^+i)*  •••>  the  relations  (A),  (B),  (G),  and  (D)  will  still 
be  true. 

For  it  is  obvious  that,  corresponding  to  these  double-circuit  integrals 
for  0^1,  z^  ...,  the  field  of  integration  for  i^,  i^  ...  as  given  by  the 
transformation  (1)  will  be  such  a  one  as  has  been  considered  in  Part  II. 
of  the  preceding  paper,  that  is,  it  is  one  such  that  each  factor  of  the 
integrand  will  return  to  its  initial  value  after  the  field  has  been  covered, 
and  also  such  that,  when  /S^,  fi^f  ...  are  positive  as  to  their  real  parts,  the 
integral  can  be  reduced  to  one  taken  over  the  content  bounded  by 

fi  =  0,  ^2  =  0,  ...,  ^»  =  0, 

where  ii,  ^2»  ^s^  -  •  •  ^^®  ^  ^^  ^^^  positive. 

This  will  be  true  for  all  values  of  fig  and  yt,  a«  and  bu  and  so  in 
accordance  with  what  has  been  shown  in  Part  II.  of  the  preceding  paper, 
the  formulse  (A),  (B),  (G),  and  (D)  will  hold  good  for  all  values  of  fig  and 
yu  a«  and  bt ;  for,  when  fig  and  yt  are  positive  as  to  their  real  parts,  the 
two  expressions  for  ^(a.,  a,+i,  r),  viz., 

73^ — T^Tm T^  1  n  ix-a^"^  n  (x-bd'^^'x^dx 

(«*^— l)(e  ^•♦>— 1)J  <=i  i«i 

and  r     if  {x-a^'^  U  {x-bd""x^dx, 

become  identical,*  and  the  same  thing  is  true  with  regard  to 

The  condition  that  the  two  sets  of  quantities,  a  and  6,  are  separated 
from  one  another  by  a  straight  line  drawn  perpendicular  to  the  axis  of 
real  quantities,  may  be  changed  by  a  homographio  transformation  into 
the  condition  that  a  circle  can  be  drawn  to  separate  the  two  sets  from 
one  another,  and  I  get,  finally,  that,  if  Oj,  o^,  ...^  an  and  &i,  63,  ...,  61^ 


*  Of.  Poohharoraer,  Math.  Ann.,  Vol.  zxxv.,  p.  470,  *'  Ueber  ein  Integnil  mit  doppeltem  Umlaaf. 


»» 
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are  two  sets  of  quantities  such  that  a  circle  can  be  drawn  separating  one 
set  from  the  other,  and  if  fit  and  yt  denote  quantities  such  that 


«»ii 


Z  j8«  :=    £  yi, 


and  if 


H(a^  Op+i,  r)  =  (^j,«^_i)(^j,«^,,_yj 


and    /kCojHOp+i) 


^s'da: 


««» 


with  similar  definitions  for   W(b^  h^^i,  r)   and   T^ihp,  6p^i)f    then   the 
equations  (A),  (B),  (G),  and  (D)  of  §§  9,  10  will  still  be  true. 

12.  These  two  relations  (C)  and  (D)  taken  together  will  fumiph  iden- 
tities in  other  forms. 

In  the  formula  (D)  suppose  a^  and  6  to  lie  outside  a  circle  which  can 
be  drawn  to  enclose  all  the  other  points  a^  a^  ...,  On,  and  take  r  =  1 ; 
then  we  have 


n  { (6-aJ  (-  D-  >/  (a.) }  "•  T  OJ 


««1 


(-l)-'/»(ai)  j(-l)"-7(6)}'r(y) 


•  •  •» 


•fs(a»-i»  a») 


/ii(ai,  %),    /m(a,>  a^>      -m    i»(a»-i,  oj 


•»m 


=  2(-l)'7.(ax,(H)A.. 
where  A«  is  the  minor  of  /«(a|.  o^  in  the  determinant.     Now 


%••       •••        •••       ••• 

•*•      *••      •••      ••• 
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and  can  be  evaloated  by  the  formula  (O,  n— 1  being  written  for  n, 
fi,  being  changed  to  /8«+lt  <h  taking  the  place  of  h^  and  b  of  61,  m  being 
2,  ys  being  l—fi\,  and  y^  being  y,  and  Ot^i  taking  the  place  of  Of 
In  this  way  we  get 

±  A.  =  (a,-6)(a,-flH)/8. 

n  { (6-a^  (-  D-y  (a.) } ''  r  (/8J 

^  i(-i)-V(6)V {(-i)*(*-«i)/(«i)}*-*r(y)r(i-j8,) 

(a!-aO'-ft(x-ftf  <to  , 


b 


i»* 


Sabstitating,  then,  for  A^  and  noticing  that  the  sign  of  A«  as  given  by 
this  formola,  will  be  different  according  as  «  is  odd  or  even,  we  get 


/ffcaj-oa* 


1-1 

=  (-i)*r(/3^r(i-/3^  =  (-iy.^^. 

Now,  ohaDging  the  notation  a  little  by  writing  Oq  for  6,  and  — /Sq  for  y,  so 


that  2  /8«  =  0, 1  get 

•-0 


t-n  t»% 


2^(0,-0^(0.-00  J^^  7^'_^j(^_^^  J^^  (r«o.)(x«Oi)  =  ^""^^SSTA^- 

(27) 

18.  This  result  may  be  given  a  more  symmetrical  form,  for,  writing 

0»— Oj  «. 


(a:— oJ(a5— Oj)       »— a,     «— Oj' 


o.— 


«Q = 


(a? — o«}(x — Oq)       « — o,      « — Oq 

and  noticing  that        2  jS,  I    j;^ =  0, 

-0      J«i(a:-oJ  n  {x-a^' 

1-0 
*  H«re  and  afterwards  I  write  p(jp-a)«(s-.^'/(«)^  <or 


(28) 
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and  2  i8,      n  (x-ad''':^  =  0, 

I  get  at  once 

2  ftp ^ ri=o =  (_iyh_»     . 

1-0 

Again,  keeping  the  same  meaning  as  before  for  A«,  I  have 

'iT  (~  l)'I.(ar-i,  Or)  A.  =  0      (r  =3fe  2), 

from  which     Xfi.r- ^ ^T-n^gl^^O.  (29) 

In  these  formulsd  the  condition  Xfi  =  0  may  be  removed,  by  moving 
one  of  the  points  a  to  od  by  an  appropriate  homographic  transformation ; 
so  that  I  have  in  general,  putting 

T^.P%,,f     X  ^M^=(-iA-.^,        (80) 

.=-1       JiV    Iiix){x—a^}a^^^  x—d,  Binfipir 

when  jE>  =  9  ;  and  =  0  when  p^q,  Oy  and  Op.i  being  so  chosen  thai  it 
is  possible  to  draw  a  circle  to  separate  them  from  all  the  other  points  a. 

14.  As  a  verification  put,  in  (27),  Oq  =  oo ,  n  =  8,  )8«  =  },  and  write 

a:  =  p(tt),         P'(w)»=  4[F(fi)-«J[p(tt)-cJ  [F(u)-^; 

then  it  becomes 


+'"'-'^r?(^r^''<"'-'j*'= 


-JTI, 


i.e.,  [P(w+«+»')— «Jdtt  I        [p(tt)— cjdu 

^«        ^8  Jo  J« 


+  -^  r[l»(tt+a>')-e8]<i«  ("""  I>(u)-«JA*  =  ^ 

«^B       ^8  Jo  J«  « 


or  ifft)' — i|'ft)  =  Jxi. 
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15.  These  formulfld  (80)  may  be  established  directly  by  the  method 
used  by  Weierstrass  {loc.  cit,  Werke,  Vol.  i.,  p.  118).  For  writing  the 
left-hand  side  as  a  double  integral  in  the  form 


II 


Itt^? — # — \^^y' 

Biy)     (x—a^(y—a,) 


where  B{x)  =  IHx—aif*,  the  integrand  is  equal  to 

B{x)       1       iR'(y)      B'(x)) 
B(y)  (x-y)  \  B{y)       B{x) )' 

that  is,  to  -  ^  {(x-y^B  (y))  "  ^  {(x-y)B (y)) ' 

so  that  the  integral  will  vanish  except  when  x  =  ^  within  the  field  of  in- 
tegration, and  its  value  in  the  exceptional  case  may  be  determined.* 

By  this  method  also,  by  taking  the  limits  of  ^  to  be  c  and  c\  and  of 
y,  d  and  d\  we  most  easily  obtain  the  formula 

_1_  {''B(x)dx  _  _±_  {''B^^_s(e)  r         "^y 
B{d)l    x-d        B(d')lx-d'         ^'h(y-c)B{y) 


U  (y—c' 


)B(y) 


_  •-»  ^  [«■  B{x)dx  f*         dy 


Ian 

where  B(x)  =  U  {z—at)^'. 


16.  The  method  of  this   paper  may  also  be  used  to  obtain  similar 
results  with  respect  to  integrals  of  the  form 


1 


e-'Uix-bty^'^dx. 


For  with  the  substitution  used  in  §  6,  viz., 

(-l)«->'(6,)ft  =  {x,-bd(x^-bt)...{Xr.-bd, 
where  (/>(x)  =  {x-—bi)(x—b^  ...  (a;— 6J, 


*  (y.  also  Picard  et  Simart,  TMorit  tUt  fonetiont  de  deux  variables  ind^peftdantes.  Tome  u., 
pp.  198-201. 
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we  have,  as  before 


fi 


n  («f— oj 


1-1  1  j^x«    ft 


=  1+2 


(-l)-^(<0  bt-a,' 


and  aleo  2  2|—  2  &i  =  2d(. 

1-1  (-1 


Therefore  the  integral 


is  transformed  into 


which  is  equal  to  H  { (- 1)"-^  ^'  (W }  '•"*  T  (yt) , 

and  so,  writing  I,{bf,  6,4.1)  for 

dx 


«-6,' 


(8S) 


I  get  that  the  determinant 
/,  («,6i),    I,  (6„6,) Ii(6«_„W; 

•••        •••        •••       •••        •••       ••• 

=  n  { (-!)—»  ^'  (W}^'  r(yi).      (88) 
Similarly  the  integral 

r  p  ...  f"'  n*  'iff  (a:.-W^'-^  'ff  'ff  (Xr-ad'^'e'^^'^'^J  (^) 

Xdxidx^...  dxm. 
is  transformed  into 

n  {(-1)-'  »'(6jh-'  r  f    f    5  ^''"''"'' 
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which  by  the  help  of  the  formula  in  §  4  of  the  preceding  paper  is  equal  to 


$nn 


'P+^^ 


If  in  this  integral  we  put 

(-!)•/' (aJ6  =  («i-a«)(»i-fl^t)  ..•  («n-aJ,  (84) 

where  /(a;)  =  («— ai)(»— a,) ...  («— aj, 

we  obtain 

\rr...  (-  n  n  (x,-«^'.- n  n  (*,-60-e='<-.-^j(4) 

J«t  J«i         J-»  r-l  t-l  r-1   1-1  \  »  / 

X  dxi  dXf  . . .  dx%f 
BO  that,  imrituig  Tp(b„  b,+i)  for 


<>iit 


«  n  ix-bd-'    , 


(86) 


and  Ip(a^  a,^.i)  for 


(86) 


l-sl 


I  get  that  the  determinant 

J\  (<*> »  6i)»     -H (&!>  &«)»     •••»     ^ (6»-i>  6«) 

•■•  •••  ••.  •*•  •••  ••• 

is  equal  to  the  determinant 

Iiiaiy  a^,    Iiia^fO^f     •••»     -fi(^»  —  ®) 


I«(^»  %)>     I»(a9«  %)> 


•  ••> 


/•(Oi.,  — «) 


(87) 


xnoltiplied  by 


n  {(-ir-'fibd)""  {(-i)V(W}*'r(ya 


n  {(-!)•/'(«.)[''•  i(-ir*(aJ}'^r(/3.) 


t*-i 
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From  these  two,  by  a  method  exactly  similar  to  that  used  in  §  12, 1  dedace 

'->     J*-  *~*'       •'-"  n  ix-bH'' ix-bd 

^    smy^x 
or,  changing  the  notation,  so  as  to  agree  with  that  used  before,  and  writing 


«<K« 


B(.x)  =  n  {x—af; 
t«i 


I  have        2  ^.       „,..      ^v  -T^r~  =  (—!)':„  i<>     . 


(88) 


when  i>  =  9  ;  and  =  0  when  p^ct- 
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THE  WEDDLE   QUARTIC   SURFACE 

By  H.  Batbman. 

[Reoeived  February   lOth,    1905. —RMd  March   9th,   1906.] 

1. 

In  a  note  at  the  end  of  a  paper  in  the  Camb.  and  Dubl.  Math, 
Journal,  Vol.  v.,  1850,  p.  69,  Weddle  remarks  that  the  locus  of  the 
vertex  of  a  quadric  cone  passing  through  six  given  points  is  a  quartic 
surface  and  not  a  twisted  cubic  as  Chasles  had  once  stated.  This  note 
was  called  attention  to  by  Cayley  {Comptes  Bendus,  1861 ;  Collected  Works, 
Vol.  v.,  p.  4),  and  a  symmetrical  equation  for  the  surface  was  given  by 
him.  The  subject  was  again  taken  up  by  Chasles  {Comptes  Hendus, 
t.  Lii.,  1861,  pp.  1157-62),  where  he  shows  that  the  locus  of  the  vertex 
of  a  cone  which  divides  six  given  segments  harmonically  is  also  a  quartic 
surface.  The  properties  of  this  more  general  surface  have  been  very 
fully  discussed  by  Cayley  C'A  Memoir  on  Quartic  Surfaces,"  Collected 
WorkSf  Vol.  VII.),  who  identifies  it  with  the  Jacobian  of  four  quadrics, 
the  Weddle  surface  corresponding  to  the  case  in  which  the  four  quadrics 
have  six  common  points. 

From  the  definition  of  the  surface  it  is  easy  to  see  that  the  surface 
contains  the  fifteen  lines  joining  two  of  the  points  and  also  the  lines 
of  intersection  of  the  ten  pairs  of  planes  which  can  be  drawn  through 
the  six  points,  making  twenty-five  lines  in  all.* 

The  object  of  this  paper  is  to  obtain  some  of  the  tangential  properties 
of  the  surface  ;  a  construction  for  the  tangent  plane  at  any  point  is 
obtained  geometrically,  but,  in  the  latter  half  of  the  paper,  considerable 
use  is  made  of  a  parametric  representation  of  the  surface  which  was 
shown  to  the  author  by  Mr.  Richmond. 

The  surface  is  obtained  as  the  envelope  of  a  certain  system  of  planes, 
and  is  also  shown  to  belong  to  a  general  class  of  surfaces  which  may  be 
defined  as  the  projections  of  surfaces  formed  by  the  translation  of  a  curve 
in  four  dimensions. 

*  The  eziatflooe  of  the  twenty-five  linee  is  noticed  by  both  Gayley  and  Chaalee,  but,  as 
Oayley  alterwaida  refers  to  Chasles*  paper,  it  is  probable  that  they  were  first  disooyered  by 
Chasles. 

2.   yoL,  3.   xo.  896.  Q 
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It  appears  in  the  course  of  the  work  that  the  twisted  cubic  is  an 
asymptotic  line  on  the  surface.  I  have  obtained  a  differential  equation 
for  the  asymptotic  lines,  but  have  not  succeeded  in  integrating  it. 

2.  Tlie  Jacobian  of  a  System  of  Quadrics. 

The  Jacobian  of  a  linear  system  of  quadrios  of  four  terms  may  be 
described  geometrically  *  as  (1)  the  locus  of  the  vertices  of  cones  belong- 
ing to  the  system,  (2)  the  locus  of  pairs  of  points  which  are  conjugate 
with  regard  to  all  quadrics  of  the  system,  (8)  the  locus  of  points 
at  which  two  of  the  quadrics  touch,  (4)  the  locus  of  the  comers  of 
tetrahedra  self -con  jugate  with  regard  to  two  of  the  quadrics.  If  we 
denote  the  four  quadrics  by  S,  T,  XJ,  V,  then  the  equation 

aS+pT+yU^-SV  =  0 
will  represent  a  cone  if 

^  (aS+-)  =  0,         ^()=zO,        I  (  )  =  0'         ^  ^  ^  =  ®- 

The  result  of  eliminating  a,  ^8,  y,  S  gives  us  a  quartic  equation,  viz., 
the  Jacobian,  while  the  result  of  eliminating  x,  y,  z,t  is  &  quartic  equation 
in  a,  /3y  y,  S  which  may  be  considered  as  that  of  another  surface  which 
Cayley  has  called  the  **  symmetroid." 

In  the  ordinary  case  the  Jacobian  surface  contains  ten  straight  lines 
and  the  symmetroid  possesses  ten  nodes ;  and  the  above  equations  may 
be  considered  as  establishing  a  correspondence  between  points  on  the 
two  surfaces.  The  case  in  which  the  four  quadrics  have  six  common 
points  is  particularly  interesting,  for  then  the  Jacobian  is  the  Weddle 
surface,  and  the  symmetroid  has  sixteen  nodes  and  is  no  other  than 
Kummer's  famous  quartic  surface. 

The  second  mode  of  generation  tells  us  that  the  polar  planes  of  any 
point  P  on  the  Jacobian  meet  in  another  point  P' ;  the  relation  between 
the  points  P  and  P'  is  evidently  a  reciprocal  one,  and  so  we  have  pairs 
of  corresponding  points  on  the  surface. 

When  the  quadrics  have  six  common  points,  there  will  be  three 
linearly  independent  quadrics  containing  the  twisted  cubic  through  the 
six  points ;  the  polar  planes  of  a  point  P  with  regard  to  these  quadrics 
meet  on  the  chord  of  the  cubic  through  P.  It  follows,  therefore,  that 
the  line  joining  two  corresponding  points  on  the  surface  is  a  chord 
of  the  twisted  cubic  and  is  cut  harmonically  by  it.f 

•  Cf.  Darboux,  BuUetin  tUt  Seiettcet  Mathemattquei,  Ser.  1,  t.  i.,  p.  348,  1870. 
t  Thia  fact  Im  mentioned  by  Darboux,  loe,  eit.,  p.  356  ;  he  also  remarks  that  in  the  general 
cane,  the  lines  joining  corresponding  points  form  a  congruence  (7,  3). 
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Since  any  chord  of  the  cubic  is  cut  harmonically  by  the  surface, 
it  follows  that  any  tangent  to  the  cubic  meets  the  surface  in  three 
consecutive  points;  the  cubic  is  therefore  an  asymptotic  line  on  the 
surface. 

The  system  of  corresponding  points  is  obtained  in  another  way  by 
considering  the  system  of  quadrics  apolar*  to  the  original  system  of 
quadrics ;  it  is  built  up  by  taking  linear  combinations  of  the  tangential 
equations  of  any  six  linearly  independent  quadrics  apolar  to  the  given 
set. 

Let  (7i  =  0,  J7s  =  0,  . . . ,  Uq  =  0  be  the  tangential  equations 
of  the  six  base  points:  then  the  six  quadrics  17^  =  0,  ...,  17^  =  0  are 
linearly  independent  and  are  apolar  to  any  quadrics  through  the  six 
points  ;    accordingly,   the  general   equation  of  a  quadric  apolar  to  the 

^  k,Vl+k^Vl+...+k^Vl  =  0. 

Whenever  this  equation  represents  two  points  they  will  be  conjugate 
with  regard  to  any  quadric  through  the  six  points,  and  will  therefore  be 
corresponding  points  on  the  Weddle  surface ;  if,  then,  L  and  L'  be  the 
tangential  equations  of  two  such  points,  we  have  a  relation  of  the  form! 

(1)  LL'  =  k,Ul+k^Ul+k^U;+k,Ul+k,Ul+k^Ul 

By  giving  special  values  to  the  &'s  we  may  obtain  a  number  of  points  on 
the  surface :  for  instance,  by  taking  k^  =  k^=^  k^  =  k^^  0,  we  recognize 
that  the  straight  line  joining  1  and  2  lies  entirely  on  the  surface;  by 
taking  k^  also  zero,  the  point  1  appears  as  a  self -corresponding  point.  Since 
^e  have  five  lines  through  each  of  these  points,  they  must  all  be  nodes  on 
the  surface. 

Now  let  M  and  N  be  the  equations  of  two  points  dividing  LL'  har- 
monically ;  then  clearly         LL'  =  M^—N^ 

80  that  M^-N^  =  k^Ul+...+kf^Ul 


*  Two  qnadrios  wlioee  point  and  plane  equations  aie  respeotiTely 

are  said  to  be  apolar  when  the  inyariant 

ranishes ;  it  is  easily  seen  that,  when  2  »  0  represents  two  points,  this  is  the  condition  that  thej 
•hoold  be  oonjngate  with  regard  to  ^  i-  0. 

t  Of.  Serret,  NowhIUm  AfmaUt,  Sir.  2,  t.  ly.,  1866,  p.  438. 

q2 
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It  has  been  remarked  by  Serret*  that  a  relation  of  this  kind  is  the 
condition  that  the  eight  points  M,  N,  Ux,  ...,U^  Bxe  such  that  any  qnadric 
through  seven  of  the  points  should  pass  through  the  eighth  ;  aooordin^y, 
every  quadric  through  (7i,  ...,  V^,  M  passes  through  N^  and  every  pair  of 
points  Mf  N  on  the  line  LL'  which  possess  this  property  divide  LL' 
harmonically.  A  pair  of  such  points  can  only  coincide  at  one  of  the  points 
L  and  L'.  Therefore,  if  we  consider  a  transformation  in  which  a  point  N 
is  derived  from  M  by  drawing  quadrics  through  Ui^  Uft  ...,  U^t  Bnd  M, 
and  finding  their  eighth  common  point  of  intersection,  the  Weddle  surface 
will  appear  as  the  locus  of  a  point  M  which  coincides  with  its  corresponding 
point  N.  This  method  of  obtaining  the  surface  is  due  to  Geiser  (CreUe^ 
Vol.  Lxvii.,  1867,  p.  78). 

If  we  consider  only  planes  which  pass  through  the  point  L,  the  relation 
(1)  gives 

Now  I7|  =  0  may  be  regarded  as  the  tangential  equation  of  the  point  in 
which  any  plane  is  met  by  the  line  LUi.  and  a  relation  of  this  form 
between  the  tangential  equations  of  six  points  in  a  plane  is  the  necessary 
and  sufficient  condition  that  they  should  lie  on  a  conic,  f  This  shows  that 
LUif  LUff  ...f  LU%  are  generators  of  a  quadric  cone,  so  that  L  actually  is 
the  vertex  of  a  cone  through  the  six  points  U|,  U^,  ...,  U^ 


8.  Parametric  Representation  of  the  Surfa^^. 

Let  A  and  B  be  any  two  points  upon  the  twisted  cubic  through  the 
six  nodes;  then  any  quadric  through  U|,  U^,  ...,  U^  and  A  contains  the 
cubic,  and  therefore  passes  through  JB;  accordingly,  there  must  be  an 
identical  relation  of  the  form 

where  A  =0  and  B  =  0  are  the  tangential  equations  of  A  and  B.  If, 
then,  we  break  A^^-B^  into  factors,  we  shall  obtain  the  tangential  equations 
of  a  pair  of  corresponding  points  on  the  surface. 


*  Serret,  **  O^metrie  de  Direction/*  N<mvelle»  Annalet^  t.  iv.,  1866,  p.  440.  An  admirable 
aiooount  of  theorems  of  this  type,  with  full  extensions  to  carveH  and  Kurfaces  of  any  order,  b 
given  by  Clifford,  CoUeeted  Work$,  pp.  119-129. 

t  This  theorem  is  commonly  ascribed  to  Serret,  but,  as  Darboux  points  out  (Bulletin  tUt 
SeiMcei  MathimatiqHgs^  Ser.  1,  t.  z.,  1870,  p.  11),  it  W9^  first  given  by  Hesse  (Extrait  du  ZeiUchrift 
fur  Mathimatik  tmd  Phyiik^  18tf6 ;  Leipzig,  Teabner). 
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The  co-ordinates  of  points  on  the  twisted  cubic  may  be  expressed  in 
terms  of  a  parameter  0  by  the  relations 

x:y:z:t=:  e^ie^iOil. 

Denoting  the  parameters  of  C/j,  ...,  (/g,  -4,  J5  by  ^i,  dj,  ...,  de,  0,  ^,  the 
identical  relation  between  the  squares  of  the  tangential  equations  of  the 
eight  points  may  easily  be  verified  to  be 

Comparing  this  with  the  previous  relation,  we  have  at  once 

(d-^)(d-Oi)...(e-.ee)"^(^-.0)(^-ei)...(0-d«)- 

Rejecting  the  common  factor  d— 0,  we  see  that  the  tangential  equation 
of  a  pair  of  corresponding  points  L  and  L'  may  be  written  in  the  form  . 

where  /(a)  =  (a— diXa  — ©a) ...  (a— ^e). 

Taking  the  square  root  of  each  side,  we  obtain  the  parametric  representa- 
tion 

^ u     ^      .     ^     J.     4^     .      0      I      ^ 


x\  y\  z\t  ^= 


Vf(e)      Vfiif>)     VfO)      V/(^)     Vf(0)      Vf(</>) 

.1.1 


*  Vf(0)    Vf{</>) 

This  representation  was  obtained  by  Mr.  Richmond  by  writing  down  the 
co-ordinates  of  L  and  L'  as 

(the  co-ordinates  necessarily  being  of  this  form,  since  AB  is  cut  harmonic- 
ally by  L  and  L')»  and  expressing  that  L  and  L'  are  conjugate  with 
regard  to  quadrics  through  the  six  points.  The  hyperelliptic  parametric 
representation  is  considered  by  Humbert  (Liouville^  Vol.  ix.,  1898,  pp. 
466-478).  Methods  of  obtaining  a  representation  of  this  kind  directly 
are  suggested  in  a  recent  paper  by  Dr.  Baker  (Proc.  London  Math.  Soc., 
1903,  Vol.  I.,  p.  261)  and  in  Hudson's  treatise  on  Kummer's  Surface^ 
p.  199. 
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4.  Systems  of  Paints  on  the  Sur/ctce. 

It  we  denote  the  quantity  (ie^+me^+nd+pfl/{e)  by  F(fl),  then 
F(0)^F(^)  is  the  tangential  equation  of  a  pair  of  corresponding  points 
on  the  surface. 

Let  d,  ^,  ^  be  the  parameters  of  any  three  points  on  the  twisted 
cubic ;  they  give  rise  to  three  pairs  of  points 

aa'  =  F(i>)  -F(Vr),       fifi'  =  F{yfr)^F(6),       yy'  =  F(0)  -F(^), 

connected  by  the  relation 

aa'+i8i8'+yy'  =  0. 

This  signifies  that  the  six  points  lie  by  threes  on  four  lines,  i.e.f  are  at 
the  comers  of  a  plane  quadrilateral.  Further,  if  a,  a'  and  fi,  ^  are  two 
pairs  of  corresponding  points  in  a  plane,  they  are  conjugate  with  regard 
to  all  quadrics  of  the  system,  and  so  by  a  well  known  theorem  4lue  to 
Hesse  the  other  two  points  y,  y'  in  which  the  four  lines  a/8,  afi^  a'fi^  a'ft^ 
intersect  are  also  conjugate  and  are  therefore  corresponding  points  on 
the  surface.  If,  however,  the  plane  meets  the  cubic  curve  in  ^4,  J3,  C,  it  is 
easily  seen  that  (a,  a'),  (/S,  fi'),  (y,  y')  must  lie  on  J3C,  CA,  AB  respect- 
ively ;  so  that  there  are  only  three  pairs  of  corresponding  points  in  each 
plane. 

Again,  if  0,  ^,  ^,  x  cure  the  parameters  of  any  four  points  on  the 
cubic,  we  obtain  six  pairs  of  points, 

aa'  =  F(it>)-F{xlr),  xx'  =  F(0)-F(x), 
fifi'  =  F{xlr)^F{d),  yy'  =  F(^)-F(x), 
yy'  =  F(e)-F{i/>),  zz'  =  F(Vr)-F(x), 

and  we  have  the  relation 

aa'xx'+l3l3^yy'+yy'zz'  =  0, 

which  signifies  that  the  three  tetrahedra  whose  comers  are  (a,  a',  x,  x'), 
08,  fi\  y,  y'),  (y,  y',  ^t  «')  respectively  form  a  desmic  system.* 

If  we  take  any  six  points  in  space  and  draw  the  twisted  cubic  through 
them,  we  may  choose  the  coefficients  in  f{d)  so  that  the  quantities  F{ff) 
are  any  given  multiples  of  the  tangential  equations  of  the  given  points  ; 
accordingly,  if  the  line  joining  each  pair  of  points  is  divided  internally 

and  externally  in  the  ratio  of  the  numbers  corresponding  to  each  point, 

* 

*  For  An  aooount  of  dennic  tetrahedra  I  may  refer  to  Hudson's  treatise  on  Knmmsr^a 
Surfae$^  pp.  1,  3. 
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the  thirty  points  thus  found  will  lie  on  a  Weddle  surface.  With  each 
point  as  centre  let  a  sphere,  whose  radius  is  proportional  to  the  corre- 
sponding number,  be  described ;  then  the  thirty  points  are  the  centres  of 
similitude  of  these  six  spheres  taken  in  pairs;  hence  the  centres  of 
similitude  of  any  six  spheres  lie  on  a  Weddle  surface. 

If  the  six  nodes  of  a  Weddle  surface  lie  on  a  sphere,  the  surface  may 
be  described  as  the  locus  of  the  centres  of  similitude  of  pairs  of  spheres 
whose  centres  lie  on  a  twisted  cubic  and  which  cut  a  given  sphere 
orthogonally ;  for  the  tangential  equation  of  such  a  sphere  is  of  the  form 

where  /(5)  =  0  is  the  result  of  substituting  «  =  0',  y  =z  6^,  z  =  6,  ^=1, 
in  the  equation  of  the  given  sphere,  and  the  centres  of  similitude  of  a 
pair  of  such  spheres  are  given  by 

m  /W  ' 

so  that  they  are  corresponding  points  on  the  Weddle  surface  whose  nodes 
are  the  points  of  intersection  of  the  given  sphere  with  the  twisted  cubic. 

The  surface  which  is  the  locus  of  the  centres  of  similitude  of  spheres 
belonging  respectively  to  two  singly  infinite  sets  possesses  a  number  of 
interesting  properties.  It  is  easily  seen  that  the  co-ordinates  of  any  point 
on  such  a  surface  can  be  expressed  in  the  form 

x:y:z:t  =/i(u)+^(t?)  :Mu)+if>^{v)  iMui+ip^iv)  :/M+i>AM' 

If  now  we  regard  (a;,  y,  z,  t)  as  the  actual  Cartesian  co-ordinates  of  a 
point  P  in  space  of  four  dimensions,  the  corresponding  point  Q  in  our 
space  will  be  obtained  by  projecting  P  from  some  outside  point.  If, 
moreover,  the  co-ordinates  of  P  are  given  by  the  above  equations,  P  will 
lie  on  a  certain  surface  obtained  by  the  translation  of  a  given  curve. 

The  lines  u  =  constant,  v  =  constant  form  a  system  of  conjugate 
lines  on  such  a  surface  and  will  project  into  a  conjugate  system  on  the 
surface  in  our  space.  In  the  case  of  the  Weddle  surface  the  space  curve 
by  means  of  which  the  surface  of  translation  is  generated  is  easily  seen 
to  be  of  the  sixth  degree  ;*  it  is  symmetrical  with  regard  to  the  vertex  of 
projection  in  one  position  for  which  it  projects  into  the  twisted  cubic 
through  the  nodes  of  the  Weddle  surface ;  in  any  other  position  it  passes 

*  The  surface  may  be  considered  to  be  generated  by  the  curve  ^  «  oonatant  moving  so  that 
each  point  on  it  defloribes  a  similar  curve ;  the  symmetrical  position  is  given  by  ^  »  0,  while  in 
any  other  position  the  orig^  is  one  of  the  points  given  by  •  -•  ^. 
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through  the  origin  and  so  projects  into  a  curve  of  the  fifth  degree.  We 
thus  obtain  a  conjugate  system  of  quintic  curves  on  the  Weddle 
Hurfiice. 

The  class  of  surfaces  obtained  by  reciprocation  are  considered  by 
Darboux  {Theorie  Generale  des  Surfaces^  Vol.  i.,  p.  128),  where  it  is 
shown  that  they  possess  two  families  of  plane  curves  forming  a  conjugate 
system :  a  surface  of  this  type  may  be  described  geometrically  as  the 
envelope  of  the  radical  plane  of  two  spheres  belonging  respectively  to  two 
singly  infinite  systems. 


5.   Tangential  Properties  of  the  Surface. 

Let  S  and  S'  be  two  consecutive  points  on  the  twisted  cubic  through 
the  six  nodes,  12  any  other  point  on  this  cubic ;  then  the  sides  of  the  tri- 
angle RSS'  will  meet  the  surface  again  in  three  pairs  of  points  PQ,  P'Q', 


Fio.  1. 

TT\  lying  by  threes  on  four  lines  (§  4).  Hence  PP^  and  QQ\  which  are 
ultimately  tangents  at  P  and  Q,  intersect  in  a  point  T  on  the  surface,  and» 
since  the  corresponding  point  T  ultimately  coincides  with  S,  the  polar 
planes  of  S  with  regard  to  quadrics  through  the  six  nodes  meet  in  the 
point  T,  which  lies  upon  the  tangent  at  8. 

As  12  moves  along  the  cubic,  the  point  T  will  remain  fixed ;  the  i)oint8 
P  and  P*  will  therefore  describe  the  curve  of  contact  of  the  tangent  cone 
from  T  to  the  surface. 

Again,  if  17  be  the  point  derived  from  R  in  the  same  way  that  T  was 
derived  from  S,  and  we  keep  H  fixed  and  vary  >S,  the  points  P  and  Q  will 
describe  the  curve  of  contact  of  the    tangent  cone  from   V ;    also  it  ia 
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easily  seen  from  the  above  figure  that  TP  and  TQ  are  the  tangents  at  P 
and  Q  to  this  curve  of  contact. 

Now  UP  and  UQ  are  generators  of  this  cone ;  hence  it  follows  that  PU 
and  PT  are  conjugate  tangents  to  the  surface  at  P,  and  so  the  curves 
obtained  by  keeping  one  point  on  the  cubic  fixed  form  a  conjugate  system. 
They  are  in  fact  the  curves  of  the  fifth  degree  obtained  previously. 

The  tangent  planes  to  the  surface  at  P  and  Q  are  the  planes  PUT  and 
QUT  respectively.  Now  P  and  (^,  being  points  on  the  surface,  will  be 
vertices  of  cones  passing  through  the  six  double  points ;  the  polar  planes 
of  12  and  S  with  regard  to  these  cones  will  therefore  pass  through  U  and 
T  respectively ;  but  any  point  on  RS  has  the  same  polar  plane  with  regard 
to  a  cone  vertex  P ;  hence  the  polar  plane  of  Q  with  regard  to  this  cone  is 
the  plane  PXJT^  that  is,  the  tangent  plane  at  P. 

The  tangent  plane  to  the  surface  at  any  point  P  is  therefore  the 
polar  plane  of  the  corresponding  point  Q  with  regard  to  the  cone  whose 
vertex  is  P,  and  which  passes  through  the  six  double  points."^ 

6.  Analytical  Treatment, 

The  plane  Ix+my+nz+pt  =  0  will  pass  through  the  point  (d,  </>)  on 
the  Weddle  surface,  if 

le^+me^jj-ne+p  _l^±m^±n±±i^ 

It  will  pass  through  the  consecutive  point  (d+^d>  ^+^^)  for  all 
values  of  Sd  and  &<l>.     If 

and  a    {  y+m^M^n^+p  I   ^ 

it  will  then  be  the  tangent  plane  at  the  point  d,  ^.  These  equations 
signify  that  the  tangent  plane  passes  through  the  point  whose  tangential 
equation  is  ^     l^^n,j0^^,^^p  |  _  . 

for  all  values  of  ^. 


*  This  oonstniotion  ib  analogous  to  that  for  the  tangent  plane  at  any  point  on  the  Hessian 
of  a  cubic  surface.  Darboux  remarks  that  many  of  the  properties  of  the  Hessian  can  be 
extended  to  the  Jaoobian  of  any  four  quadrics  ;  it  is  probable  therefore  that  this  ouustructiou  was 
known  to  him. 
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If  in  Fig.  1  iS  is  the  point  d,  and  R  the  point  ^,  then  the  eqaaticm 
just  written  down  represents  the  point  T.  The  co-ordinates  of  T  may 
therefore  be  represented  by 

.     .    ./-.3/    ^l.^l    ^l-^i     ^     l-^  f     1 

""'^^'^  ^^(^^^ '^(^^ '^^vM^  ^^wm 

so  that  the  locus  of  T  is  a  rational  curve  of  degree  7  lying  on  the 
surface. 

If  P  is  any  point  on  this  curve,  the  chord  R8  is  a  tangent  to  the 
twisted  cubic  and  so  the  points  P,  U  and  T  coincide ;  but  PU  and  PT 
are  conjugate  directions  on  the  surface ;  therefore  PU  is  a  tangent  to  one 
of  the  asymptotic  lines  at  P ;  hence  this  rational  curve  of  degree  7  is  an 
asymptotic  line  on  the  surface. 

We  saw  that  the  tangent  plane  at  any  point  must  satisfy  the  relations 

Consider  the  sextic     {ie^+me^+nd+p)^—kf(e)  =  0. 

If  we  eliminate  6  between  this  equation  and  the  second  equation,  we  shall 
obtain  the  values  of  k  for  which  this  sextic  has  equal  roots  ;  the  first  and 
third  equation  then  signify  that  this  occurs  twice  for  each  value  of  k, 
since  6  and  ^  are  different ;  accordingly,  with  such  a  value  of  k  the  sextic 
has  two  pairs  of  equal  roots,  and  so  the  tangential  equation  of  Weddle's 
surface  may  be  obtained  by  expressing  the  condition  that  the  equation 

(lff'+mff'+7id+p)^-kf(e)  =  0 

may  have  two  pairs  of  equal  roots  for  some  value  of  k* 

The  tangential  equation  will  be  of  the  twenty-fourth  degree,  so  I  shall 
not  stop  to  work  it  out ;  we  may,  however,  obtain  a  geometrical  interpre- 
tation of  the  last  result. 

Let  17  =  0  be  any  quadric  through  the  six  nodes  ;  then  the  equation 

V  =  (lx+my+nz+pt)^''kU  =  0 
represents  a  quadric  touching   17  =  0  round  a  conic.     The  points  where 

*  This  method  may  be  adopted  whenever  a  sur&oe  has  a  parametric  representation 
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F  =  0  meets  the  cubic  are  given  by 

(ie^+fn£^+n0+p)^-kf{e)  =  0 ; 

80  that,  if  k  is  properly  chosen,  V  will  touch  the  twisted  cubic  twice.  If 
therefore  we  describe  a  quadric  V  to  touch  a  given  quadric  U  all  round  a 
conic  and  to  have  double  contact  with  a  twisted  cubic,  then  the  envelope 
of  the  plane  of  the  conic  is  a  Weddle  surface. 

The  tangent  plane  at  {6,  if>)  will  pass  through  a  consecutive  point 
(0+iJd,  ^+<J^)  if 

Now,  since  the  equation 

has  two  pairs  of  equal  roots,  we  may  write 

(Za!»+in«*+n«+i))"-ft/(x)  =  X(a;-e)''(j!-^)«(«-a)(«— /8) ; 

therefore 

Differentiate  twice  with  regard  to  x  and  put  2  =  0;   then,  since 

we  obtain  the  relation 

v7(^  55»L         v^         J      ^  /(fl) 

with  a  similar  one  in  ^;  accordingly  the  differential  equation  for  the 
asymptotic  lines  becomes 

where  a  and  fi  may  be  regarded  as  defined  in  terms  of  6  and  ^  by  the 
fact  that  kf{x)'\tMx-ef  (x-^)«(a;-a)(a:-i8) 

is  a  perfect  square. 

The  asymptotic  lines  at  a  point  (0,  f)  will  coincide  only  when  one  of 
the  coefficients  of  dJS^  and  di>^  is  zero ;  this  will  occur  either  when 
f(<l>)  =  0,  that  is,  at  the  double  points,  or  when,  say,  ^  =  a ;  this,  there- 
fore, may  be  regarded  as  the  equation  of  the  parabolic  curve. 
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The  first  form  of  the  equation  shows  that  the  tangent  plane  at  a  point 
on  the  parabolic  curve  satisfies  the  two  equations 

the  developable  generated  by  them  therefore  contains  the  rational  curve  of 
degree  7. 

A  particular  integral  of  the  differential  equation  for  the  asymptotic 
lines  is  evidently  given  by  0  =  ^ :  this  consists  of  the  twisted  cubic  and 
the  rational  curve  of  degree  7  already  found. 


7.  Curves  on  the  Surface. 

The  principal  types  of  curves  on  the  surface  known  to  us  at  present 
may  be  described  as  follows : — 

(1)  Sextic  Curves, — These  include  the  Jacobian  of  three  quadrics, 
a  curve  which  may  be  described  geometrically  as  the  locus  of  the  vertex 
of  a  cone  through  the  six  nodes  and  one  other  point ;  the  cones  necessarily 
pass  through  an  eighth  point,  and  the  curve  is  symmetrically  situated 
with  regarcl  to  these  points.  In  general  the  curve  does  not  pass  through 
any  of  the  points,  but,  if  the  seventh  point  is  on  the  Weddle  surface, 
the  eighth  point  coincides  with  it  and  the  sextic  has  an  actual  double 
point  there.* 

These  curves  are  of  great  importance  in  one  of  the  birational  trans- 
formations between  the  Weddle  surface  and  the  Kummer  surface  (cf. 
Hudson,  pp.  169-172).  A  beautiful  method  of  obtaining  this  birational 
transformation  was  given  by  Dr.  Baker  (loc.  cit,  p.  249) :  it  has  the 
advantage  of  exhibiting  the  relation  between  the  two  surfaces  in  a  clear 
foi*m. 

A  point  on  the  Weddle  surface  is  made  to  correspond  by  means  of 
the  transformation 

•'"Tw)'  ^~V(Fn'  '-W=T)'  (+"+(- i +" +i^ 

to  a  point  on  the  curve  of  contact  of  the  tangent  cone  to  the  variety 
i^C  =  i'^'C'  i^'om  an  arbitrary  point  upon  it  :  the  section  of  the  cone 
by  an  arbitrary  plane  is  a  Kummer  surface. 

Any  quadric  through  the  six  nodes  of  W  is  shown  to  correspond  to 

•  See  C«yley,  for.  Ht, ;  hIbo  Chaales*  paper  in  Cwiptet  R^iditt. 
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a  planar  three-fold  through  the  vertex  of  projeotion  and  therefore  to 
a  plane  seotion  of  K,  a  cone  through  the  nodes  of  W  corresponding 
to  a  tangent  plane  to  K. 

A  system  of  quadrics  through  the  six  nodes  and  one  other  point 
corresponds  to  planar  three-folds  passing  through  a  line,  and  therefore 
to  plane  sections  of  K  passing  through  a  fixed  point.  The  sextic  curve 
which  is  the  locus  of  the  vertices  of  cones  of  the  family  will  therefore 
correspond  to  the  curve  of  contact  of  the  tangent  cone  from  this  point 
to  K ;  the  comers  of  the  tetrahedron  which  is  self-conjugate  with  regard 
to  two  of  the  quadrics  correspond  to  the  points  of  contact  of  the  tangent 
planes  through  a  line  to  K. 

Further  properties  of  these  sextic  curves  are  given  by  Humbert  (loc. 
city  where  their  hyperelliptic  equations  are  obtained. 

Another  type  of  sextic  curve  is  cut  out  by  a  cubic  surface  with  nodes 
at  four  of  the  nodes  of  W,  but  they  are  not  of  much  interest. 

(2)  Octavic  Curves  cut  out  by  Quadrics  through  the  six  Nodes. — These 
correspond  to  plane  sections  of  K.  When  the  quadric  contains  the 
twisted  cubic  through  the  six  nodes  the  octavic  breaks  up'  into  the 
cubic  and  a  quintic ;  if,  moreover,  it  is  a  cone,  we  obtain  the  type  of 
quintic  curve  already  considered ;  since  this  quintic  lies  on  the  polar 
cubic  of  the  point  T  (Fig.  1),  it  appears  that  the  cone  whose  vertex  is 
P  and  the  polar  cubic  have  one  line  in  common. 

(8)  Curves  of  the  tenth  degree  cut  out  by  Weddle  Su/rfaces  whose  Nodes 
lie  on  tJie  same  Twisted  Cubic. — These  curves  are  mentioned  in  Darboux's 
paper  in  connection  with  a  linear  system  of  five  independent  quadrics. 
If  f{x)  =  0  and  ^{x)  =  0  are  the  equations  giving  the  parameters  on 
the  twisted  cubic  of  the  two  sets  of  nodes,  the  curve  will  cut  the  twisted 
cubic  in  ten  points  given  by  the  equation 

f(x)it>'(x)-f{x)it>{x)  =  0, 

and  will  cut  each  surface  again  in  a  configuration  of  thirty  points  similar 
to  that  considered  in  §  4. 

If  W  and  W  are  the  two  surfaces,  we  may  obtain  the  curve  as  the 
intersection  of  any  two  surfaces  of  the  system 

W+kW  =  0; 

accordingly  we  shall  obtain  a  series  of  groups  of  thirty  points  upon  the 
curve. 

The  straight  lines  on  W+kW  which  do  not  meet  the  cubic 
will  be  quadrisecants  of  the  curve,  and  these  can  be  shown  to  lie  upon 
a  ruled  surface  of  degree  10  (Darboux). 
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If  the  nodes  of  the  second  Weddle  surface  coincide  in  pairs,  it 
degenerates  into  a  plane  and  a  cubic  surface  having  three  nodes  ;  the  C|o 
then  breaks  up  into  a  plane  section  and  a  sextic  curve ;  the  thirty  points 
in  any  one  configuration  divide  into  two  sets  of  fifteen,  one  set  lying  on 
the  sextic  and  the  other  upon  the  plane  quartic.  We  thus  obtain  con- 
figurations of  fifteen  points  upon  the  plane  quartic  lying  by  threes  on 
twenty  lines. 

Another  degenerate  case  occurs  when  W  and  W  have  four  common 
nodes :  they  then  have  six  lines  in  common  and  touch  all  along  the  twisted 
cubic  ;  the  residual  intersection  is  therefore  a  quartic  curve. 

There  are  also  a  number  of  special  curves  of  low  degree :  for  instance, 
Darboux  remarks  the  existence  of  (1)  ten  twisted  cubics  having  nine  of 
the  lines  on  the  surface  as  chords  ;  (2)  twenty-five  twisted  cubics  having 
three  of  the  lines  as  chords ;  (8)  forty-five  quartics  meeting  eight  lines, 
forty-five  quartics  meeting  two  lines. 

We  may  obtain  other  types  of  curves  upon  the  surface  by  using  the 
birational  transformation  in  which  a  point  P  corresponds  to  a  point  P 
on  the  same  chord  of  the  cubic,  and  such  that  F'P^  divides  this  chord 
harmonically ;  it  will,  however,  be  found  that  some  of  the  curves  mentioned 
transform  into  themselves. 

\)iay  19^A,  1906.  —  The  reciprocal  of  Weddle's  surface  being  the 
envelope  of  the  plane  of  a  conic  which  touches  six  planes,  it  is  natural 
to  expect  that  the  properties  of  the  surface  will  take  a  simpler  form  when 
the  six  planes  touch  the  circle  at  infinity.  The  surface  may  then  be 
obtained  either  as  the  envelope  of  the  principal  planes  of  a  quadric 
inscribed  in  a  quartic  developable,  or  as  the  locus  of  the  centre  of  a  sphere 
having  double  contact  with  this  developable. 

If  the  equation  of  a  rational  curve  of  degree  seven  with  six  cusps  be 
written  in  the  form 


1  = 


a  f  (98 


af^).a(0).a(ii 


and  we  regard  it  as  having  a  density  p  given  by  the  equation 

the  Weddle  surface  will  be  the  locus  of  the  centre  of  gravity  of  any 
portion  of  this  curve.] 
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ON  THE  COMPLETE  REDUCTION  OF  ANY  TRANSITIVE  PER- 
MUTATION  .  GROUP;  AND  ON  THE  ARITHMETICAL 
NATURE  OF  THE  COEFFICIENTS  IN  ITS  IRREDUCIBLE 
COMPONENTS 

By   W.    BURNSIDB. 
[Beoeived  and  Bead  March  9th,  1905.] 

The  present  paper  consists  of  two  quite  distinct  parts,  though  the 
second  is  closely  connected  with  the  first.  If  a  group  of  finite  order  N 
is  represented  as  a  regular  permutation-group  in  N  symbols,  and  if  this 
permutation-group  is  completely  reduced,  each  irreducible  component 
occurs  a  number  of  times  equal  to  the  number  of  symbols  on  which  it 
operates.  This  result  is  due  to  Herr  Frobenius.  I  have  recently  given 
a  direct  proof*  of  it,  depending  only  on  two  fundamental  properties  of 
finite  groups.  The  first  part  of  the  present  paper  determines  the 
number  of  times  that  any  given  irreducible  component  occurs,  when 
any  representation  of  a  group  of  finite  order  as  a  transitive  permutation- 
group  is  completely  reduced.  The  result,  of  course,  involves^  the  above 
mentioned  theorem  as  a  particular  ease.  In  the  second  part  of  the 
paper  the  actual  reduction  of  the  permutation-group  is  dealt  with :  first, 
on  the  supposition  that  the  domain  of  rationality  is  defined  by  the 
characteristics ;  secondly,  that  it  is  defined  by  the  roots  of  unity  of 
which  the  characteristics  are  functions.  Conditions  are  obtained  under 
which  it  is  possible  to  exhibit  the  completely  reduced  groups  so  that 
the  coefficients  in  their  transformations  shall  be  (i)  rational  functions 
of  the  characteristics,  (ii)  rational  functions  of  roots  of  unity. 


I. 

Notation. — G  is  an  abstract   group  of  finite  order  iST,  with  r  sets  of 
conjugate  operations.  r     v  v 

are  the  r  distinct  representations  of  G  as  an  irreducible  group  of  linear 

*  Acta  Mathmnatieay  Vol.  zxYnz.,  pp.  369-887. 
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substitutions;  Fi  being  the  so-called  identical  representation  in  which 
every  operation  of  G  corresponds  to  the  identical  substitution. 

The  number  of  operations  in  the  i-th  conjugate  set  is  Ju,  and  the 
characteristic  of  any  operation  of  the  i-th  conjugate  set  in  F^  is  xf  • 

If  9  is  any  sub-group  of  G,  the  representation  of  G  as  a  transitive 
group  of  permutations  in  which  the  sub-group  which  leaves  one  symbol 
unchanged  is  g  is  denoted  by  Gg.  In  this  way,  by  taking  for  g  any 
one  from  each  of  the  sets  of  conjugate  sub-groups  of  G  in  turn,  all 
possible  representations  of  6  as  a  transitive  gi'oup  of  permutations 
arise. 

In  the  representation  F^,  g  may  or  may  not  be  reducible.  In  any 
case  the  symbol  /jl^  is  used  to  denote  the  number  of  linearly  independent 
linear  functions  of  the  symbols  transformed  by  Fj^  which  remain  un- 
changed by  every  operation  of  g.  Then  the  theorem  to  be  proved  is 
the  following : — 

In  the  completely  reduced  form  of  the  transitive  permutation-group  Gg 
the  irreducible  component  F^  occurs  /x^  times;  i.e.,  the  complete  re- 
duction of  Gg  is  given  by  the  relation 

Gg  =  2mJF,. 

It  may  be  noticed  that  when  g  consists  of  the  identical  operation  only 
then  /j.^,  from  the  above  definition,  is  x^ ;  and  the  result  is  equivalent  to 

the  known  reduction  of  G  expressed  as  a  regular  permutation-group. 

Let  aJi,  aj„  ...,  Xn 

be  the  symbols  permuted  by  Gg,  NIm  being  the  order  of  g.  Any  one  of 
them  can  be  expressed  linearly  in  terms  of  the  new  symbols  (these  will 
be  denoted  by  Greek  letters)  in  terms  of  which  the  complete  reduction 
of  Gg  is  effected.     Let  these  symbols  be 


<r,       \=  —  (aJi+«9+...+«j), 


%V    C 2>    t8>    •  •  • » 
'JV    ''S'    ^^9    •••» 

those  in  each  line  being  transformed  irreducibly  among  themselves  by  one 
of  the  irreducible  components  of  Gg.  A  linear  transformation  of  the  ^'s 
(or  f/'s,  ...)  among  themselves  does  not  afifect  the  reduction  of  G^,  but  only 
the  final  form  in  which  the  corresponding  irreducible  component  is 
expressed. 
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The  equation  giving  Xi  in  terms  of  the  new  symbols  may  therefore  be 
written  in  the  form  ,  ^  ,      , 

there  being  one  symbol  corresponding  to  each  reduced  set.  In  fact,  Xi 
takes  m  linearly  independent  values  under  the  operations  of  the  group, 
while,  if  there  were  no  i  in  the  expression  for  Xi,  the  right-hand  side 
of  the  above  equation  would  take  less  than  m  linearly  independent 
values. 

Now  the  sub-group  gr,  which  leaves  Xi  unchanged,  must  leave  ii  un- 
changed. Hence  Ft  can  only  occur  in  the  completely  reduced  form  of 
G,  if  /ij  >  1. 

Conversely,  if  /jl^'^I,  let  Xi  be  a  linear  function  of  the  symbols 
transformed  by  Ft,  which  is  unaltered  by  every  operation  of  g.  Then, 
under  the  operations  of  Fjt,  Xi  takes  just  m  values  (not  necessarily 
distinct  and  certainly  not  linearly  independent).     If  these  are 

-^l*    -^f    •••>    ^mt  < 

they  are  permuted  transitively  among  themselves  by  every  operation 
of  Fib.  The  transitive  permutation -group  thus  arising  is  identical,  except 
as  regards  the  symbols  in  which  it  is  written,  with  that  of  the  x's; 
i.e.,  if  the  X's  are  taken  in  a  suitable  sequence,  they  undergo  for  each 
operation  of  G  the  same  permutation  as  the  x*q.  Suppose  now  the 
complete  reduction  of  the  permutation-group  in  the  X's  formally  carried 
out.     Since    the    X's   are   linearly    equivalent    to    just   x\  independent 

symbols,  some  of  the  irreducible  sets  so  formed  must  be  sets  of  zeroes ; 
but  at  least  one  set  must  occur  which  does  not  reduce  to  a  set  of 
zeroes.     Moreover,  since  the  xt  syinlxjlB  operated  on  by  F^  undergo  the 

transformations  of  an  irreducible  group,  any  set  which  does  not  reduce 
the  zeroes  must  be  x\  in  number  and  must  undergo  an  irreducible  group 

of  linear  substitutions  equivalent  to  Tk* 

Hence,  if  mJ  ^  1>  F^  must  occur  in  the  completely  reduced  form  of  Gg. 
Suppose  next  that  Fj^,  where  m^  ^  I»  occurs  more  than  once  in  the  re- 
duced form  of  Gg.  (For  convenience  of  notation  it  is  taken  as  occurring 
three  times,  but  it  will  be  seen  that  this  does  not  afifect  the  argument.) 
Let  the  corresponding  reduced  sets  of  variables  be  denoted  by 

tl»  t2>  •••» 
^V  ^2*  •••» 
%V    d9»    •  •  • » 

and  suppose  them  chosen  so  that  each  set  undergoes  the  same  linear 
transformation  for  each  operation  of  G. 

•IE.  2.    VOL.  3.    MO.  897.  R 
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In  the  expression  of  Xi, 

j  oannot  be  the  same  as  t.     In  fact 

fcl"l"^>       Vl+^f       %8"f"'ll> 

undergo  the  same  transformations  as 

M«     «»     %s>     •••» 
and  may  be  taken  for  one  of  the  irreducible  sets.     If,  then,  j  =  t , 

would  take  fewer  than  m  independent  values  under  the  operations  of  the 
group,  which  is  impossible.     Similarly  any  such  relation  as 

where  a  and  )8  are  constants,  is  impossible  for  the  same  reason. 

Hence  (u  ijf  ik  are  linearly  independent.  Now,  by  supposition,  the 
^8,  f7's,  and  ^s  undergo  the  same  transformation  for  every  operation  of  G. 
Hence,  since  ^  and  ^j^  are  unchanged  by  every  operation  of  g,  so  also  are 
£  and  (]c.  If  Tjc  occurs  three  times  in  the  reduced  form  of  G^,  fi^^S; 
and  generally,  if  F^  occurs  a  times,  /a^  ^  a.  Suppose  next  that,  while  T^ 
occurs  just  three  times  in  the  reduced  foim  of  6^,  mJ|  >  3  if  possible. 
There  is  then  at  least  one  other  linear  function  of  the  ^s,  linearly  inde- 
pendent of  (if  ij,  and  ikf  which  is  unaltered  by  the  operations  of  g. 
The  only  linear  functions  of  the  x'q,  besides  x^,  which  are  unchanged 
by  9,  are  the  sums  of  the  sets  of  x's,  which  are  transitively  permuted 
by  g.    On  the  supposition  made,  one  of  these  sums,  say 

Xj+ajg-f- . . . +a5f+i, 

when  expressed  in  terms  of  the  reduced  variables,  must  contain  a  linear 
function  of  the  ^s,  which  is  linearly  independent  of  iu  ijf  s^d  ^,  so  that 

o 

where  (i  is  linearly  independent  of  iu  ij*  ik. 

Now,  if  every  operation  of  G  which  changes  Xi  into  Xi  also  changes 

into  Xi,+Xi^+...+Xi^y 

then  xi  =  ajg  H-Xg  +...+x,+i, 

«2   =    Xj,  +X^+...'{-X^^, 

**•  •••  •••  ••• 
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is  permutable  with  every  operation  of  G.^  When  expressed  in  terms  of 
the  redaced  variables,  sach  a  sabstitation  can  only  transform  among 
themselves  those  redaced  variables  which  undergo  the  operations  of 
equivalent  irreducible  components  of  G.  Hence  the  above  substitution 
involves  for  the  ^s,  ly's,  and  ^s  the  relation  • 

On  the  other  hand,  the  sets 

%v  f s»  •  •  •  > 
ff^f  >7s»   •  •  •  > 

S  1»    »2»    •  •  •  > 

undergoing  the  same  transformations  for  each  operation  of  G,  the  only 
transformations  affecting  these  variables,  which  are  permutable  with 
every  substitution  of  Og,  must  be  of  the  form 

Such  a  substitution  replaces  ii+nj'^^k  by  a  linear  function  of  (u  i^t  ik, 
mt  m^  ntf  fi,  £,  f* ;  and  this  is  not  of  the  form  (i+vp+^q,  where  6  is  linearly 
independent  of  (u  ^,  and  ik'  Hence  the  supposition  that  /jl^  >  8,  when 
Fk  occurs  just  three  times  in  the  reduced  form  of  Og,  leads  to  a  contradic- 
tion. An  exactly  similar  process  will  show  that,  if  Tk  occurs  a  times,  then 
fA^  >>  a.  It  having  been  shown  already  that,  if  Fj^  occurs  a  times,  then 
Mp  '^  A»  t^o  theorem  is  therefore  proved. 

• 

II. 

The  determination  of  the  arithmetical  nature  of  the  coefficients  in  an 
irreducible  group  of  linear  substitutions  of  finite  order  is  a  question  which 
has  hitherto  received  but  little  attention  considering  its  undoubted  import- 
ance. The  coefficients  may  be  modified  by  carrying  out  linear  transforma- 
tions on  the  variables,  and  the  question  arises  as  to  the  simplest  possible 
arithmetical  form  of  the  coefficients  when  suitable  transformations  are 
carried  out.  In  the  cases  of  a  number  of  groups  of  relatively  small  order, 
it  has  been  shewn  by  actually  constructing  the  transformations  that  the 
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coefficients  may  be  exhibited  as  cyclotomic  fanctions;  i.e.,  rational 
functions  of  roots  of  anity.  The  only  result  of  a  general  nature  hitherto 
obtained  is  due  to  Herr  Maschke.* 

He  shews  that,  if  a  finite  group  of  linear  substitutions  has  an  operation 
whose  multipliers  are  all  different,  the  group  can  be  exhibited  in  a  form 
in  which  all  the  coefficients  in  the  transformations  are  cyclotomic  functions. 
The  general  theory  of  the  reduction  of  a  group  of  linear  substitutions  has 
been  greatly  developed  since  the  date  of  Herr  Maschke's  paper.  Using 
the  results  of  the  general  theory,  a  method  is  given  below  for  actually 
effecting  the  complete  reduction  of  a  simply  transitive  regular  permutation- 
group  in  a  form  such  that  the  coefficients  in  the  completely  reduced  groups 
are  rational  functions  of  roots  of  unity.  The  process  is  certainly  an 
effective  one  for  any  particular  irreducible  component  F,  unless  there  is 
an  integer  A  O  1),  such  that  each  multiplier  of  each  operation  in  F  is 
repeated  A,ov  a  multiple  of  ^4, times.    If  this  is  the  case,  the  characteristics 

Xi»  Xa*  •••»  X^' 

for  F,  regarded  as  a  set  of  algebraic  integers,  have  a  common  divisor  A, 
It  seems  to  me  in  the  highest  degree  improbable  that  such  an  irreducible 
group  can  exist,  but  I  have  not  succeeded  in  proving  its  existence  im- 
possible. 

When  the  characteristics  are  not  all  rational,  it  is  certain  that  the 
group  cannot  be  exhibited  in  a  form  in  which  the  coefficients  are  all 
rational ;  but  it  is  possible  that  they  may  be  rational  functions  of  the 
characteristics.  One  of  my  objects  here  is  to  establish  a  condition  which 
shall  be  sufficient  to  ensure  that  an  irreducible  group  of  linear  substitu- 
tions can  be  expressed  so  that  the  coefficients  are  rational  functions  of  the 
characteristics,  and  to  this  I  now  proceed.  It  will  be  seen  that  the  con- 
dition is  satisfied  for  a  very  considerable  class  of  cases.  The  quaternion 
group  in  two  variables  however  shews  that  there  are  cases  in  which  such 
a  form  for  the  group  is  not  possible. 

I  suppose  the  group  G  to  be  given  by  its  multiplication  table,  or,  what 
is  the  same  thing,  as  a  regular  permutation-group. 

The  numbers  hi,  h^,  ...,  K 

and  Xv  X2»  •••»  xj     (*  =  1>  2,  ...,  r) 

can  be  calculated  directly  from  the  multiplication  table,  and  the  repre- 
sentation of  the  group  in  any  one  of  the  possible  forms  as  a  transitive 

•  Math,  Ann,,  Vol.  l.,  pp.  492-498. 
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permutation-group  can  be  directly  set  up.     In  the  representation  denoted 
above  by  Gg,  let  /  _  /  _ 

X\  —  Xfi^  f      Xi  —  Xqi^^       . . . 

be  any  substitution,  and 

X\  —  ajftj,     x%  —  Xh^j     . . . , 

X\  —  iTep       X2  —  3?cj|»       • .  • » 

■  ••  •••  •■•  ■•• 

its  conjugates.     If  these  operations  constitute  the  t-th  conjugate  set,  denote 

Xay+Xh^+Xc^-^.,,     by     Xv 
Xn^+Xh^+Xe^+.,.     by     xj' 


and  consider  the  set  of  transformations 

^2  =  ^X2+^aX2  +  ---  +  ^''X2 


^«=  ^iX«+^aX»+-  •  +  ^rX»*' 


(A) 


Every  one  of  them  is  permutable  with  every  operation  of  Gg,  and  when 
the  completely  reduced  variables  are  used  they  take  the  form 

W=  1,2 xJ)» 

nt  =  (K x'l  ^ +hAk+"''\r K^r W  Wxi 

(^  =  1,2,  ...,  xi). 


if  the  ^s  undergo  the  transfoi*mations  of  Fi,  the  j/^s  those  of  Ft,  and  so  on. 
The  set  of  transformations  therefore  form  an  Abelian  group.  Moreover. 
if  in  the  equations  (A),  which  have  been  actually  constructed  from  the 
nmltiplication  table,  Xi  is  replaced  by  \Xi  for  each  /,  and  if  the  ratios  of 
the  variables  are  eliminated,  an  equation  (the  characteristic  equation)  of 
the  m-th  degree  results  for  \,  of  which 
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is  an  unrepeated  root,  while  the  root 

occurs  ^/jLg  times.  The  equation  with  these  roots,  being  necessarily  an 
Abelian  equation,  can  be  solved  by  rational  processes  in  the  domain  of  the 
characteristics;  so  that  this  step  of  the  process  can  also  be  actually 
carried  out. 

If,  now,  in  equations  (A),  x'i  is  replaced  by 

(AiXf^i+W^+-  +  *rXr^)^i/xf  (i=l,2,...,m), 
where  Fj^  and  T]^  are  inverse  representations,  then,  since  the  invariant 
factors  of  the  characteristic  determinant  are  all  linear  whatever  the  fs 
may  be,  x^M^  of  the  equations  are  satisfied  identically  as  a  consequence 
of  the  remaining  ones,  which  determine  m— 'Xi/^^  of  the  x's  in  terms  of 
the  rest  with  coefficients  which  are  rational  in  Xi>  X«»  •  •»  Xr»  ^^^  ^'^  ^^" 
appearing  in  the  process. 

If  aJi  =     2    A\x,     {i  =  XiMa+1.  •  .,  w) 

•-1 

are  these  determinations,  then  each  of  the  linear  functions 

xj+     "l     A\x,     0  =  1.  2.  ...,x5[Mp. 
and  these  only,  is  changed  into 

(Aixi^+^xJ^+...  +  ArxJ«/xJ 
times  itself  by  every  operation  of  the  set  (A).     This  set  of  linear  functions 
of  the  original  variables,  with  coefficients  which  are  rational  functions  of 

Xi»  Xa*  •••>  Xr» 
are  therefore  transformed  linearly  among  themselves  by  every  substitution 
of  Ogy  and  the  group  of  linear  transformations  so  arising  is  equivalent  to 
the  term  /A^Ft  in  the  formula  for  the  completely  reduced  form  of  Og. 
Moreover  the  group  of  linear  transformations  can  be  actually  set  up,  by 
carrying  out  the  permutations  of  G,,  and  when  it  is  so  set  up  the 
coefficients  are  rational  functions  of  the  A'b,  and  therefore  rational 
functions  of  the  x^'s.  If  mJ  is  unity,  the  group  of  linear  substitutions  so 
arrived  at  is  equivalent  to  Fj^,  an  irreducible  representation  of  G.     Hence 

Thborbm. — If  an  irreducible  finite  group  of  linear  substitutions  F,  for 
which  the  characteristics  are 

Xi»  Xa>   •••»  X**' 

contains  any  sub-group  which  has  one  and  only  one  linear  invariant,  it  is 
always  possible  to  exhibit  F  in  a  form  in  which  the  coefficients  of  all  its 
transformations  are  rational  functions  of  the  x'b. 
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The  prooem  described  above  may  be  illoMtrated  bj  the  details  of  the  caloulation  in  a  partioolar 
ease.  To  avoid  unprofitable  lens^  a  very  simple  one  is  chosen ;  vis.,  that  of  the  dihedral  gronp 
of  order  10,  defined  by  «•  -  l,     r»-l,     T8T  ^  8'\ 

When  represented  as  a  permntation-groap  in  five  variables,  this  is 

8  •«  (jfiJSjjv^),        r  *^  4P|  («iei>(*,jr4). 
The  four  sets  of  oonjngate  operatioiis  are 

1 ;     5,  5»;    8*,  5»;     T,  T8,  TS^,  T8*,  T8*. 
The  set  of  operations  (A)  is 


The  equation  for  A  is 


'•  -  (<l  + '4)  ^ -»•  (<t+ '4)(*l  +  »4)  4  (^,  +  ^M*f -»  *l)- 


'l  +  *4-^>  <l  +  '4»  'l+'4» 

<f+<4.  'l  +  '4-^.       'f  +  <4. 


<»  +  *4. 
<l+'4, 


'•+^4.  ^+' 


4f 


<••••* 


4> 


<f  +  '4 
'■+*4 

•  *  •  ■ 


-0, 


<t+'4. 

of  which  the  solution  is 

(-A-f  *i  +  2<,+2l,4  4*4)t-A  +  ri  +  /V,+ P/,y«(-A  +  r|4.F<,+  i^)«  -  0, 
where  P-4»  +  i»*,    P'-4»'  +  w»,    ••-1. 

Corresponding  to  the  unrepeated  root  the  ratios  of  the  variables  are 

*i  ■■  'j  ■■  *f  ■  *4  ■■  '»» 
and  the  unchanged  linear  function 

Gorre^xaiding  to  the  first  of  the  two  repeated  factors  the  ratios  of  the  variabiss  are 

and  the  linear  functions  are 

(1  -  «i-i%-Pj?4+^'i»      (9  -  X|  +  Pjfi-Pr4-*i ; 
and  corresponding  to  the  second  repeated  factor  the  linear  functions  are 

Hi  -  jf,  -*i- Pjr4 + Pj',,      Ha  -  a,  +  rx^^  P*4-'i- 
Finally,  carrying  out  the  permutations,  the  transformations  corresponding  to  8  and  T  in 
the  completely  reduced  form  are 

As  a  further  illustration,  I  call  attention  to  the  fact,  not  hitherto,  I  believe,  noticed,  that  the 
iixednoible  simple  gproupe  of  orders  60  and  168  in  three  variables  can  be  expressed  so  that  the 
ooeflloients  are  rational  functions  of  the  characteristics.  In  each  of  them  a  sub-group  of  order  8 
has  a  single  linear  invariant.    The  fact  may  be  easily  verified  in  the  forms : — 


(i) 


such  that 

(a) 


where 

are  such  that 


«-^'-y,    y"-*,    f'-«-(l  +  P)y  +  (l  +  P)z, 
Tf^x'^x,     /-(l  +  P)«-y,     zf^X'-M, 

P»«-fii«,     «»-l 
fi»-l,     r«-l,     (5IV-1. 

5-y-y,     /-«,    «'-«  +  (l  +  ^y+a«, 
T^x'^x,    /-O'-jf,    t,'--jf-f, 

Q  ^  m  +  t^-¥t0*f     «7  -  1 
^-1,     T«-l,     (5r)»-l,     (flf«70<-l. 
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III. 

To  avoid  interrupting  the  argument  in  deaUng  with  the  actual  re- 
duction of  a  regular  group  of  permutations,  the  following  lemma,  which  is 
necessary  to  justify  a  series  of  steps  in  the  process,  is  first  proved. 

Lemma. — If  V  is  a  finite  group  of  linear  substitutions  on  a+b  symbols 

^l»    •''i*    •••>    ^a+fti 

and  if  yi  =  2a* a:^     (i  =  1,  2,  ...,  a) 

are  a  set  of  a  linearly  independent  linear  functions  of  the  x*b,  which  are 
transformed  among  themselves  by  every  operation  of  F,  then  a  set  of  6 
linear  functions  ^  =  2^^^^     ^J  =  i,  2,  ...,  b) 

linearly  independent  of  each  other  and  of  the  t/'s  can  be  constructed,  so 
that 

(i)  The  coefficients  13  are  rational  functions  of  the  a*s  and  the  co- 
efficients of  the  transformations  of  F,  and 

(ii)  The  z*q  are  transfoiined  among  themselves,  the  coefficients  of  the 
transformations  being  rational  functions  of  the  as  and  of  the 
coefficients  of  the  transformations  of  F. 

The  only  part  of  the  lemma  that  requires  proof  is  that  concerning  the 
nature  of  the  various  coefficients,  the  possibility  of  the  reduction,  when 
there  is  no  limitation  on  the  coefficients  being  known.* 

The  y*B  being  linearly  independent,  there  must  be  a  set  of  a  x^s,  in 
respect  of  which  the  equations  defining  the  y's  can  be  solved.  Suppose 
these  are 

Then  each  of  these  can  be  expressed  in  terms  of 

with  coefficients  which  are  rational  in  the  a's. 

If  the  group  F  be  expressed  in  terms  of  these  symbols,  then 

(i)  The  coefficients  in  the  transfoi'mations  are  rational  functions  of  the 
original  coefficients  and  of  the  a*s  ;  and 

(ii)  The  y's  are  transformed  among  themselves. 

The  transformations  will  be  of  the  form 

y\  =  I^ijkyj     (i,  j  =  1,  2,  ...,  a), 

X'a  +  i  =     2   dirkyr  +  ^ijk^a+j       ih  j  =  1,  2,   ...,  6). 

r=l 

*  Thu  most  recent  proof  of  thLs  result  is  in  a  paper  by  the  anthor  **  On  the  ReduotUm  of  a 
Group  of  Homogeneous  Linear  Substitutions  of  Finite  Order/*  Acta  MatkemiUiea^  Vol. 
pp.  369-387. 
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Now  replace  Xa+i  by  z^  where 

Zi  =  Xa+i+^Aly,     {i  =  1,  2,  ...,  b). 

The  transformations  become     yj  =  ^Cijkyj     (hj  =  1,  2,  ...,  a), 

z-  =  2diVjkyr+2;ey;fc^;     {ij  =  1,  2,  ...,  6), 

r 

where  dJrt  =  iirfc+2^;c^jk— S^^k^i. 

Now  it  is  known  that  the  A'h  can  be  (-hosen  so  that  all  the  d'*s  vanish. 
But  the  equations  which  they  have  to  satisfy  are  linear  with  coefficients 
which  are  rational  in  the  a&  and  the  original  coefficients.  Hence  the  A  *s 
themselves  are  rational  in  the  a*s  and  the  original  coefficients ;  and  the 
lemma  is  proved. 

If  the  process  described  in  II  is  carried  out  on  6  expressed  as  a 
regular  permutation  group  in  N  variables,  a  set  of  (x^)^  linear  functions  of 
the  variables,  with  coefficients  which  are  rational  fimctions  of  the  char- 
acteristics of  the  irreducible  representation  1\,  are  obtained.  These 
undergo,  corresponding  to  the  ^permutations  of  G,  a  group  of  linear 
transformations  among  themselves,  the  coefficients  again  being  rational 
functions  of  the  characteristics  of  ]\,  and  this  group  is  equivalent  to  that 
denoted  by  xi^*  i^^  ^^^  reduced  form  of  the  regular  permutation -group. 
Moreover,  the  same  set  of  linear  functions  are  transfoiined  among  them- 
selves, when  the  N  symbols  undergo  the  permutations  of  the  regular 
permutation-group  G\  every  one  of  whose  operations  is  permutable  with 
every  operation  of  G  ;  and  this  group  is  equivalent  to  that  denoted  by 
X^rj^..  Suppose  now  that  £>'  is  an  operation  of  G',  and  that,  in  the  repre- 
sentation n,  the  multipliers  of  «S'  are  ^"n  repeated  a  times,  coi,  repeated 

6  times,   If  the  permutation  S'  is  carried  out  in  the  original  N 

symbols,  the  (x^)'*^  linear  functions  of  them  that  have  been  formed  are 
transformed  among  themselves  with  coefficients  which  are  rational 
functions  of  the  characteristics. 

Let  ^:  =  Sayf,.     [r,  j  =  1,  2,  ...,  {xj)^ 

be  the  transformation.  Then,  replacing  ^[  by  Waii  for  each  i,  ax^  sets  of 
ratios  of  the  ^*s,  and  thence  an  equal  number  of  linearly  independent 
linear  functions  of  them,  are  determined,  the  coefficients  in  which  are 
rational  functions  of  a>a  and  the  characteristics,  such  that  each  of  these 
linear  functions  is  replaced  by  co„  times  itself  by  the  transfoimation  S'. 
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Hence  from  the  (xj)'  i's  there  can  be  formed 

ax^  linear  functions  each  of  which  is  multiplied  by  w^  for  the  operation  8', 

^Xl  »»  99  >>  »»  »»  *"* 


»»  »» 


where  a+b+,..  =  Xi;  and  these  functions  are  linearly  independent  while 
the  coefficients  occurring  in  them  are  rational  functions  of  roots  of  unity. 
Now  every  operation  of  G  is  permutable  with  8',  Hence,  every  operation 
of  the  group  Xi^i^>  which  represents  6  so  far  as  these  symbob  are  con- 
cerned, must  transform  among  themselves  each  of  these  sets  of  functions. 
A  partial  reduction  is  thus  effected  from  a  set  of  (x^'  Sjrmbols  to  a  series 
of  sets  containing  respectively  ax^,  &Xi>  •  •  •  linearly  independent  functions 
of  the  symbols ;  and  the  coefficients  involved  are  rational  functions  of 
roots  of  unity. 

Take  now  another  operation  T'  of  0\  and  effect  a  similar  partial 
reduction  in  respect  of  it.  From  the  (x^'  symbols,  a  series  of  sets  con- 
taining respectively  axj[}  i8Xi«  •  •  •  linearly  independent  functions  of  them 
will  be  formed,  such  that  the  functions  of  each  set  are  transformed  among 
themselves  by  Xi^^t*  ^ext  express  the  ax^  functions  of  one  of  these  sets 
linearly  in  terms  of  the  functions  of  the  previous  sets  that  arise  in  respect 
of  8'.  This  can  be  done  with  coefficients  which  are  rational  functions  of 
roots  of  unity.  Suppose  that  in  the  expression  functions  belonging  to  the 
set  ax^  in  number  occur.  There  are  then  these  two  possibilities :  either  the 
whole  of  the  axj;  linearly  independent  functions  occur  in  the  expression  of 
the  aX|  functions  of  the  new  set,  or  only  a  part  of  them  occur.  In  the 
latter  case,  those  of  the  ax^  functions  which  occur  in  the  expression  of 
the  axl  functions  are  transformed  among  themselves  by  every  operation 
of  Xi^k'  Hence,  by  the  lemma,  from  the  ax^  functions  two  sets  of  func- 
tions can  be  formed  such  that  those  of  each  set  are  transformed  among 
themselves  by  the  operations  of  xt^^  *  ^^^  coefficients  entering  in  them 
are  rational  functions  of  roots  of  unity,  while  the  two  sets  together  are 
linearly  equivalent  to  the  original  set  of  ax\  functions.  Moreover  the 
number  in  each  set  must  be  a  multiple  of  xi '  ^or  when  the  complete 
reduction  is  carried  out,  as  it  certainly  can  be  in  an  arbitrary  domain 
of  rationality,  the  number  of  functions  operated  on  by  each  of  the 
completely  reduced  groups  is  Xr  ^^^  partially  reduced  set  of  a^ 
functions  is  thus  further  reduced  to  two  sets  of  a^xt  ^^d  a^x^  (^  =  ^+^ 
functions,  and  the  coefficients  are  still  rational  in  the  domain  of  the  roots 
of  unity. 

By  using  each  of  the  new  sets  of  ax\,  i3xi»  • . .  functions  which  arise  in 
connection  with  T',  and  the  similar  ones  which  arise  in  connection  with 
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all  the  other  operations  of  G',  let  the  reduction  of  the  sets  of  axj,  ^xf i  •  •  • 
functions  be  carried  as  far  as  possible.     We  thus  arrive  at  a  series  of  sets 

of  AxU,  fixf.  C^v  •••  A+B+C+...  =  xt 

functions,  such  that  those  of  each  set  are  transformed  among  themselves 
by  )^Tkf  while  no  further  reduction  can  be  effected  in  the  manner 
described.  Moreover  the  coefficients  entering  in  their  expression  are 
rational  functions  of  roots  of  unity.  Carry  out  now  on  the  original 
variables  as  they  appear  in  the  expression  of  the  Ax\  functions  any 
operation  of  G'.  The  set  of  Axi  functions  will  be  replaced  by  another 
set  of  i^Xi  functions  which  are  transformed  among  themselves  by  the 
operations  of  Xi^fc>  ^^^  which  can  therefore  be  expressed  linearly  in 
terms  of  the  functions  of  the  sets  that  have  been  arrived  at. 

Suppose  that  the  ^Xi  equations  so  expressing  them  contain  functions 
from  the  set  B)^  in  number.  If  the  set  of  J5x^  is  not  exhausted  in  these 
equations,  it  can  be  further  reduced.  If  the  set  is  exhausted  and  ^  >  J3, 
the  fixi  functions  can  be  eliminated  from  the  equations,  and  the  new 
set  of  functions  ^Xi  ^  number  is  reduced,  so  that  the  original  set  from 
which  it  has  been  derived  can  be  reduced.  Hence,  if  no  further  reduction 
is  possible,  then  A  =  B.  The  same  conclusions  hold  for  any  other  set 
which  enters  in  the  expression  of  the  A)^  new  functions. 

Hence,  -when  any  operation  of  G'  is  carried  out  on  the  original  variables 
in  the  expression  of  the  Axi  functions,  and  the  new  functions  so  obtained 
are  expressed  in  terms  of  those  of  the  reduced  sets,  functions  can  only 
enter  from  these  sets  which  contain  the  same  number  ^Xi  ^'  functions. 
If  the  sets  do  not  all  contain  the  same  number  of  functions,  then, 
when  all  the  operations  of  G'  are  effected  on  the  ^Xi  functions,  fewer 
than  (x^^  linearly  independent  functions  arise.  That  this  is  impossible 
is  obvious  by  considering  the  completely  reduced  form  of  the  group. 
Hence*  the  reduction  can  be  carried  further  unless 

A  =  B  =  C=.... 

Now  return  to  the  set  of  ax\  functions  which  have  a  common  multiplier 
for  T',  and  express  them  in  terms  of  functions  of  the  reduced  sets.  Unless 
a  ^=  A,  from  the  ax,  equations  expressing  them  the  Axi  functions  of  one 
set  can  be  eliminated.  In  the  process  other  sets  may  disappear,  but,  if 
a>il,  some  must  remain.  From  the  (a—A)xi  remaining  equations 
eliminate  the  functions  of  another  set  of  iixi  functions.     At  each  stage  the 


^  From  this  it  foUows  tliat,  if  Xi  ^  prime,  then  Ft  can  certainly  be  expressed  in  a  form  in 
whidh  tho  ooefficlents  are  cyclotomio. 
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number  of  equations  is  diminished  by  Aj  and  therefore,  if  a  is  not  a 
multiple  of  A,  the  sets  are  further  reducible.  Hence  A  can  only  be 
greater  than  unity  (though  even  then  it  is  not  necessarily  so)  if  each 
a  for  each  T  is  A  or  a  multiple  of  -4.  In  other  words,  in  FI,  and  therefore 
also  in  Tk,  every  operation  must  have  each  of  its  multipliers  repeated  a 
multiple  of  A  times. 

Finally,  then,  the  result  may  be  expressd  in  the  following  form  : — 

Theorem. — A  finite  irreducible  group  of  linear  substitutions  can  always 
be  exhibited  in  a  form  in  which  the  coefficients  are  rational  functions  of 
some  root  of  unity,  unless  there  is  a  number  ^  (>  1)  such  that  every 
multiplier  of  every  substitution  of  the  group  is  repeated  /I,  or  a  multiple 
of  A,  times. 

This  exceptional  case  does  not,  in  fact,  occur  for  any  group  for  which 
the  characteristics  have  hitherto  been  calculated. 
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THE    MACLAURIN    SUM-FORMULA 
By  E.  W.  Barneb. 

[Received  and  Read,  February  9th,  1905.] 

1.  The  formula 

^^(x)  =  C+  r0(a;)dx-i0(a:)+||^|^  +  ...  (1) 

was  originally  obtained  in  1732  by  Euler,*  and  independently  redis- 
covered before  1742  by  Maclaurin.f  A  full  discussion  of  the  question 
of  priority  appears  in  Cantor,  Geschichte  der  Mathematik,  Bd.  iii.  (1898), 
p.  663.  Then  Plana,:  in  1820,  and  Abel,§  in  1823,  obtained  the  formula 
from  which  it  can  be  developed  : 

li>(x)  =  jV(x)dx-i^(x)+2  j"  f(^+it)-i,(x-iO  _di_         ^2) 

A  generalisation  of  this  formula,  which  it  is  interesting  to  compare 
with  my  own  generalisation  with  which  this  paper  concludes,  was  given 
by  Abel  II  in  1825.  In  1889  Kroneckerll  discussed  the  formula  (2)  by 
Cauchy's  theory  of  residues,  and  another  discussion  appeared  in  1898  in 
a  text-book  of  Petersen.**  More  recently  Lindelof  +  t  has  given  certain 
applications,  and  I  have  myself  1 1  generalised  the  analysis  and  considered 
the  question  from  the  point  of  view  of  the  theory  of  asjonptotic  series 
in  1903. 

I  now  propose  to  take  up  the  question  again,  and,  without  the  inter- 
vention of  such  a  theory,  to  obtain  a  form  for  the  remainder  different 
from  that  obtained  by  other  investigators,  and  to  give  a  fresh  demonstra- 
tion of  the  conditions  under  which  my  extensions  of  the  formula  (1)  are 
valid.  §§ 

*  Euler,  Conunentarii  Aead.  Set.  Imp,  Fetropolitana,  T.  vi.  (1732  and  1733),  pp.  68-97. 
t  Maclaurin,  TrMtite  on  Fltuionsy  p.  672,  Edinburgh,  1742. 
X  Plana,  Mem,  Aecad.  Ibrino,  T.  xxv. 

{  Abel,  (Euvres  Camplifes  (1881),  T.  i.,  pp.  21-25  ;   T.  ii.,  p.  77. 
I  Abel,  ibid,,  T.  i.,  pp.  34-39. 

H  Kroneoker,  Crelle,  T.  ov.,  pp.  157-159  and  pp.  345-354. 
^^  Petersen,  VorUenngen  uber  Functionentheorief  f }  78-80. 

ft  Lindelof,  Acta  Soe,  Sei.  Fenniem,  T.  xxxi. ;   Acta  Mathematiea,  T.  xxvxi.,  pp.  305-311. 
XX  Barnes,  Quarterly  Journal  of  Maihematics,  Vol.  xxxt.,  pp.  175-188. 
\\  References  to  other  investigations  will  be  found  in  Boole,   Finite  Differetuee^  Third 
Edition,  p.  163. 
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2.  The  discussion  of  the  question  is  based  upon  the  properties  of  the 
generalised  Biemann  ^  function,  which  is  defined  as  follows: — ^Let  «,  a, 
and  »  be  any  complex  quantities,  and  let  S»(a  |  (»),  or  more  briefly  S»(a), 
be  the  n-th  Bemoullian  function  defined  by  the  expansion,  valid  when 

2iri/«  I, 


xe'-'    _    •   S;(a)  , 


1— e  "^       «-o    n! 

the  accent  denoting  differentiation  with  regard  to  x,  coupled  with  the 
condition  Sf»(0)  =  0. 

Let  £»(»)  be  the  n-th  Bemoullian  number  of  parameter  m  given  by 

B^(«)  =  S;(0|«)/n. 
Construct  the  function 

where  the  many-valued  functions  with  s  as  index  have  their  principal 
values  with  respect  to  the  axis  of  —  a»,  i.«.,  with  respect  to  a  line  drawn 
from  the  origin  to  —  a»  and  produced  to  infinity.  Thus  a*  =  exp[«  log  a], 
where  log  a  has  a  cross-cut  along  the  axis  of  ^(»,  and  is  real  when  a  is 
real  and  positive. 

[We  assume  for  convenience  that  a>  is  not  real  and  negative  :  in  this 
case  further  definition  is  necessary.] 

Then,  if  -B(«)  >  —  (i+1),  where  /  is  a  finite  positive  integer,  the  series 

-S-.,i(a)+  i;  r(a+n«)--S-..,{a+(n+l)«}+S-..i(a+n«)] 

is  absolutely  convergent  except  when 

«  =  1     or     a  =  —  no>       (n  =  0,  1,  2 oo), 

and  is  denoted  by  ^(«,  a)  or  by  ^(s,  a\w). 

When  R{8)>  1, 

f(i,  a)  =    2  (a+n«)-', 

and,  when  a  =  «  =  1,  we  have  Biemann's  f  function.* 

When  R{alu>)  is  positive,  it  can  be  deduced  from  the  previous  definition 
that,  for  all  values  of  s  and  co, 

^  2x      J  1— 6— ' 

the  integral   being   taken   along  a  contour   embracing  the  axis  of   l/co, 

*  Riemaim,  G9uimm$lU  JFtrke^  pp.  136-144. 
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starting  from  +00/^,  enclosing  the  origin  but  no  other  singularity  of 
the  subject  of  integration,  and  returning  on  the  other  side  of  the  axis 
of  l/«  to  +00 lot.  The  expression  (— z)*~^  =  exp  {(s— l)log(— 2r)}  has 
its  principal  value  with  respect  to  the  axis  of  l/a>»  which  is  a  cross-cut  for 
the  logarithm. 

The  definition  of  the  function  ^{s,  a)  is  a  development  of  that  due 
to  Mellin  * :  it  is  an  application  of  the  well-known  theory  of  Mittag- 
Leffler.t  For  a  proof  of  the  convergence  of  the  series  I  may  refer  to 
my  "  Theory  of  the  Double  Gamma  Function "  t  (p.  841),  and  for  the 
properties  of  ^(«,  a)  to  my  "  Theory  of  the  Gamma  Function"  §  (Part  III.). 

8.  The  general  result  obtained  in  the  present  paper  is  as  follows : — 
The  Maclaurin  sum-formula  for  a  single  parameter  may,  with  the  greatest 
generality,  be  written 

"2  ^(a+««)  =  Y{a)+  %  ^  [£,  \\{x)dx\_^+Ju        (A) 

where  Y{a)  is  a  definite  function  of  a  and  of  the  coefficients  in  the 
expansion  of  ^(o;),  and  where  ^(x)  is  to  be  expanded  by  Laurent's  series 
and  the  lower  limit  so  chosen  in  the  integral  that  the  corresponding 
term  vanishes  at  this  limit. 

When  ^(x)  is  a  (possibly  non-uniform)  function  which  has  no 
singularities  outside  a  circle  centre  the  origin  and  finite  radius  outside 
which  a,  a+»»  •••»  a+mo^f  and  mw  all  lie,  Ji  is  a  quantity  which,  when  vi 
is  large,  has  its  modulus  at  most  of  order  l/m'^^|| 

When  ^(a;)  is  an  integral  function  of  order  II  less  than  unity,  Ji  tends 
to  zero  as  I  tends  to  infinity  for  all  values  of  m,  however  large,  and  the 
Maclaurin  series  is  absolutely  convergent.  In  general,  when  ^{x)  is  an 
integral  function  of  order  ^  1,  the  Maclaurin  sum-formula  has  no 
meaning  unless  we  apply  the  theoiy  of  asymptotic  series  to  evaluate 
both  the  series  for  Y{a)  and  the  series  which  succeeds  it  in  the 
enunciation. 

The  above  formula  can  be  generalised  for  any  number  of  parameters, 
and  corresponding  propositions  hold  good. 

•  MeUin,  Aetm  Soe.  Set.  Fenuiete,  T.  xxir.,  No.  10  (1899). 

t  Mittag-LeiBer,  Adm  Mathsmatifa,  T.  iv.,  pp.  1-79. 

{  BAmes,  Fhil,  Tnmi.  Soy,  Soe,  (A),  Vol.  oxovi.,  pp.  266-387. 

{  BAmes,  Jfeuenger  of  Jfathematiei,  Vol.  xxix.,  pp.  64-128.  ThiB  paper  will  be  referred  to 
for  conYeiiienoe  under  the  initials  G,F.,  and  the  preyioos  one  as  J),G,F, 

I  [Nbie  mdd§d  April  5M,  1905.]-^  By  this  statement  we  mean  that  |/imI«>-«|,  where  «  is 
an  arbitrarily  small  positiye  quantity,  can  be  made  as  bmall  as  we  please  by  taking  m  sofSoiently 
large. 

S  As  originally  defined  by  Borel,  Aetm  Mathematiem,  T.  zx.,  p.  360. 
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4.*  Theorem  I. — If  8  =  u-\-iv  tohere  u  is  finite,  then  «"*'"*'*'•' |«('f(»,  a)  | 
tends  to  zero  as  \v\  tends  to  infinity,  if  0  <  e'  <  e  <  x  and 

I  arg  (a/w)  |  =  ■"• — «. 

We  have,  if  B{s)  >  -{l+D, 

^(s,a)  =  -S_,,/(a)+  i  \r^^,-S-^i{a+(n+l)w\  +S-,,t{a+fut)\ , 
where  s_^,(a)  =^2^__  _  __. 

Now  [G.-F..  p.  80]      S»  (- 1 1)  =  A  '*?»  (« 1  «)■ 

\co  I     /  (l> 

AIbo  (a+7zai)',  when  the  many-valued  function  has  its  principal  valae  with 
respect  to  the  axis  of  — «,  is  equal  to  (a/a>+n)'ft)',  where  each  function  has 
its  principal  value  defined  as  usual  with  respect  to  the  axis  of  —1. 

Hence  ft)'S-,.i(a)  =  2  '      -7-5  :; 

and 

maO        W!        La3J      1 — ^Jzsa/M 

principal  values  of  the  many-valued  functions  with  respect  to  the  axis  of 
—  1  being  taken. 

We  can  take  a  finite  number  N,  such  that,  if  ;/  >  N^ 

R(alw)+7i>  R(alw)+N  =  j;>1, 

and,  if  N  be  sufficiently  large,  the  modulus  of  arg  (a/co+n)  =  6^  may  be 
made  as  small  as  we  please.     Also,  if  n  >  Nj  \  ajvd-^n  \  '>B(alu>+n)  >  if. 

1  *  Tis+t) 

The  expansion    J-^^.=  ^i-)' r^,^r(t+l)x'-' 

is  valid  provided  |a;|  >  1,  for  all  finite  values  of  | « |  however  large. 
Now  it  has  been  seen  that,t  if  \xlu)\'>  1  and  we  expand 


*  April  6th,  1905. — This  piirafq^ph  has  been  modified  sinoe  the  paper  was  oommiiiiicmtad. 
The  reader  may  compare  MeUin,  Ada  Soc,  Set,  Fetmi€€Bf  T.  xxix.,  No.  4,  pp.  47-48. 
t  i>.^./'.,p.  341. 
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in  ascending  powers  of  1/x,  the  initial  (2+1)  terms  vanish,  and  we  have 


Where         P^    (,)  -  (-Y*' lSi±I±ll  '*r         Sn(0\l)r\ 
Where         P,.,W-(    )      r(«)r(r+l)  Jo  m!(Z+r+l-m)! 


Thas 


IP,  (,)\  ^ ^  1M±I±IL 
'■^'+'^*^'<*r(|«|)r(r+i)' 


where  ir  is  a  definite  finite  positive  quantity  independent  of  r,  N,  n,  and  v. 
Now  we  have 


WCi».a)\< 


s-i 


-a+nm 


to         to 

+  22 


\PuAs) 


The  last  series  is  less  than 


n.if  rl,  Ka/w+nr'+'l 


S  1  S  r(|«|+Z+r+2) 

-fir  |(a/»+n)'+'*«|  ^fo  r(r+8)r(|«|),' 


n»0 


(^4-^)J8(.H»+«      r(|«|)       (l-l/fy)l"+» 


Sappose  now  that  |t7|  becomes  very  large.     Choose  N  so  that  ^ :  |  v  | :  17 
tends  to  a  ratio  of  equality.     Then  (1  — 1/9)'''^^  tends  to  a  finite  limit. 

The  series  2  ,    ,    h/.s^u^  tends  to  zero.     The  product  /r^'^J^'  ^jf)"^^  f^ 
n^o  (n+nf^*^^^^  ^  Tl\8\) 

tends  to  zero   when  multiplied  by  e"^'"*'''*'.      Hence  the  double  series 

tends  to  zero  when  multiplied  by  this  expression. 

We  have  now  to  consider  the  first  series 

-S-..((a)«P-  2    [S_^,Wa>+n+l|l)-S-.,i(a/a>+n|l)-(a/«+n)-] 

The  number  of  terms  in  the  series  ultimately  bears  a  ratio  of  equality 
to  |«|.  Therefore,  if  each  tends  to  zero  when  multiplied  by  ^"^'"•^'•', 
the  same  will  be  true  of  the  sum. 

Now,  if  we  put  ajta-^-n  =  r^e**",  we  have  |6«|<  ir— c  and  |(a/a)+n)*'*'''|. 


where  r  is  an  integer, 


8BB.    2.      VOL.   8.      HO.   898. 


=  rr'exp{-0.t>}. 


8 
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Hence  exp  |  — -(x— €')|t?|}/|(a/«+n)''*'*'|  tends  to  zero  as  |t^|  tends  to  infinity, 
at  least  like  exp  {(e'— €)|t^|}.  This  is  true  for  all  finite  values  of  r.  And 
the  same  thing  will  be  true  if  {al»+nY'^^  be  multiplied  by  any  algebraical 
polynomial  or  quotient  of  such  polynomials  in  8. 

Hence,   finally,   e"^*""*^'*' l^^f  («!«)  I  tends  to  zero  as  1 1^  I  tends   to 
infinity. 


5.  Thborbm  II. — If  k  be  any  complex  quantity  of  finite  modulus^  if 
larg(a/«)|  =  x— e,  where  0  <  e  <  x,  and  if  |arg(^/«)l  =  e't  where 
0  <  €'  <  e,    the  integral 

Jf(«,a)^-*rwr(ft-«)efo 

vanishes  when  taken  along  any  part  of  the  great  circle  at  infinity  for 
which  u  is  finite  and  R(s)  >— (Z+1),  ^"*  having  its  principal  value  toith 
respect  to  the  a^is  of  — ». 

By  the  asymptotic  formula  for  T(z),  where  \z\  is  large  and  not  in  the 
vicinity  of  the  negative  half  of  the  real  axis,  we  know  that  T{s)  T(k — e) 
behaves  like 

2xexp[(«— i)log«— «+(A— «— i)log(A— «)— ft+«] 

=  2xexp  {— (tt+it;)[log(&— «)— log«]— ilog«+(ft— J)log(ft— «)— *} 

the  principal  values  of  the  logarithms  being  taken 

=  2w  exp[— X  I  r  I  +  terms  of  lower  order], 

for,  when  v  is  positive  and  large,  log  (A— «)— log  «  =  —  xi  approximately  ; 
and,  when  v  is  negative  and  large,  log  (A— «)— log  «  =  xi  approx- 
imately. 

The  modulus  of  the  subject  of  integration  behaves  approximately  like 


m 


'"'     \<o'^{8,a)\  \T(8)T{k^s)l 


where  {tlwY'^  and  u>'  have  their  principal  values  with  respect  to  the  axis 
of  —1.     And  this  expression  by  Theorem  I.  behaves  at  most  like 

exp{(6'-6)|t;|}. 
Thus  the  integral  along  the  part  of  the  great  circle  specified  vatiishes. 

CoR. — The  same  integral  is  finite  when  taken  along  any  line,  drawn 
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in  the  finite  part  of  the  plane  parallel  to  the  imaginary  axis,  which  does 
not  pass  through  the  finite  singularities  of  the  subject  of  integration. 

6.  Thborbm  III. — The  previous  integral  vanislies  when  taken  alwig 
that  part  of  the  great  circle  at  infinity  for  which  u  is  large  and  positive 
{v  having  any  real  value),  provided 

(1)  I  arg(a/ft))  |  =  tt— €,     where  0  <  c  <  tt  ; 

(2)  I  arg  (tla>)  1  =  6',  where  0  <  e'  <  e  ; 
(8)     \t\<\a+nw\,  M  =  0,  1,  2,  ...,  QO; 

« 

(4)     the  great  circle  passes  between  the  points  &+n. 

For  the  values  of  s  considered  f^(s,  a)  =  2  t^l(a+nwY. 

Let  log— r^-; —  =  2)^+1^^,  and  let  s  =  Re"*  ;   then 
a/w+n 

00 

i  ^f  (s,  a)\  <  2  exp  {Bipn  cos  </>—qn  sin  0) } . 
Now,  when  U  |  is  large, 


sin  7r(A-5)r  (!—&+«) 


behaves  like  -r — ?? rexp  Ui— 1)  log«+l— A;l. 

Hence  \^(s,  a)t^T(s)T(k—s)\,   under  the  restriction  (4),   behaves    at 

most  like    2  exp  {i2[^,tcos0— 9«sin0— x|sin  ^j]},    and  this  will  tend 

to  zero  like  exp|— f/lZ},  where  >7  >  0,  provided  p^  is  negative  and 
\qn\  <  ir. 

If  pn  be  negative,  we  have  the  condition  (8).  If  l^nl  <  x,  we  have 
arg(^/a>)— arg  (a/co+n)  I  <  TT,  and  therefore  we  have  the  conditions 
(1)  and  (2). 

We  therefore  have  the  theorem  stated. 


7.  Theorem  IV. — If  A,  a,  and  t  be  any  complex  quantities  of  finite 
moduli  subject  to  the  conditions  (1),  (2),  (8),  and  (4)  of  §  6,  toe  Iiave 

t{k,  a)-i{k,  a+t)  =  ^  j    ^(s,  a)<-*  ^^'^^^^~'^  ds, 

loliere  f~^  has  its  principal  value  with  reject  to  the  axis  of  — w,  and 

8  2 
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ioh«re  the  contour  Lq  encloses  the  points  k+1,  k+i,  ...  as  in  the  fyfure, 
but  no  other  singularities  of  the  subject  of  integration. 


-d+ij 


-I 


TT 


We  have,  by  Taylor's  theorem, 

f (*.  a+0  =  f (A.  a)+  2  4\  f<'H*.  «) 


=  f  (ft.  a)+   2 


f_ 
r-i  r! 

(-erT(r+k) 


provided  \t 


r-i     r!       r(/f) 
|a+n(0|  for  n  =  0,  1,  2,  ...,  oo.     But 
(-<)'  T(r+k) 


f  (r+ft,  a). 


r!        r(ft) 
is  the  residue  of  the  function 


f(r+ft,  a) 


_t  r(<)r(ft-«) 
T{k) 


at  its  pole  «  =  r+k,  since,  if  «  =  r+ft+e, 

r(-e) 


T(k-s)  = 


_  (-r-^ 


l"  •  •  •  • 


(— e-l)(— e— 2)  ...  (— e— r)  r!  e 

Hence,  under  the  conditions  (1),  (2),  (8),  and  (4), 

Hk,  a)-f(A,  a+t)  =  A.  j    f (ft,  «)<•-*  ^^'^r(S~'^  <«»• 

8.  Theorem  V. — Let  L^  denote  a  contour^  as  in  the  figure^  parallel 
to  the  imaginary  axis,  cutting  tJie  real  axis  bettveen  s  =  1  and  «  =  2, 
and  with  a  loop  to  ensure  that  k  is  to  the  left  and  A+l  to  tlie  right  of 
the  contour ;    the^i,  under  the  co^iditions  (1)  and  (2)  solely , 

^{k,  a)-ak,  a+t)  =  ^^^    ^(s.  a)f-^  ^^'^rW~'^  ^' 
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The  integral  vanishes  by  Theorem  III.  when  taken  round  an  infinite 
contour  to  the  right  of  the  imaginary  axis.  The  subject  of  integration 
is  one-valued  with  the  prescription  assigned  to  f'^.  When  we  deform 
the  contour  Lq  into  the  contour  L^,  we  pass  over  no  poles  of  the  subject 
of  integration.  Hence,  by  Gauchy's  theorem,  the  required  equality  is 
valid  under  the  four  conditions  of  §  6.  But  each  side  of  the  equality  is, 
by  Theorem  II.,  a  uniform  analytic  continuous  function  of  t  even  though 
the  conditions  (8)  and  (4)  no  longer  hold.  We  may  therefore  eliminate 
these  conditions  and  obtain  the  given  theorem. 

9.  Thborbm  VI.— //  R{k)  >  -(i+l),  and  |arg(a/a))|  <  x, 


a. 


where  the  many -valued  functions  have  their  principal  values  with  respect 
to  the  axis  of  — »,  the  lower  limit  of  the  integral  is  oo  i/  22  (ft)  >  1  and 
0  if  B{kXl,  and  where  L^is  a  contour,  a«  in  the  figure,  parallel  to  the 
imaginary  aais,  cutting  the  real  aais  between  s  =^  —l  and  s  =  —  (Z+1), 
and  such  that  the  point  k  is  on  its  positive  side. 

We  have  [G.F.,  p.  89] 


[q  (a+fUtf)* 


Hence,  putting  t  =  ma>  in  the  previous  theorem,  we  have,  if  |arg  (a/«)|<  x, 

V     1  1  f  ;^/    x/    v-fc r wr(ft--«) , 

».o  (a+nwr       2x1  Jli  *  T  (ft) 

By  Theorem  II.  we  may  apply  Gauchy's  theorem  and  modify  the 
contour  of  the  integral  till  it  assumes  the  position  of  the  line  L^  We 
must  take  account  of  the  poles  of  the  subject  of  integration  which  we  pass 
over  in  the  deformation.     These  poles  are  at  the  points 

5  =  1,  0,  —1,  ...,  —l        and        «  =  ft. 

The  residue  at  «  =  ft  is  —  ^(ft,  a).    The  residue  at  «  =  1  is  IG.F.,  p.  96] 

(mo))"*-^^  r(ft-l) 
a>  T{k)    ' 

The  residue  at  «  =  — n  (n  =  0,  1,  ...,  Z)  is  [G^.,  p.  97] 

i-r-'Sn^iJa)  (mo))-*-"  r(ft+n)  ^  _  S^^a)  f^      J\ 
n+1  n!  r(ft)  (n+l)!Ldx*       J.-M.* 
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Hence 


If,  now,  r    §  has  a  lower  limit  oo  if  R(k)  >  1,  0  if  Bik)  <  1,  the 

last  series  may  be  written* 

'^*S^)riir     dxl 

We  thus  have  the  theorem  stated- 

10.  The  form  of  the  previous  theorem  obvioudy  requires  modification 
when  k  has  any  value  which  makes  some  of  the  sets  of  points 


1,  0,  -1,  ...,  -I  I 


coincide.  In  these  cases  we  may  appeal  to  the  principle  of  continuity  to 
establish  the  final  result.  For  example,  when  A;  =  1,  the  points  s  =^  k 
and  5  =  1  coincide.     In  this  case  the  residue  of  the  function 

i(8,a){mayy-^T{s)T(l-s) 

at  the  point  5  =  1  is  the  coefficient  of  1/c  in  the  expansion  of 

TT 


sineir 


[^^ -£  log  I\ (a). . .][!+€  log wko+...], 


and  istherefore  --So(a)logniw+\l/^Ha)  where  yl^^Ha)  =  j-  log  T^(a).     This 
expression  is  evidently  [G.F.,  p.  96]  the  limit  when  ft  =  1  of 

-[^(A:.a)+S'o(a)^]_. 

The  previous  theorem  is  thus  true  in  general  if  limiting  values  be  taken 
when  infinite  terms  arise. 

11.  Thborbm  VII.— //  -B(ft)  >  -(/+1)  and  |arg(a/co)|  <  tt, 


+  Ji, 


where,  when  m  is  very  lurge,  \Ji\  is  of  lotoer  order  than  m  '  ^^'^K 


*  When  B{k)  mm  I  and  k  in  not  real,  8uch  lower  limit  must  be  chosen  as  makes  the  integrntl 
Tanish  there. 
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We  have      Ji  =  cr^\   f  (*.a)»t-*«-*5^^ilg=l>d«. 

2«-«Ji,  1  (A) 

Hence  l*^'l<5tj    I  J^j^l '^^''•*^'^^^*^^^*~*^'^'' 


2x 


P^|j^K(«.a)«»T(«)r(Ar-5)||d«| 


where  C  is  a  finite  quantity. 

We  have  thus,  provided  |  arg  (a/<i>)  |  <  t,  estahlished  the  asymptotic  ex- 

for  all  Unite  values  of  |X:|  except  X:  =  1.  We  have  shown  that  the  ex- 
pansion is  truly  asymptotic  in  that,  when  m  is  large,  the  error  committed 
by  stopping  at  any  term  of  the  series  has  a  modulus  less  than  that  of  the 
last  term  retained.  This  expansion,  the  use  of  which  was  justified  by  the' 
theory  of  divergent  series,  was  made  fundamental  in  my  **  Theory  of  the 
Gamma  Function." 

In  the  exceptional  case  &  =  1,  we  have 


m— 


2  — r —  =  — ri  («)  +  2  -^ iTH^^e^l 


12.  Thborbm  YIII. — If  <f>{x)  is   a  {possibly   non-uniform)  function 

00 

which  admits  outside  a  circle  of  finite  radius  p  the  expansion   S  Cr/a?% 

and  if  the  points  a,  a+a>,  ...,  a+nuo,  and  mo>  all  lie  outside  this  circle, 
we  have,  when  \  arg  {a/a))  |  <  x,  the  Maclaurin  sum-formula 

"s'^Ca+no,)  =  i  cr^{r,  a)+  s'  %^  f^j  f  </>{x)dxl        +  J,, 

where  |<7t|  m,  when  m  is  large,  at  most  of  order  l/m'*'. 
By  Theorem  YI.  we  have 

io  M^^'  ~  ^  ^ '  ^  ^  ».o  "TT  L^  J  ^  J.. 
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Hence 
S  ^(a+tt«)  =22  T-r-Tr-^  ^     2    ,  ^'^    ., 

='i'..{,r..,+'i'&^[^'iTfi.]   +"f'  I    ' 

r»2  ii=:^0      ^-       Lax     r»2JaoX  J« 


SttiJi,  r-2r(r)(ma>r 

By  hypothesis,  when  r  is  large,  |  Cr  I  =  p**  approximately.     Again,  if 
|x|<|a+n(0|  (n  =  0,  1,  2,  ...,  oo),  logFiCa+o;)  admits  the  expansion 

2  S  ^-  ^^8  ri(a)  =  2  f  (r,  a)  ^^'     [GJ'.,  p.  95]. 

Hence  k"^f(r,  a)|,  when  r>R,  is  less  than  (1 +€)//*'',  where  /a  is  the 
minimum  value  of  |a+na'l  and  e>0.  This  minimum  value  is  not  zero, 
since  |  arg  (a/a>)  |  <  tt. 

By  taking  22  sufficiently  large,  we  may  make  e  as  small  as  we  please. 

OD 

Hence  |cr^(r,  a)|  is  less  than  {/9(l+c)/M[^  and  therefore   2  Cr^(r,  a)  is 

r-2 

convergent  if  a+noo,  n  =  0,  1,  ...,  oo ,  lies  outside  the  circle  of  convergence 
of  </>{x). 
Again, 

2   CrrS  .  ^^      -^(r,a)[=    2    Cr  2    .    ,\  v^  =    2   c.f(r,a+m«). 

r»l+8       U=o(a+W«r  ^  r-I+S       n^m(a+na>Y         ^-1+8 

This  series  is  a  finite  quantity  which,  when  m  is  large,  is  at  most  of  order 
l/m'+".     • 

In  the  next  place 


»0      n!      L^*r«l+8j«  «''       J*' 


2 


w-O  J-r»I+sL  /t:X  J«»M«» 
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Now  the  series     2    r(r+l)...(r+n)      Cr      j^  obviously  convergent 

when  |x|  >  /9,  and  when  m  is  large  is  at  most  of  order  l/mf'^^'^*.  Hence, 
when  |ma)|  >  p  this  group  of  series  is  finite,  and  when  m  is  very  large  at 
most  of  order  l/m'■*"^     Again,  when  r  =  2,  3,  ...,  ZH-2,  the  integrals 

are  each  finite,  and  each,  when  m  is  large,  is  of  order  less  than  1/m''*''-. 
Thus  we  see  that,  under  the  conditions  enunciated,  we  have 

*2  i>  ia+rn^)  =  2  CrC(r,  a)  +  '2  ^  [^  f  i>{x)dx']        +  J,. 

where  |e7i|,  when  m  is  large,  is  at  most  of  order  l/wf'^^. 

We  have  excluded  the  first  term  cjx  from  the  expansion  of  ^(x),  since, 
when  ft  =  1,  it  has  been  seen  that  a  slight  modification  of  the  fundamental 
formula  is  necessary.     The  general  theoiy  remains  unimpaired.     When 

^(o;)  =  2  Crlx^,  \Ji\  is  at  most  of  order  l/m'"^\ 

Further  slight  generalisations  as  to  the  nature  of  ^(x)  may  be  made. 
We  may  state  the  general  theorem — The  Maclaurin  sum-fornmla  [§  8  (A)] 
iSf  when  |arg(a/a>)|  <  tt,  valid  for  any  {not  necessarily  uniform)  function 
which  has  no  singularities  outside  a  finite  circle  outside  which  a,  a+w, 
...,  a'i'mw,  and  mw  all  lie. 


18.  Theorem  IX. — If  ^  {x)  is  an  integral  function  of  order  less  than 
unity  and  |  arga/<i)|  <  tt,  the  Maclaurin  sum-series  is  absolutely  con- 
vergent, and  we  have  the  equality 


V0(a+no))=  i  Cri{-r,a)+i  ^[£^[  <t>{x)dx'] 


where  <t>(x)  =  2  CrX^. 

If  we  put  &  =— r  in  Theorem  VII.,  we  have 

i»-o  11-0    »!     Lax*  r+ljjr=«« 

for,  when  n  =  r+2,  r+8,  ...,  Z+1,  the  terms  of  the  series  vanish,  and, 
when  ft  =— r,  l/r(ft)  =  0,  and  therefore  the  integral  Ji  vanishes. 


266  Rev.  £.  W.  Babnrb  [Feb.  9» 

k 

It,  now,  0fc(x)  =  2  CrX^,   we  have 

=  2  Crf(— r,  a)+  2     — -i-Mr-;     2 
wherein,  when  n  =  0  in  the  second  series,  r  ranges  from  0  to  k, 

=  2  crti-r,  a)+  *2  ^  [ £,  ('  ^.(x)(i*l  (1) 

r»0  ii«0       W!       Lew?     Jo  J«»«u» 

Now  [G-F.,  p.  97]     f(-r,  a)  =-S;+i(a)/(r+l). 

Again,   Sr+i(a)/(r+l)!   is  the  coefficient  of  {--zY^^  in  the  expansion 
of     ^  _^g  in  ascending  powers  of  z,  and  this  expansion  has  a  radius  of 

convergence  equal  to  27r/|a>|. 

Hence,  when  r  is  large,   |crf(— r,  a)\   behaves  like  \cr\r\  ||«|/2ir}'". 

Therefore,  when  k  tends  to  infinity,   2  Cr^'l— r,  a)  is  convergent  if  |cr| 

behaves,  when  r  is  large,  like   |r![~^'%   where   e  >  0  ;    that  is  to  say, 
if  the  order  of  if>{x)  is  less  than  unity. 

CO 

When  </>(x)  is  of  order  greater  than  unity,   2  Cr^(^r,  a)  is  divergent: 

it  is  only  convergent  in  particular  cases  when  </>  (x)  is  of  order  unity. 

In  the  next  place,  when  k  tends  to  infinity,  the  second  series  in  the 
equality  (1)  becomes 

««o     n\     Lrfx*  Jo  jx=mm 

This  series  is  absolutely  convergent  if  €f>(x)  is  of  order  less  than  unity. 

For  its  general  term  is        ,    df'*~'^\7}iw).     Now  % —  , , ,     is  the  coefficient 

n!     ^  Ot— 1)! 

of  a*"'   in  the  expansion  of   ipia+viw)    in   powers  of  a,  and  therefore 

(n-D! 

^*|L)  0('»-i)(^)    behaves  like   { l^[ '  ■  ^ ,, _\)  n  c  >    and  therefore 


behaves,  when  n  is  large,  like  j-. ^■.^ , .  ,   where  e  >  0. 

j(n— 1)!} 


Hence 


the  series  is  absolutely  convergent. 
We  thus  have  the  theorem  stated. 
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14.  We  have  now  established  the  results  stated  in  §  8  for  the  case  of 
a  single  parameter.  We  see  that  it  is  hopeless  to  expect,  when  </>(x)  is 
}Ui  integral  function  of  order  >  1,  to  apply  the  Maclaurin  sum-foimula, 

for  in  such  cases   Z  ^r^(— /'»  a)   becomes  divergent.      I  have,  however, 

shewn  in  my  previous  paper  on  this  subject  that  in  such  cases  the  theory 
of  divergent  series  will  oft^n  enable  us  to  interpret  such  a  formula. 
This  mode  of  interpretation  is,  however,  foreign  to  the  range  of  ideas 
of  the  present  investigation. 

15.  I  will  now  indicate  briefly  the  generalisation  of  the  previous 
theory  to  the  case  of  any  number  of  parameters."^ 

Let  rS^»(a|<i)i,  ...,  av),  or  briefly  rSn((i),  be  the  n-th  r-ple  BemouUian 
function  defined  by  the  expression  [M.G.F.,  §  8] 


n  (i-c-^     •='      ^  '       '  "-'        **• 


coupled  with  the  condition  rSniO)  =  0.  The  expansion  is  valid  when  |  z  \ 
is  less  than  the  least  of  the  quantities  | ^irt/wkl  (X;  =  1,  2,  ....  r), 

r6... iW  -  ^^  -^^  j^  t(r-5)  ...  (l-.s)l • 

As  in  my  previous  theory  [M.G,F,,  §§12  and  17],  it  is  necessary  to 
introduce  a  symbolic  notation  to  simplify  the  cumbrous  expressions  to 
which  the  algebra  otherwise  gives  rise. 

Let  Fr  be  a  symbolic  operator  which  is  such  that 

r 

^r[0(a:)]x==««  =  0(Wift),  +  ...  +  ?H,av)—   2  0(Wia)i  +  ...  +  *+...+mr»r) 

r      r  r 

+    22   0(Wi»i+...*+...*+...+WtrWr)— •..  +  (  — r"^   2   0(Wfcft)k). 

In  the  first  summation  the  Ktar  denotes  that  one  of  the  w's  is  to  be 
omitted :  in  £he  second  summation  every  two  different  pairs  of  co's  must 
be  successively  omitted,  and  so  on. 

We  assume  that  in  the  Argand  diagram  the  points  a>|,  ...,  av  all  lie  on 
the  same  side  of  some  straight  line  P  through  the  origin.  Let  1/L  denote 
a  line  perpendicular  to  P  drawn  from  the  origin  into  the  region  in  which  the 

*  Thin  theory  ia  based  on  my  researches  in  the  domain  of  multiple  gamma.  Bemoullian,  and 
Kiemann  (  fonctionA.  An  account  will  be  found  in  **The  Theory  uf  the  Multiple  Gamma 
Function,"  Cambridg$  Phil.   Traru,,  Vol.  xix.,  pp.  374-425.     This  paper  will  be  referred  to  a.4 
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a>'8  lie,  and  let  L  be  the  line  conjugate  to  this  line  with  respect  to  the 
real  axis. 

Further,  let  (a+Q)-'  =  exp[— 5log(a+Q)],  where 

the  logarithm  being  rendered  one-valued  by  a  cross-cut  along  the  axis 
of  —IjL  (i.e.,  the  negative  direction  of  the  axis  of  1/L)  and  log(a+Q) 
being  such  that  it  is  real  when  a+Q  is  a  positive  quantity. 

Then,  if  22(«)  >  —  (i+1),  where  Z  is  a  positive  integer,  the  r-ple 
Riemann  ^  function  ^r(s,  a|a>|,  ...,  av),  or  more  briefly  ^r(s,  a),  is  defined 
by  the  equaUty  [Af.G J'.,  §  20] 

iris,  a) 

+(-)%«..,, (a). 
When  B(s)  >  r,  we  obtain 

'^     "~»,.0  *"  nr-o(a+nia)i+...+nr«r)'' 

Let  L  denote  a  contour,  embracing  the  axis  L,  similar  to  the  contour 
defined  in  §  2.  Further,  let  (— ^)'"*  =  exp{(5— l)log(— ir)}  where  the 
logarithm  is  rendered  one- valued  by  a  cross-cut  along  the  axis  L,  and 
where  log  i—z)  is  such  that  it  is  real  when  s  is  real  and  negative. .  Then, 
provided  a  lies  on  the  same  side  of  the  line  P  as  the  a>'s,  or,  as  we  shall 
say,  provided  a  is  positive  with  respect  to  the  co's,  we  have 

fr(«,  a)  -  — ^- — , 

where  the  contour  L  encloses  no  poles  of  the  subject  of  integration  except 
the  origin. 

16.  We  have  [Af.G.!^.,  p.  401],  if  ft  be  any  complex  quantity, 

fr(&,  a)— fr(ft,  a+mi«i)  =    2  fr-i(ft,  a+nia)i|ca2,  ...,  Wr). 
Hence 


fi!  -  l'(a+n,^+...+n,av)^  =  ^  <*'  «)+(-)'^'[^(*.  «+-)i- 
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or,  since  IM.G.F.,  §  22]  -Pr[l].=—  =  (-)"-', 

2    ...    2    j—r ^7^^'. ^  = -Fr[fr(*,  a+a;)-fr(A,  a)],«^. 

Again,  it  has  been  shewn  [M.G.F.,  §  56]  that,  if  R{8)  >  —  (Z+1)  and 
s  =  u+it;,  the  quantity 

where  a:*  has  its  principal  value  with  respect  to  the  axis  of  —l/L,  tends 
exponentially  to  zero  as  |«|  tends  to  infinity,  provided 


a+Q 


and   rn  <  1,   |V^,»|  <  x. 

We  now  define  the  contours  Lq,  fLi,  and  Lg  to  be  the  same  as  those 
introduced  in  the  diagram  in  §  7,  except  that  rLi  cuts  the  real  axis 
between  r  and  (r+ 1). 

In  the  same  way  as  formerly,  we  may  now  prove  that 


Ljf,<,.,^-.r«^>,. 


27rt 

taken  along  the  contours  Lq,  rLi,  and  L^  is  finite  provided  r«  <  1  and 
l^»l  <^  ^>  A^<1  ^h&^  ^^6  integrals  along  the  last  two  contours  are  finite 
provided  |^«|<'7r  for  all  values  of  nj,  ...,  Wr,  whatever  be  the  value 
of  r«. 

Further,  the  integral  along  the  contour  Lq  is  equal  to  that  along  the 
contour  rLi. 

Now  the  integral  along  the  contour  Lq 

=  the  sum  of  the  residues  of  the  subject  of  integration  at  k+1,  k-i-^,  ... 
-^^ir(p+fc,a)x      p^^^      r(p+l) 

[since  ^,  ^rik,  a)  =  ^"^^F^g'^^^  fr(p+*,  a)] 

=  fr(A,  a)—^r{k,  a+x). 
Hence,  under  the  sole  set  of  conditions  |  V'l.  I  <  "",  we  have 
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Hence     Z   ...    Z    - — ; -. -. re 


27ri 


r-l 


I  t,.,„,F,[^-.]„^i«i|=fi*. 


/r  being  any  complex  quantity,  and  the  many- valued  functions  having  their 
principal  values  with  respect  to  the  axis  of  —  1/L. 

17.  We  may  now  show  that,  provided  a  lie  on  the  same  side  of  P  as 
tlie  a>'«, 

141-1  **r-l  1 

im       ...         ^ 


«=o      w!  Lax  J        J    x^  Jr»iN«« 

where  the  integration  in\  ...  I    is  r  times  repeated^  and  such  lower  limits 

are  taken  tliat  successive  integrals  vanish  at  them. 
For,  by  Cauchy's  theorem, 


27ri 


j^  ^(5,  a)F.[ar'-*l.^I^5^I^=i^(fo 


27ri 


1. 


H-the  sum  of  the  residues  of 


{-rUs,a)Fr[x-''i.^  ^^'^r(iS~'^ 


at  the  poles  s  =  A:  and  s  =  r,  r— 1,  ...,  2.  1,  0,  —1,  ...^  —  Z. 
Tlie  equality  is  limited  by  the  condition 


TT, 


which  must  hold  for  all  positive  integral  values  of  the  n*8,  and  when  any 
but  not  all  of  the  m*8  are  zero.  The  inequality  is  equivalent  to  saying 
that  a  must  not  be  such  that 

where  6  is  a  real  positive  quantity.     It  is  satisfied  provided  a  lie  on  the 
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same  side  of  the  line  P  as  the  w's.     In  particular  we  may  modify  the 
formula  so  as  to  take  a  =  0. 

Now  the  residue  of  the  function  to  be  considered  at  «  =  r^n,  where 
n  =  0,  1,  2,  ...,  r— 1,  is  [Af.G.F.,  §  81] 


(-r*  r^r^'Ha)Frlxr'-'^U^  ^^^r^lt''^ 


T{k) 


rgir>(a)^r^  r    r^n 


the  integration  being  r  times  repeated  and  the  lower  limit  each  time 
being  so  chosen  that  the  corresponding  integral  vanishes  at  it.  The 
residue  at  5  =  —  n,  where  ?t  =  0,  1,  ...,  i,  is   [M,G.F.,  §  81] 

rS:Ma)  „  r     fc.^n         Tjn+k)     i-r 
n+1    ^^         J-*^    T{k)     T(n+1) 

The  residue  at  «  =  X:  is 

-(-r  ^(&,  a)Fr  [1]..«.  =  ^(A,  a). 

We  thus  obtain  the  theorem  stated. 

It  is  evident  that  exceptional  cases  which  must  be  treated  by  the 
calculus  of  limits  arise  when  k=  1,  2, ...,  r.     [Cf.  M.Q.F.^  §§24  and  28.] 

18.  Substituting  pitn  for  mj,  ...,  j9rm  for  fn^  where  the  j^'s  are  finite 
positive  integers,  we  now  have  the  important  asymptotic  equality 

2    ...     2    (a+nift>i+...+;ir«r)"* 

=  f,(i,a)+ J^^^F,|_^  (l-A)(2-A)...(r-Jfc)J.-^+'^'' 

where  |  Ji  \  is,  when  w  is  very  large,  at  most  of  order  less  than     uit(k)  • 

The  modulus  of  the  last  term  of  the  series  is  of  order  m"^"^^^,  and  hence 
\Ji\  is  of  order  less  than  this  last  term.  The  expansion  is  therefore  truly 
asymptotic.  It  is  the  expansion  obtained  previously  \M.G.F,,  §  18], 
where  its  use  was  justified  by  the  theory  of  divergent  series. 

19.  Suppose  now  that  a  is  positive  with  respect  to  the  co's,  and  that 
0(x)  admits  outside  a  circle  of  finite  radius  p  the  expansion  2  -3*;  then, 
if  the  points  a+il  all  lie  outside  this  circle,  we  have,  when  m  is  large, 
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the  equality 
2     ...     2    i>{a+Q) 

where  \  Ji\  is  at  most  of  order  m~*"^ 

The  first  r  terms  of  the  series  for  ^(x)  have  been  omitted  because  of 
the  modification  of  the  fundamental  formula  thereby  introduced.      The 

general  theory  remains  unimpaired:  when  i/>(x)  =^  2  Ck/x^,  Ji  is  at  most 
of  order  w~'"^. 

The  proof  proceeds  as  for  the  case  of  a  sirgle  parameter,  and  the 
general  theory  stated  for  a  single  parameter  holds  good. 

20.  If  a  is  positive  with  respect  to  the  co's  and  <l>(x)  is  an  integral 
function     of    order   less    than    unity,     which    admits     the     expansion 

2  CkX^f  we  have  the  absolute  equality 

lr-=0 

Pim-l  Pr*-1 

2    ...     2    0(a+Q) 

=  i  CtCA-k,  a)+  2   -.^^FJf-,  f ...  r^(x)da;'l 
t.o  «_o      n !         Lax*  Jo       J,  ^  Jc.f». 

In  other  cases  the  series    2  Ck^A—ky  a)  is,  in  general,  divergent. 
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THE  ASYMPTOTIC  EXPANSION  OF  INTEGRAL  FUNCTIONS  OP 

FINITE  NON-ZERO  ORDER 

By  E.  W.  Barnes. 

[Beoeived  and  Read  February  9Ui,  1906.] 

1.  In  three  memoirs*  which  have  been  recently  published  I  have 
investigated  the  asymptotic  expansions  of  the  logarithms  of  integral 
functions  of  finite  order,  and  suggested  that  such  investigations  may  be 
regarded  as  preliminary  to  a  classification  of  integral  functions.  The 
expansions  were  obtained  for  functions  of  simple  and  multiple!  linear 
sequence,  and  it  was  shewn  that  expansions  for  similar  functions  mth 
certain  types  of  repeated  sequence  could  be  deduced:  such  deductions 
were  made  in  certain  cases. 

The  investigation  was  based  entirely  on  the  theory  of  divergent  series  : 
in  the  first  memoir  I  attempted  to  develop  the  theory  of  Borel  for  this 
purpose.  Throughout  the  investigation  no  attempt  was  made  to  determine 
remainders  for  the  asymptotic  expansions.  The  fundamental  procedure 
consisted  in  applying  the  asymptotic  expansions  of  the  Maclaurin  sum- 
formula  to  a  transformation  by  logarithmic  expansion  of  the  function 
investigated.  The  terms  of  the  double  series  which  arose  in  this  way 
were  rearranged,  and  were  then  summed  by  an  application  of  Fourier's 
series.  In  order  to  make  the  application,  it  was  assumed  that  |  jer  | ,  when 
I  XT  I  is  large,  was  of  a  limited  type  of  number,  and  a  further  assumption 
was  made  that  this  limitation  could  not  affect  the  validity  of  the  result ; 
that,  in  fact,  the  form  of  the  asymptotic  expansion  did  not  depend  on  the 
arithmetic  nature  of  |  ^  |.  This  assumption  is  valid  in  the  case  of  func- 
tions of  finite  (non-zero)  order. 

It    seems,  however,  advisable    to    undertake  the   investigation  from 

another  point  of  view.     The  theory  of  divergent  series  is  but  little  known : 


*  *'  A  Memoir  on  Integral  Fanctioni»/*  PhiL  Ttant.  Roy,  8oe.  (A),  Vol.  199,  pp.  411-600  ; 
**TheGlassifioation  of  Integral  Fanction.%"  Camh.  PhiL  Tram,,  Vol.  xix.,  pp.  322-366;  «The 
Affjmptotio  Expansion  of  Integral  Funotionj  of  Multiple  Linear  Sequence,"  Cmmh,  Phil,  TVofw., 
Vol.  XIX.,  pp.  426-439. 

t  For  the  definition  of  these  terms  see  f  2  of  the  present  memoir. 

2.    TOL.  3.    NO.  899.  T 


274  Bby.  E.  W.  Babnbs  [Feb.  9, 

parts  of  the  theory  are  still  obscure :  it  is  desirable  to  place  an  important 
series  of  expansions  on  a  basis  which  will  appeal  to  mathematicianB 
accustomed  to  the  older  methods  of  analysis.  More  than  this,  at  the  time 
when  the  former  memoirs  were  written,  I  had  not  developed  the  theory  of 
Maclaurin  expansions,  and  it  was  impossible  always  to  assign  definitely 
the  range  of  validity  of  the  results.  After  the  investigation  of  the  previous 
memoir  this  can  now  be  done. 

The  procedure  employed  in  the  present  paper  is  that  which  I  have 
previously  used*  to  obtain  the  asymptotic  expansions  of  the  simple  and 
multiple  gamma  functions.  It  is  an  application  of  Gauchy's  theory  of 
residues  suggested  by  a  noteworthy  investigation  of  Mellin,t  and  after- 
wards applied  by  him  to  the  case  of  the  simple  gamma  function  in  a 
memoir!  which  has  priority  to  my  own,  but  of  the  existence  of  which  I 
was  ignorant  when  my  results  were  being  obtained.  Mellin  has  sub- 
sequently considered  §  some  of  the  problems  of  the  present  paper :  the 
reader  may  with  advantage  compare  his  investigations  with  my  own. 

2.  It  is  convenient  to  repeat  at  the  outset  certain  definitions  which  I 
have  introduced  in  connection  with  the  classification  of  integral  functions. 

A  simple  integi*al  function  is  one  which  may  be  expressed  as  a  single 
Weierstrassian  product  whose  n-th  zero  an  depends  solely  upon  n  and 
definite  constants,  and  which  is  such  that  the  law  of  dependence  of  a» 
upon  n  is  the  same  for  all  but  a  finite  number  of  zeros.  The  function  is 
called  a  non-repeated  function  if  the  n-th  primary  factor  of  Weierstrass's 
product  does  not  correspond  to  a  zero  of  order  depending  upon  n.  If 
there  is  such  dependence,  it  is  called  a  repeated  simple  integral  function. 
The  zero  is  said  to  be  algebraically  repeated  if  the  number  which  ex- 
presses the  repetition  is  a  polynomial  in  n. 

Functions  of  multiple  Ihiear  sequence  are  functions  whose  general 
zero  is  of  the  type  /(a+nift)i-|-...-|-nrav),  a  and  the  ws  being  constants 
and  the  n's  being  the  integers  which  define  the  particular  zero. 

The  order  of  a  simple  non-repeated  integral  function  whose  n-th  zero 

is  an  is  the  number  p  such  that  2  t j-—  is  divergent,  and  2 1 — -r-nr  ib 

«  I  «*  I  «  I  On  r 


•  Mettengtr  of  Math^maiiet,  Vol.  x«x.,  Part  4  ;  Phil,  Tram.  Boy,  Soe,  (A),  Vol.  196,  Part5 ; 
Oamb.  Fhil.  TVant.,  Vol.  xiz.,  f  {  65-67. 

t  Adm  Soe,  Set.  Fmmicm,  T.  zx.,  No.  12. 
J  iW.,  T.  xxiT.,  No.  10. 
i  Ibid,f  T.  XXIX.,  No.  4. 
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convergent,   however    small  the  real   positive   quantity  e  may  be.       If 
a^=i  nf^^  the  order  is  l/p. 

The  order  of  the  r-ple  non-repeated  function  whose  general  zero  is 
/(a+Q),  where  Q  =  %«!+... +nrav,  is  similarly  a  number /o  such  that 

When  fix)  =  «*,  the  order  is  r/Jc. 

3.  In  the  present  paper  I  consider  only  integral  functions  of  finite 
non-zero  order.  We  consider  first  simple  non-repeated  functions.  The 
three  standard  functions  of  this  type  are 

^p,(z)=  n  \i+—±—L 

where  /o  >  1 ; 

where  /t>  <  1  and  p+1  >  l/p  >  p  ; 

where  l//o.is  an  integer  ^  1. 

The  first  function  is  of  order  I//0  less  than  unity.  The  second  is  of 
non-integral  order  I//0  greater  than  unity.  And  the  third  is  of  integral 
order  I//0  equal  to  or  greater  than  unity.  These  functions  are  the  proto- 
types of  general  simple  non-repeated  integral  functions  of  finite  non-zero 
order. 

I  proceed  in  the  first  place  to  obtain  asymptotic  expansions  of  their 
logarithms  and  to  establish  the  conditions  under  which  such  expansions 
are  valid. 

4.  Thborbm  I. — If  p  be  real  and  positive^  and  if  ff  has  its  principal 
value  toith  respect  to  the  quantity  —a/*,  the  integral 


i_  f£(e£^^x£i_^ 

\7ri  J       s        sm  ITS 


27ri 

vanishes  when  taken  along  any  part  of  the  great  circle  at  infinity  for 
which  B  (s)  is  finite,  provided 

(1)  I  arg  (a/wy*  |  =  tt— e,     where    0  <  e  <  tt. 

(2)  I  arg(^/«P)  I  =  e',         where    0<^<€. 

T  2 
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It  wiU  also  vamsh  along  that  part  of  the  same  circle  for  lahich  B(s)  is 
positive  and  very  large,  provided  in  addition 

(8)  \sl(a+fU0Y\<l     (n  =  0,  1,  ...,  00), 

(4)  the  circle  pass  between  the  points  n,  n+l,...,  n  being  a  large  posi- 
tive integer. 

The  integral  may  be  written 


1  f«:i£le^a)^^/.y 

Wi  J         s  sin  xs  W/ 


2x1  J 

and  the  proof  of  the  theorem    follows    the  lines  of    Theorems  I.,  II., 
and  in.  of  the  previous  paper. 

By  saying  that  s^  has  its  principal  value  with  respect  to  the  quantity 
— «^  we  mean  that 

^r*  =  exp  l^logjr}  =  exp  {slog  1^1  + sargjp}, 

where  arg  $  lies  in  value  between  p  arg  »  ±  x,  so  that 

—X  <  arg  {zfy)  <  X. 

We  do  not  necessarily  mean  that  s^  has  its  principal  value  with  respect  to 
the  axis  to  the  point  which  represents  —  o/  in  the  Argand  diagram. 

5.  Let  Lq  be  a  contour  embracing  the  positive  half  of  the  real  axis 
and  cutting  it  between  s  =  Ijp  and  s  =  1,  and  let  Lx  be  a  contour  parallel 
to  the  imaginary  axis  and  cutting  the  real  axis  in  the  same  point  as  the 
contour  Lg.  Further,  let  L,  be  a  contour  parallel  to  L|  cutting  the  real 
axis  between  s  =  —  2  and  s  =  —  (t+1).  These  contours  may  be  com- 
pared with  those  drawn  in  §  7  of  the  previous  paper. 

Thkorrm  IL — Provided  the  conditions  (1)  and  (2)  o/  §  4  hold^ 

^  *   '  2x1  Jl^       s        sin  xs 

By  Cauchy*s  theorem,  provided  all  four  conditions  of  §  4  hold  good, 

where  /  denotes  the  integral  under  consideration. 
The  residue  of  /|^  at  .^  =  Ar  is  (— ^*  A-~*  s  vpi*«  t*^^- 

Hence  -/.=--  i  ^-Il£^    f   — -L— ^    (since  />>  1) 

=:  —     V      V    ?       - 
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the  inversion  of  the  doable  series  being  legitimate  under  the  condition  (8). 

Thus  _i^  =  _i^=  log  n(i+^^^}. 

or  —  II,  =  logiPpW, 

provided  the  conditions  (1),  (2),  (8),  and  (4)  are  satisfied. 

Bat  the  condition  (4)  obviously  cannot  affect  this  equality ;  neither, 
since  each  expression  is  one-valued,  continuous,  and  analytic  for  all  values 
of  I  ir  I ,  can  the  condition  (8). 

We  thus  have  the  theorem  stated. 


6.  Thbobsm  III. — Provided  the  conditions  (1)  and  (2)  o/  §  4  hold  good, 
log  |P, W  =  -  Il.+  ;^^^^  +f  (0,  a)  log^+^r  (0,  a) 

+  2^  i-^  f  (-/on,  a), 
where  ^(0,  a)  denotes    -^  ^{s,  a)  1      cmd  is  equal  to  [O.F.,  p.  102] 


7< 

in  the  notation  of  the  simple  gamma  function  of  parameter  w. 
By  Cauchy's  theorem  coupled  with  Theorem  I.,  we  see  that 

together  with  the  sum  of  the  residues  of  the  subject  of  integration  at 
1/p,  0,  —1,  ...,  — /. 

The  residue  of  the  subject  of  integration  at  «  =  —  n  is 


/     \1I-1  i(^P^9  ^) 


nx^ 


The  residue  at  «  =  0  is  the  absolute  term  in  the  expansion  of 

and  is  therefore  ^(0,  a)  \ogz+p^{Q,  a),  the  logarithm  having  its  principal 
value  with  respect  to  the  quantity  —  c/  (vids  §  4). 
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The  residue  at  s  =  I//0  is  the  coefficient  of  1/e  in  the  expansion  of 

p\ V^(a)...[    7^  ,    =      V    .  .       IG.F.,  p.  96.] 

Combining  these  results  with  Theorem  II.,  we  have  the  proposition  stated. 


7.  We  have  now  proved  that  when 

(1)  I  arg  (a/«y  |  =  x— e,    where  0  <  e  <  x ; 

(2)  I  arg  (zjaf)  I  =  e',  where  0  <  €'  <  €, 
we  have 

logxPpW  =  m  a)  logs+pfiO.  a)+  ^  T^'^^^  +  2^  t±;l  i(-pn.a) 


_   1    f    ^ifi£^)_«L^; 
2x4  Jl.       8       sm  ITS 


and  we  have  to  investigate  how  far  the  conditions  limit  the  asymptotic 
expansion  to  which  this  equality  gives  rise. 
For  this  purpose  we  need  the  following : — 

Thborbm  IY. — Under  the  conditions  (1)  and  (2)  coupled  with 

I  (a+kwflz  I  <  1, 


toe  have 

2x1 
As  in  §  6,  we  prove  that,  under  the  conditions  (1)  and  (2), 


hri  Ji,  B  (a-^-kdif*  sin  its  »«i+i  n«* 


Hence,  as  in  §  6,  under  these  same  conditions, 

II,  =  II,^-  2  ' ^ ^+log^:-plog(a+M 

I  ^       )      n«i  nz^ 

Therefore,  provided  we  have  the  original  condition  |  (a+M^/^r)  <  1, 

J     ^     I     (-r(a+A:a)r 

which  is  the  theorem  required. 
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Now  we  know  that   f  («,  a+w)— f  (5,  a)  =  —a"*, 
so  that  f  («,  a+Jcta)  =  f(«,  a)—  2  (a+nw)"*. 

Therefore,  under  the  conditions  (1)  and  (2), 

/      / \n-l  ir^Vp 


2X4   J  J 


•{fO>..a+M+i^^^q:i^ 


as. 


8  sin  7r« 


And  therefore,  provided  in  addition  |  {a+inu)Ylz\  <  1,  m  =  0, 1,  ...,  A— 1, 
we  have 

log  ,P,(«)  =  no,  a)  logz+pr  (0,  a)+  2  i--^-  f  (-p»t,  a)+      V    ; 

nx=i     w^  tt>  Sin  TrZ/t) 

ii=j+i      n      ««o        ^^  2x01,  5  sinx^ 

In  this  formula  the  condition  (1)  may  be  modified ;  for,  in  order  that 
the  integral  last  written  may  be  convergent,  it  is  merely  necessary  that 
I  arg  {(a+A:ft))/o)y*}  (  =  tt— e,  where  0  <  e  <  tt,  and  that  then 

I  arg  (ziof)  I  =  €', 

where  0  ^  e'  <  e.  But  we  may,  by  taking  k  large  but  finite,  make 
arg(a/cD+A;)^   as  small  as  we  please,  and  then  |arg(^/a/*)|  may  have  any 


value  <  TT.* 

The  series     2    - — - —  2  ^ will  then  be  the  sum  of  a  large 

but  finite  number  of  remainders  after  I  terms  of  convergent  logarithmic 
expansions  (provided  |<?|  be  very  large),  and  will  therefore  be  of  order 
less  than  the  order  |  z  |~^ 

Again  - —  I     S  V^  >  ^"t"  ^^  — I —  ds    is,  when  U I  is  large,  of   order 
2x4  Jl,  8  sm-TT^  *    '  '^ 

l/|2:f+'  {(d<t<\). 

If,  then,  z  18  Tiot  in  the  immediate  vicinity  of  the  zeros  of  iPp(z),  and 
if  a  ie  not  8tLch  as  to  m^ke  any  zero  — (a+no))'*  vanish,  we  have,  when 
\z\i8  large,  tJie  asymptotic  expansion 

logiP,(^)  =  m  a) log^+p^CO,  ^^+^^nirlp'^^r'l^  S(-pn.a)+Ji, 
where  \Ji\  is  of  order  less  than  \ z |"'. 

*  There  is  the  obvious  restriction  that  m-¥m»  must  not  vanish  for  poaitive  integral  values  of  «. 
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This  result  is  a  slight  generalisation  of  that  obtained  by  me  previously 
by  the  theory  of  divergent  series  [I.F.,  §  62].  In  the  present  instance 
we  have  determined  the  remainder  in  the  asymptotic  expansion  of  the 
standard  function  of  simple  non-repeated  sequence  of  order  less  than 
unity.  The  result  accords  with  my  general  theorem  that  the  asymptotic 
expansion  is  valid  for  all  large  values  of  |  £r  |  which  are  not  in  the 
immediate  vicinity  of  zeros  of  the  function  [I.F.,  §  44]. 


8.  It  should  be  carefully  noticed  that  the  previous  formula  has  only 
been  proved  under  the  restriction  that  p  is  real.  In  this  case  the  zeros 
— (a+na>y*  ultimately  lie  along  a  single  line  tending  to  infinity.  But,  when 
p  is  complex,  the  zeros  in  general  cover  the  whole  plane  near  infinity, 
for  they  ultimately  behave  like 

(nwY  =  exp  {p  logn+p  log«l, 

and  therefore  each  sucessive  zero  has  a  different  argument.  We  expect, 
for  this  reason,  that  no  asymptotic  expansion  will  exist ;  and,  in  fact, 
it  is  easy  to  shew  that  the  foregoing  proof  breaks  down. 


9.  Few  modifications  are  necessary  to  establish  the  asymptotic  ex- 
pansions for  y 

log ,«,(.)  =  log  fi  [ jl+  iJ^^)  »P  1 1  .-J^}]. 

where  p+1  >  1/p  >  p* 

We  take  the  contours  Lq  and  Li  to  cut  the  real  axis  between  s  =  1/p 
and  8  =  J7-I-1.  Then,  provided  the  conditions  (1),  (3),  (8),  and  (4)  of  §  4 
hold  good, 

_    1    f    ^(fi£^  ^[£1  d,  =  -     i:    i:^C(ps,a) 
2xt  Jio       «        sinirs  ,-,+1      s 


00  CO  (^zY 

11=0  »-i)+i  s  (a+nwY* 

=     log  iQpi^)' 

Hence,  by  the  former  argument,  under  the  conditions  (1)  and  (2)  alone, 

— 7i,  =  log  iQp  (z)  ; 
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and  therefore,  by  Oauchy's  theorenii 

logiQ,{z)  =  f(0)log*+/t>r(0,a)+-^^^  + J'    i=^'f(-pn,  a) 

2x1  Jl,       8       sinirs 

where  the  accent  in  the  summation  denotes  that  the  term  corresponding 
to  n  =  0  is  to  be  omitted. 

From  this  formula  we  deduce,  exactly  as  in  §  7  and  under  the  same 
conditions,  the  asymptotic  expansion  of  log  iQp(e). 

10.  Consider  next  the  function 

where  l//o  is  an  integer  ^  1. 

In  the  case  of  this  function  we  take  the  contours  Lq  and  fji  to  cut 
the  real  axiia  between  l//o  and  l/p+l. 

We  have,  under  the  conditions  (1)  and  (2)  of  §  4, 

iogAW  =  -5r-f  ^^£^^^ds, 

and  thence,  by  considering  the  residues  at  the  poles  of  the  subject  of 
integration  between  I/|  and  L^,  we  deduce 

logiB.iz)  =  pr(0,a)+f(0,a)log2r+p(-)Vp+i,i/p^<i>(a) 

+p(^)ypz'h^\a)  U  log^-ll  +      i'     ^-=^'  i(-np,a) 


_  1    [  £ifi!t«)^2«Ld.. 

27r<  Jl,       s       sm  tt^ 


This  is  the  result  of  making  l//o  =  p+e  and  then  putting  e  =  0  in  the 
formula  for  log  iQ^iz). 

For  the  two  terms  in  that  formula  which  become  infinite  are 


maiairip+e) 


^  (=±' i.„ .  _  <ii^  ^  (zOfilf!  ^0), 


log  z  -  ^—^>-t  ^  ^    '     '  ^w(a).  [G.F.,  p.  96.] 

<0  CO  p 
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Since  ^^Ha)  =  l/o)  [G.F.,  p.  80],  this  agrees  with  the  former  result 

The  caloolos  of  limits  can  always  be  employed  in  this  way  in  the  more 
complicated  formnlse  to  which  we  now  proceed,  when  infinite  terms  arise 
for  particular  values  of  the  constants  involved. 

11.  We  now  proceed  to  consider  a  very  general  type  of  simple  n(m- 
repeated  integral  function  of  finite  (non-zero)  order,  and  its  asymptotic 
expansion. 

Let  ^{x)  be  a  {not  necessarily  one-valuedi  function  of  x  which  is  such 
that  neither  ^(x)  nor  its  reciprocal  has  any  singularities  outside  a  circle  of 
finite  radius  k  and  centre  the  origin^  outside  which*  a,  a+a>»  •  •  -t  a+nw^ . . . 
all  lie.     Further,  let    Lt  ^(x)  =  1  and  let  p  be  a  positive  quantity. 

Then  the  function  which,  when  B{s)  >  l/p,  is  represented  by 

1 


70 

V 


»=o  li^(a+nw)(a+nwyf' 

the  many-valued  functions  having  their  principal  values  with  respect  to 
the  axis  of  — cd,  is  a  function  of  s  which  has  no  singularities  in  the  finite 
part  of  the  plane  except  at  the  points 

s  =  — (w— l)//t),         w  =  0,  1,  2,  ...,  00. 
Outside  the  circle  of  finite  radius  k  we  have  the  expansion 

^(a:)  =  l+^  +  . ..  +  §  +  ..., 

X  X 

and,  by  the  conditions  attached  to  ^(x),  we  have  within  the  same  region, 
by  Abel's  investigation  of  the  binomial  series,^ 

By  the  Cauchy-Hadamard  theorem,  when  m  is  large,  |/r(«)|  =  A*  to  a 
first  approximation. 

We  see  now  that,  when  B  (s)  >  1/p, 

2  rrT—i— 4rri— -^  =  ^  /«(5)f(^+m,a), 

where  f^(s)  =  1,  provided  the  series  on  the  right-hand  side  is  convergent. 
But,  when  m  is  large,  ^(pS'\-m)  behaves  like 


*  In  the  sequel  ({  17)  this  need  only  be  true  wlien  n  is  large,  if  «  ^  ««*  nerer  Tuiiah  and  be 
not  a  Bmgalaiity  of  f  (s)  or  its  redprooal. 

t  Abel,  (Emtrm  OnmpUim  (1881),  T.  i.,  pp.  S1»-2S8. 
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and,  as  we  see  by  the  Taylor's  expansion  of  log  Fjia+tiy  the  modulus  of 
this  quantity  behaves  like  1/m*^»  where  /jl  is  the  minimum  value  of 

|a+Wft)|     (n  =  0,  1,  2,  ...,  00). 

The  series     2)  /m(s)Hps+m)  is  therefore  convergent  with   2(— j  , 

that  is  to  say,  if  /a  >  A;. 

Thus,  if  a+TM  for  all  positive  integral  (including  zero)  values  of  n  lies 
outside  the  circle  of  radius  k,  the  function 

Z{8,  a)  =   2  fn(s)^{ps+m,  a) 

is  convergent  and  represents  the  continuation  of  the  function  which,  when 

B{8)  >  1/p,  is  represented  by    2  ? — rrsr; .     The  sole  poles  of  the 

function  are  at  the  points 

ps^-m  =  —  1         or        «  =  — (w— l)/p. 

12.  Theorem. — 1/  | arg  (a/w)' |  =  Tr—e  where  0<€<Tr,  a/nd  if 
8^=u+iVf  then  |Z(«)a/*'|e"^'""*'^'''',  where  0<e'<e,  tends  exponentially 
to  zero  as  \v\  tends  to  infinity,  u  being  finite. 


00 


We  have  Z(s)  =  2  /,.(«)  ?(/>s+r). 

Also  fr{s)  is  an  algebraic  polynomial  of  degree  rins.  Hence  the  (r+l)-th 
term  of  Z(s)  behaves  like  (1,  sY^ips+r);  and  therefore,  when  \v\  tends  to 
infinity,  u  being  finite,  this  term  tends  to  infinity  like 

Hence,  as  the  series  for  Z  (s)  remains  convergent,  however  large  |  s  \  may 
be,  if  u  be  finite  we  see  that 

I  Z(«)  (0^1  «-<'-'»•>, 

where  0  ^  e'  <  e,  tends  exponentially  to  zero  as  |r?|  tends  to  infinity. 
Corollary. — From  the  formula 

^^'^  ^  3oli>(a+nJ){a+na>yj 

we  see  that,  if  tt  >  1/p,  the  same  expression  tends,  under  the  assigned 
conditions,  exponentially  to  zero,  when  |  s  \  tends  to  infinity. 

18.  Theorem. — The  integral  - —  I  — ^  -^ —  d«,  in  which  s^  has  its 

2x1  J     s     Binirs 

principal  value  with  respect  to  the  quantity  —a^,  is  finite  when  taken  along 
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any  pa/raUel  to  the  imaginary  axis  in  the  finite  part  of  the  plane  which 
does  not  pass  through  finite  poles  of  the  subject  of  integration^  provided 

(1)  I  arg  (a/«y  |  =  x--€    where    0  <  €  <  tt, 

(2)  I  arg  (^/»y  I  =  e'  where    0<€^<€. 
The  sabject  of  integration  may  be  written 

S  Bin  ITS  XOB^J 

and  this,  under  the  assigned  conditions,  tends  exponentially  to  zero  as  |  v 
tends  to  infinity,  u  being  finite. 

CoROLLABY  I. — The  same  integral  vanishes  when  taken  along  any  part 
oi  the  great  circle  at  infinity  for  which  u  is  finite. 

GoBOLLABY  II. — The  same  integral  vanishes  when  taken  along  the 
great  circle  for  which  u  is  infinite  and  positive,  provided  that,  in  addition 
to  conditions  (1)  and  (2),  we  have 


(8) 


<1     (n  =  0,  1,2,  ...,  00), 


{a+maf 
(4)  The  circle  pass  between  the  zeros  of  sin  irs. 

14.  We  now  can  obtain  the  asymptotic  expansion  of  the  logarithm  of 
the  very  general  simple  non-repeated  integral  function  of  finite  (non-zero) 

*•,(.)=  n[(i+jj^,}«p(i^^(] . 

where  jp+1  >  1/p  >p. 

For,  by  the  method  previously  employed,  we  evidently  have,  under  the 
conditions  (1)  and  (2)  of  §  18, 

^'TijLi    s     smirs 

where  the  integral  is  taken  along  a  contour  Li  parallel  to  the  imaginary 
axis  and  cutting  the  real  axis  between  the  points  1/p  andjp+1*  Hence, 
if  L9  be  the  contour  defined  in  §  6,  cutting  the  reed  axis  in  — (2+l)+e, 
where  this  point  is  not  a  pole  of  the  subject  of  integration,  and  e  is  small 
and  positive,  we  have,  under  the  same  conditions, 

log  Fiijs)  =  —  -—  \    -^  -: dSy 

2x4  Jl,    s     Qunrs 

together  with  the  residues  of  the  subject  of  integration  at  its  poles  j  =  0, 
s  =  — (r— l)//t),  r  =  0,  1,  ...,  m,  where  (m— l)//t)  <  Z+i<  m/p. 
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Now  the  residae  at  <  =  0  is  the  absolute  term  in  the  expansion  of 
ll€{l+€logz+...\{Z{0)+eZ'(0)+...}  =  Z(0)log«+^'(0). 

And  the  residae  at  s  =  — (r— l)//t>  is* 

^ jz X  residue  of  2  /r(«)f(p«+r) 

l-''8inx(l:=^)  '-» 


.«.(l-r)    .       /I— r\-''\        p   /. 


Therefore,  under  the  conditions  (1)  and  (2), 
logF.iz)  =  Z(0)\ogz+Z'{0)+   2'   (-r-^Z(-n) 


hb  -p  n^ 


the  double  accent  denoting  that  r  =  1  is  to  be  excluded  from  the  summation. 

16.  Suppose  now  that  \z\  is  very  large.     As  in  §  7,  the  conditions  (1) 
and  (2)  can  be  replaced  by  the  conditions 

(1)  That  a+no)  does  not  vanish  for  any  positive  integral  value  of  n, 

(2)  That  I  arg  (z/af)  |  <  tt. 

The  modulus  of  the  integral  along  the  contour  L^  may  be  proved  to  be 
at  most  of  order  |£r|"'~^+*. 

The  series     2   ■ —     P         is  absolutely  convergent  if  \z\  be 

'">  (1-r)  Bin  IT  (^^^ 

sufficiently  large  and  dififers  from   S   by  a  quantity  which  is  at  most  of 
order  |^'""'""^ 


the  integral  being  taken  round  a  circle,  centre  the  origin  and  radius 
V>h.  If  3f  be  the  maximum  value  of  \7f(f>{x)Y'^  on  this  circle,  the 
integral  behaves  when  r  is  large  like  CAf''~\  where  C  is  finite.  Therefore 
the  series  is  convergent  if  Af  <  |  z^'^  |. 

*  [yole addid  April b^  1905.] — We  assume,  of  course,  that  (I— r)/p  is  not  an  integer.     In 
sooh  cases  limiting  forms  arise. 
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We  see,  then,  that,  under  our  new  conditions  (1)  and  (2), 
logF,{z)  =  Z(0)logz+Z'(0)+    rizi^Zi-n) 

»=o«(l-n)Binx(i=5) 
where  Ju  when  \g\iQ  large,  is  at  most  of  order  | m  1"^ 

16.  We  may  give  a  slightly  more  elegant  form  to  this  formnla,  as 
follows. 

Suppose  that     y  =  3f^{x)  =  ic^|l+-^+-^  +  ...| 

when  |x|>  k. 

As  arg  X  goes  from  0  to  2^,  arg  y  goes  from  0  to  2xp. 

By  reversion  of  series  we  obtain  an  expansion  valid  for  large  values 

wherein  also,  as  arg  y  goes  from  0  to  2x/9,  arg  x  goes  from  0  to  2x. 

Now  we  have   /,  (^— ^)  =  J^  (a;— ^[^(x)J— ^>'dx 

(the  integral  being  taken  round  a  circle,  centre  the  origin  and  radius  >k^ 
from  arg  x  =  0  to  arg  x  =  27r) 


wherein  the  integral  is  taken  along  a  contour  which  is  a  circular  arc  frouEi 
arg  j/  =  0  to  arg  y  =  2xp. 

Now,  if  the  int^pral  be  taken  along  a  circular  arc  from  arg  y  =  0  to 
arg  y  =  2x/t), 

=  0  if  A-n^O,  and  =  2xi/t>  if  it  =  0. 
Hence 
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This  relation  is  purely  algebraical,  and  can  be  otherwise  obtained  by  actual 
calculation  of  the  quantities  fnis/p)  and  by  establishing  the  set  of 
relations  between  these  quantities  and  the  d*s  furnished  by  the  reversion 
process. 

We  now  see  that  we  have  the  asymptotic  expansion 

log-PiW 

=  Z(0)log^+Z'(0)+    i   tgl'z(-n)+2" ^T^. +«^^ 

The  quantities  Z{^n)  which  intervene  may  be  called  the  Maclaurin 
constants. 

^''"'  2(-n)  =  2  M-n)t{r-fm\ 

r=0 


and,  since  [af^Cx)]*  =  a:^*  2 


M-n) 


r-O         «* 


when  X  =  a+pta  (^  =  0,  1,  ...,  m— 1),   we  see  that  we  have  the  Mac- 
laurin sum-formula 


]>*>0  p^n      P-      LOX'J  Jr>«w 

Again,  we  have 

Z(0)  =  2  /,(0)f(r)  =  f(0)  =  -  S{{a), 

r-O 

for  /.(O)  =  0,   r=^0,  and  /„(0)  =  1. 

Also  Z'(0)  =  pt(0)+  2  /r(0)f(r), 

and   therefore   —  Z'(0)  is  the  Maclaurin  constant  corresponding  to  the 
application  of  the  Maclaurin  sum-formula  to  the  function 


2 


2    l0g\af</>{x)]^^a+nm' 


17.  The  integral  function  Fi(z)  which  has  been  considered  is  not  the 
most  general  simple  non-repeated  function  of  finite  non-zero  order.  A 
more  general  function  would  be  * 

where  i>(x)  admits  together  with  its  reciprocal,  outside  a  circle  outside 

*  Verbal  alterations  have  been  made  in  tbis  paragraph  {^Jpril  5<A,  1906]. 
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which  a+fUd  (n=l,  2,  ...,  oo)  all  lie,  an  absolutely  convergent  expansion 
of  the  lorm  #*.  /• 

where  0  <  e^  <  e^  . . .  and  the  e's  tend  to  infinity  or  are  finite  in  number. 
The  asymptotic  expansion  of  the  logarithm  of  this  function  can  be 
developed  in  the  same  way.  The  function  Fi{z)  which  has  been  considered 
is  obtained  by  putting  e*"  =  r  (r  =  1,  2,  ...,  oo).  By  a  slight  modification 
of  the  previous  theory  we  may  see  that,  provided  1/p  is  not  an  integer, 
provided  a+noD  and  ^(a+na>)  and  its  reciprocal  vanish  for  no  positive 
integral  value  of  n,  and  provided  |  arg  (xr/o/)  |  <  x,  we  have,  when  |  xr  |  is 
large,  the  asymptotic  expansion 
log  Fi  (z) 

=  -S;(a)  log xr+Z'(0)+    2'   L-l_  ^(«n)+  2" ^r^ +*^'' 

where  p  <  1/p  <  j?+l,  and  where  IcTil  is  at  most  of  order  |xr|"'. 

When  1/p  is  an  integer  j7,  we  may  obtain  the  corresponding  expansion 
by  the  calculus  of  limits,  just  as  the  expansion  for  ^p(z)  was  deduced 
from  iQp(^). 

No  limitation  is  involved  in  the  assumption  that    Lt   ^(x)  =  1,  for 

we  may  always  ensure  that  this  shall  be  the  case  by  making  the 
substitution  z  =^  c^^  in  Fi(z). 

The  result  which  has  been  obtained  is,  in  the  main,  in  accordance 
with  that  obtained  previously  for  integral  functions  of  finite  non-sero 
order  by  the  theory  of  asymptotic  series  [I.F.,  §§  58-59].  We  have, 
however,  given  greater  precision  to  the  conditions  under  which  the 
expansion  is  valid  than  was  possible  before  the  enumeration  of  the 
conditions  under  which  it  is  legitimate  to  apply  the  Maclaurin  sum- 
formula. 

The  generality  of  the  form  of  the  function  </>{x)  which  we  have  taken 
is  very  great.     We  may  note  among  special  cases  that  <t>(x)  may  be 

(1)  a  rational  intepjrftl  function  of  I/t  which  does  not  vanish  when 
l/x  =  0,  Rdix)  say; 

(2)  a  similar  rational  integral  function  of  negative  fractional 
powers  of  x ; 

(3)  of  the  form  R{llx)e^^^^\  where  G{x)  is  an  integral  function 
of  x ; 

(4)  of  the  the  form  /2(1/j-)/li(1/x),  where  /i(^)  ^^  ^  meromorphic 
function  with  no  poles  or  zeros  within  a  circle  of  finite  radius 
surrounding  the  origin. 
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We  may  state  the  final  result  as  follows : — 

The  logarithm  of  the  specified  general  type  of  integral  function  of 
finite  non-zero  order  with  a  single  sequence  of  non-repeated  zeros  admits, 
when  I  XT  I  is  large,  an  asymptotic  expansion  valid  everywhere  but  in  the 
neighbourhood  of  the  zeros  of  the  function  ;  and  all  the  coefficients 
of  this  expansion  can  be  built  up  from  the  simple  Biemann  ^  function 
f  («,  a  I «). 

If  the  function  is  of  order  1/p  where  p+1  >  1/p  >  p,  the  dominant 
term  of  the  asymptotic  expansion  is  of  the  order  of  magnitude  of  z^^^  and, 
if  1/p  is  an  integer  p^  is  of  the  order  of  magnitude  of  s^  log  z. 

18.  I  will  now  briefly  indicate  the  extension  of  the  previous  theory 
to  non-repeated  functions  of  multiple  linear  sequence.  We  base  the 
investigation  on  the  properties  of  the  multiple  Riemann  ^  function 
^t{s,  a  jo)],  ...,  ov),  defined  in  §  15  of  the  previous  paper,  the  theory  of 
which  has.  been  developed  in  the  author's  memoir  on  the  multiple  gamma 
function. 

Let  ^(a:)  be  the  function  of  x  defined  in  §  11  which  is  such  that 
neither  ^(a:)  nor  its  reciprocal  has  any  singularities  outside  a  circle 
of  finite  radius  k  and  centre  the  origin,  outside  which  (a+Q),  where 
n  =  nia)i+-*-+^rav9  lies  when  n^,  ...,  rir  have  any  positive  integral 
values  (zero  included).  We  assume  that  the  cd's  all  lie  on  the  same  side 
of  some  straight  line  P  through  the  origin.     Further,  let    Lt  ^(x)  =  1. 

Then  the  function  which,  when  i2(s)  >  r/p,  is  represented  by 

•  1 

where  the  many-valued  functions  have  their  principal  values  with  respect 

to  the  axis  of  —  1/L  defined  in  §  15  of  the  previous  paper,  is  represented 

for  all  values  of  «  by  • 

Zr{s)  =  2  /«(s)  fr(p«+w,  a), 

where  ^r(^>  o)  is  the  r-ple  Biemann  ^  function,  and  where 

The  sole  singularities  of  the  function,  qua  function  of  5,  in  the  finite 

part  of  the  plane  are  at  the  points 

[q  =  1,  2,  ...,  r, 
ps+t  =  g,  where  \ 

\t  =  0,  1,  ...,  QD, 

or  «  =  {q—Olp/ 

2.    yoL.  3.    7KO.  900.  U 
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For  lM.G,F,,  §  81]  the  sole  singularities  of  ^riSt  o)  are  at  the  pointe 
«  =  g. 

19.  We  now  assume,  for  otherwise  the  points  (a+Q)^  will  cover  the 
whole  region  of  the  plane  near  infinity,  that  all  the  points  O^  lie  within 
an  angle  0 «  2ir)  whose  vertex  is  the  origin.  This  necessitates  that> 
when  p  ^  2,  the  points  w  lie  within  an  angle  Ojp «  2x/p).  In  this 
latter  case  we  take  the  fundamental  line  P  (see  §  16  of  the  previous  paper) 
to  be  the  external  bisector  of  this  angle. 

We  shall  obtain  the  system  of  points  Q^  within  the  angle  0  by 
rotating  each  point  Q  until  its  argument  is  p  times  its  former  value. 
Let  IjLp  be  the  line  which  is  obtained  from  1/L  in  this  way.  Then, 
if  ^  be  the  argument  of  the  line  1/L,  that  of  the  quantity  IjL^  is  p^. 

Let  sf  have  its  principal  value  with  respect  to  the  quantity  —  1/L^  (1) 

By  this  we  mean  that    p^— ir  <  arg;8r  <  p^+x. 

Further,  assume  that  z  does  not  lie  within  the  region  of  the  points 
-»• ;  (2) 

so  that  therefore 

[x— ^(p<  2), 
I  arg  z—p^  I  =  ri,    where    0  <  j;  <  •  2 

I  x-id  (p  >  2). 

In  the  expression  for  ^r(^»  cl)  terms  of  the  type  (a+H)^  occur,  whieh 
have  their  principal  values  with  respect  to  —  l/L.  By  taking  a  to  be 
positive  with  respect  to  the  cd's  (8),  we  ensure  that  arg  (a+^)  differs  from 

0  by  a  quantity   <  ]*^,     ^  ^  _      and  therefore  that 

^OIp  (p>2); 

|ffrg(a+fi)'-p^|  =  e,     where    0<e<{*2'   jj  <  ^J' 
We  may  therefore  put  under  the  conditions  (1),  (2),  and  (8) 

and  we  shall  have  0  <  |  ^»|  <  e+i;  <  x. 

If,   now,   we  have  the  further  condition  r.  <  1   (4),  we  have  the 
proposition  that  ZrW-^'e"'"'", 

where  i2(5)>— (Z+1)  and  s  =  u+iv,  tends  exponentially  to  zero  as 
1 8 1  tends  to  infinity.  This  may  be  proved  by  the  same  methods  as  those 
already  employed. 

Suppose  now  that  p+1  >  rjp  >  p.     Let  tLq  and  fX^  be  contours, 


ds. 
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similar  to  those  employed  in  §  6,  cutting  the  real  axis  between  r/p  and 
(p+D*    Then,  by  the  proposition  jast  stated,  the  integral 

2ti  J     s     sin  x5 

is  finite  when  taken  along  the  contours  tL^  tLi,  and  L^  and  the  two 
former  integrals  are  equal  to  one  another. 

20.  Let  Fr{z)  denote  the  integral  function  of  multiple  linear  sequence 
and  order  r/p 

n  ...n  r(i+i?TnN^f2  jirfutH 

»»-o     iv-oLl        aj^^(ic)i      *^  1.-1  «{aJ^^(«)}'JJ«-«+o 

p  being  such  that  p+\  >  r/p  >p. 

Then,  as  previously,  we  see  that,  provided  r»  <  1  and  |^«|  <  x. 


^  2x«  J^     8     sm  x« 


But  both  sides  of  the  equality  are  one-valued  continuous  analytic  functions 
for  all  values  of  r».  Therefore  we  may  dispense  with  the  condition  (4) 
of  §  19. 

Now  apply  Gauchy's  theorem  and  change  the  contour  of  integration 
from  fLi  to  Lg.    We  get 

2x«  Ji,  s  sm  x«  »— p    njei* 

plus  the  sum  of  the  residues  of  the  subject  of  integration  at  the  points 

«  =  0, 
«  =  (?— 0/p        (g  =  1,  2, ...,  r  ;    ^  =  0, 1,  ...,m), 

where  (m+1— g)/p  >  Z+1  >  (w— g)/p. 


Now  the  residue  of   — : tripB-^ti  at  s  =  {q—()lp  is 

I^^ (-r'r^r'ia)  ^j^g^p^^  §  813, 

(j_,)Bin.(2zJ)         (J-D! 

Hence  the  sum  of  the  residues  of  the  subject  of  integration  at  the  points 
5  =  (g — t)lp  is  the  sum  of  such  terms  of  the  infinite  series 


(^0 


V  2 
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as  are  not  of  order  less  than  l/l^r^'*'^  when  \m\  is  large.  The  double 
aoeent  in  the  summation  denotes  that  the  term  for  which  ^  =  9  is  to 
be  omitted. 

The  series  just  written  is  absolutely  convergent  for  sufficiently  large 
values  of  \e\,  since 

the  integral  being  taken  round  a  circle  of  radius  V  >k.  Hence,  when 
^  IB  large,  |  ^  (q^fy 

where  M  is  the  maximum  value  of  af</>(z)  on  the  circle  in  question. 
The  series  is  therefore  convergent  if  1 2;  |  >  Jlf . 

Again,  the  residue  of  the  subject  of  integration  at  5  =  0  is  the  absolute 
term-  in  the  expansion 


/  (£11^)  I  <  ft'9if<i-«yp, 


-   {l+eloaz+...}  |f^(Q+p,f;(Q+...}  |/^(0)+e/;(0)+ 


and  is  therefore 


•  •  •  J I 


=  CAO)logz+Zl{0). 
We  note  IM.G.F.,  §§  22  and  28]  that  f,(0)  =  (-);S|(a)  and  that 

C(0)  =  gf.(.,«)]„.=  l«8^, 

where  Fria)  is  the  r-ple  gamma  function  and  pr(ta)  is  the  r-ple  Stirling 
modular  form. 
We  have  then 

logF.W=    h  ^'=^Zr(-n)+Z'r(0)Hr(0,a)logz 

+  ,.,        (3-1)!        -.■''W  >'(^_^«i„,(!LZ<) 


2Tri  Ji,  s  si 


^'^''''ds+J,  '  ' 


II,  8  sm  ITS 
where  Jt,  when  \Z\is  large,  is  of  order  less  than  |2r|~'. 

21.  In  this  equality  the  many-valued  functions  z*,  s^"^'^^,  and  log^ 
have  their  principal  values  with  respect  to  the  qtcantity  —  l/L^ ;  that  is  to 
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say,  in  each  case  the  argument  of  z  lies  between  p^  ±,  t.  Farther,  we 
have  assumed  that  jr  does  not  lie  within  the  region  within  which  the 
points  —  O  lie.  And,  finally,  we  have  assumed  that  a  is  positive  with 
respect  to  the  cv's,  that  is  to  say,  that  a  lies  within  the  region  within 
which  the  cv's  lie. 

Exactly  as  in  §  7,  we  may  remove  the  last  restriction.  And  we  obtain 
the  theorem : — 

J[^  |4r|  M  large  and  not  within  that  part  of  the  region  at  infinity 
toithin  which  the  points  —{a+QY  lie,  and  if  a  is  of  finite  modulus ,  and 
not  such  as  to  make  a+Q  vanish  identically  for  any  positive  integral 
values  of  n|,  ...,  nr  ifiero  included),  then 

logFr{M)=    2'  ^-=5-'z.(-n)+Z;(0)+^(0,a)log* 

»«-p    nsr 


where  \Ji\  is  of  order  less  than  \z\''^.    In  this  expression 

st^^'^p  =  exp  [i=i  log  A 

ofnd  log  z  is  such  that  its  argument  lies  between  p^  ±,  x. 

22.  We  may  give  a  more  elegant  form  to  the  series  just  written. 
Let  y  =  af<t>(x)  =  of  (l+^+^+...y 

where,  as  arg  x  goes  from  0  to  2t,  arg  y  goes  from  0  to  2tp,  and  suppose 
that,  by  reversion  of  series,  we  obtain 

and  a^  =  j^p|n.^^+...+^+...|, 

where  j  =  1,  2,  ...,  r. 

Then,  as  formerly  (§  16),  we  have 


taken  along  a  circular  arc  from  arg  y  =  0  to  arg  y  =  2irp. 
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taken  round  a  circle  eneloeing  the  origin, 

q    «- 
Hence  the  previoas  formula  may  be  written 

logFriz)-    2'  ^^=^ZA-n)  +  (-rrS'i(a)logz+Z'r(0) 

«-^  «'  *-o  ^,  gin  X  (£=.*) 

If  we  make  I  infinite,  we  obtain  the  asymptotic  expansion  of  log  FrM* 
which  is  valid  when  \z\  is  very  large  and  not  within  the  domain  of  the 
large  zeros  of  Friz).  If  these  zeros  cover  the  whole  plane  at  infinity,  no 
asymptotic  expansion  exists.  The  formula  now  obtained  is  a  development 
of  the  formula  previously  adumbrated  [Integral  Functions  of  Multiple 
Linear  Sequence,  §§11  and  15j.  The  asymptotic  expansions  of  the  general 
integral  functions*  of  multiple  linear  sequence,  non-repeated  zeros,  and 
finite  non-zero  order  follow  in  the  same  way. 

In  obtaining  the  previous  formula  we  have  assumed  that  1/p  is  not  an 
integer,  and  that  (q — Q/p  is  not  an  integer  for  the  values 

• 

5  =  1,  2,...,  r;         ^  =  0,  1,  ...,  oo      {q^t^. 

When  such  exceptional  cases  arise  we  can  always  obtain  a  definite  formula 
by  the  use  of  the  calculus  of  limits. 

28.  As  particular  cases  of  the  general  result  just  obtained  we  may 
write  down  the  asymptotic  expansions  of  the  three  standard  functions  of 
finite  non-zero  order  and  multiple  linear  sequence : — 


^'^'^=l--lh(dw]  ^>'-)' 


«i-0       «v-o 


rQ,{z)  =  n  ...  n  r(i+^)  exp  i  t^      , 

where  j?  is  an  integer  such  that  |>+1  >  r/p  >p, 

Jl^(z)  =  n  ...  n  r(l+-,)  exp  i  ^1 


where  r/p  is  an  integer  p 


*  Snoh  as  oofretpond  to  those  mentioned  in  {  17  [April  6,  1006]. 
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We  have 

nm\      nZ  Pt\w) 

8111—^ 

agreeing  with  I.F.M.L.8.,  §  5.  ^ 

We  have  a  similar  expansion  for  log rQp{z),  except  that  the  first  series 

is  summed  from  n  =  — p  to  I  (zero  excluded). 

To  obtain  the  asymptotic  expansion  for  log  rUp  (z)  we  apply  the  calculus 

of  limits  to  the  formula  for  logrQp(^)-     The  work  has  been  carried  out 

\_LF.M.L.8.,  §§  16  and  17].    The  result  is  that,  if  j>  be  not  a  multiple  of  r, 

logJ8,W=:i:iog^  +  (-)%S;(a)log^+     h    t±2^(^E^a) 

r 
It  p  z=z  kr,  where  X:  is  an  integer,  we  have 

log  JJ,(.)  =  I  log  ^ + (-)'^,(.)  log.+ S-^  <^  {,(-£, .) 

«■!       ml  fc  in^i      ml  fc  {  »-i^/ 

the  star  indicating  that  the  terms  which  correspond   to  5  =  0,    —ft, 
—2ft,  ...,  — rft  are  to  be  omitted  in  the  summation. 
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GENERATIONAL    RELATIONS    FOR    THE    ABSTRACT     GROUP 
SIMPLY  ISOMORPHIC  WITH  THE  GROUP  LF[2,p*] 

By  W.  H.  Bussbt. 
Communicated  by  Prof.  L.  E.  Dickson. 

[BeoeiT6d  December  10th.  1904.— Read  Jaaiiwj  12tli,  1005.] 

Introduction. 

1.  The  object  of  this  paper  is  the  proof  of  the  following  six  theorems 
concerning  sets  of  generational  relations  for  the  abstract  group  6,  simply 
isomorphic  with  the  group  LF  [2,  p^l  of  all  linear  fractional  transforma- 
tions, on  one  variable,  having  determinant  unity  and  coefScients  belonging 
to  the  GFip""). 

Theorem  I.* — The  abstract  group  G^(j^-i)f  simply  isomorphic  with  the 
group  LF  [2,  j?] ,  j>  >  2,  may  be  generated  by  two  operators  T  and  S, 
subject  to  the  generational  relations 

(A)         8^  =  1,    T^  =  I,    (SD»  =  J,    {S'TS^^Tf=I,    T=i^O. 

Theorem  II. — The  abstract  group  Oy^^j^^^y  simply  isomorphic  unth 

the  group  L2?'[2,  p*],  ^  >  2,  n  >  1,  may  be  generated  by  (p*+l)  opera- 
tors T  and  Sj,,  X  running  through  the  marks  of  the  GF  {pl^)^  subject  to  the 
generational  relations 


(B) 


(1)  So  =  If     SxS^  =  Sa+h     (K  fj^  any  marks), 

(2)  r»=J,     (S,T)''  =  I, 
(8)  {SrTSiirTf  =^  I     (t  any  mark  =^  0), 

1(4)  [1/a,  a«],  [1/a,  ia«],  [i,  a],    [1/i,  a]     (a  =?fc  0), 


wJiere  i  is  a  primitive  root  of  the  GF{p^),  and  a  is  any  mark  subject  to 
a  restriction  implied  in  the  notation  [X,  /jl]. 


*  For  the  speoud  oaaes  in  which  p**  <  47,  this  theorem  has  been  proved  by  Prof.  DiokBon, 
JVm.  London  Math,  8oe,,  Vol.  xxxv.,  pp.  292-306;  Buif,  Amer,  Math.  Soc.,  Vol.  ix.,  p.  297. 
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Note. — The  symbol  [X,  /n]  is  used  to  denote  the  relation* 

SArs^rS(A-i)/(AM-i)!rSi-.Ai»rS(^-i)/(Ai»-i)r  =  /, 

where  X,  ^  are  marks  such  that  X/a  ^  1. 

Thborbm  III.+ — For  the  special  cases  in  which  p^  =  49,  81,  121  rela- 
tions (1),  (2),  (9)  form  a  set  of  generational  relations  Jor  G^^^^iy  jp  >  2. 

Thborbm  IV.  t — The  abstract  group  G^m^^vi^iy  simply  isomorphic  vrith 

the  group  LjP[2,  2*] ,  may  be  generated  by  three  operators  a,  6,  c,  subject 
to  the  generational  relations 


(O 


(6)    a^-*  =  /,     6*  =  J,     ba^b  =  a^ba<, 
(6)    c"=:J,     {ca)^  =  I,     (c6)»  =  J, 


where  ^  =  1,  2,  8,  ...,  (2*— 2),  and  9,  ^  are  determined  by  the  relations 
if  =  1+*^  fi  =  i^(,  mod  (2*— 1),  i  being  a  primitive  root  of  the  GjF(2*). 

Thborbm  V. — The  abstract  group  G^^b^^i^,  simply  isomorphic  with 

the  group  Li^[2,  2*],  m>ay  be  generated  by  two  operators  a  and  d  subject 
to  the  generational  relations 

(D)  a^^-^-I,    £?  =  /,     (da^d-^a^*  =  J,     (da^daO'=  I, 

where  ^=  1,  2,  8,  ...,  (2*— 2),  and    ^  is    determmed   by    the  relation 
if  =  1+*^  i  being  a  primitive  root  of  the  GF(V). 

Thborbm  VI.  § — In  the  special  cases  in  which  n  =  2,  8,  4,  5,  6,  the 
abstract  group  G^n^^fim^iy  simply  isomorphic  with  the  group  LF  [2,  2*], 

*  Relations  (1),  T*  ^m  I^  [X,  /a],  k,  fi  9nj  markfl  suoh  that  A/a^  1,  oonatitate  a  set  of 
generatioiial  relations  for  O.  This  is  a  special  ease  of  a  more  general  theorem  yalid  for  aaj  field 
dne  to  Moore.  See  ^roe,  London  Math.  Soe.^  Vol.  zxxv.,  p.  293,  and  Dickson's  Linoar  Onmpt^ 
p.  SOO. 

Note  that,  when  x  *  0  or  1,  [x,  /a]  reduces  to  {Si  7)*  mm  /,  and,  when  x  t-~l,  [x,  fi] 
reduces  to  {X), 

t  For  the  special  oases  in  which  p^  «  9,  25,  27,  125,  243,  Prof.  Dickson  has  proved  that 
(l)ff  (2),  (3)  constitate  a  set  of  generational  relations  for  ^xp»/^.l\»  P>^f  ^-  ^*  '^^  prooft 
for  the  oases  in  which  p"  »  125,  243  hare  not  heen  pnhlished. 

X  This  theorem  is  due  to  de  Seguier,  JowrmU  de  Matkmatiqtm,  Tome  Ym.,  p.  268. 

f  The  set  of  generational  relations  (E)  is  due  to  Prof.  Dickson.  He  has  proved  Theorem  VL 
for  M  a  2,  8,  4.  See  Frw.  London  Math.  Soe.,  Vol.  xzzv.,  p.  306  and  p.  448 ;  BuU.  Amor.  Moth, 
6oo.,  VoL  zx.,  pp.  194-204. 

For  M  «  2,  the  set  (E)  reduces  to  A^  =  I,  B*  =  I,  {ABf  »  I. 


i 
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may  be  generated  by  two  operators  A  and  B  subject  to  the  generational 
relations 

(E)  ^«'+^  =  J,    B«  =  J,     {ABf^I,     (BA'BA'f=^I, 

where  r  =  1,  2,  8,  ...,  2^  and  the  value  of  s  is  determined  by  the  relation 
i*(r+*"+l)  =r(*"+l)+l,  f  ft^injf  defined  by  the  relation  f  =  f"f+l, 
i  being  a  primitive  root  of  the  OF{V). 


Thb  Group  G  simply  Isomorphic  with  LF  [2,  p*],  ^  >  2, 

2.  Lemma. — The  abstract  group  G^^^y^,  simply  isomorphic  with  the 

group  LjF[2,  i>*] ,  p  >  2,  may  be  generated  by  (p*+2)  operators  B,  T,  and 
Sa,  X  running  through  the  marks  of  GjP(j?*),  subject  to  relations  (1)  and 

(7)  ij^^p"-!)  =  J, 

(8)  SaB*'  =  -B^'SAi*'  (X  any  marft,  o-  =  0  or  any  in^er), 

(9)  (TB^*  =  J  (o-  =  0  or  any  integer), 

(10)  TSyT  =  B^S^yTS^ify  (y  any  mark  ^^  0,  t^  =  —  y), 

i  iein^  a  primitive  root  of  the  GF{p*). 

Proof.  —  The  group  LJP[2,  p*],  p>2,  may  be  generated  by  the 
p*'+l  transformations 

r  :  xr'  =  — ,         Sa  :  2r'  =  2;+X         (X  any  mark), 
z 

while  the  sab-group  K  of  the  transformations 

a 

may  be  generated  by  the  transformations 

Si,A  =  Sa  :  ^'  =  -^+X,        B:z'  =  izli-\ 

i  being  a  primitive  root  of  the  GF(p^), 

These  generators  of  K  satisfy  relations  (1),  (7),  and  (8).  Since  the 
group  LF [2, p^\  p>%  when  represented  as  a  permutation  group  on 
(p*+l)  letters,  is  doubly  transitive  while  the  sub-group  K,  being  then  a 
permutation  group  on  p^  letters,  is  simply  transitive,  it  follows  from  the 
work  of  Jordan*  that  it  is  possible  to  determine  y,  ^,  17,  ^,  and  m  such  thai 

*  TraiU  d$n  Subntituii^ns,  p.  32. 
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the  following  relations  are  true  : — 

(11)  rS^^r=S^,«rS,.;    (a, /3  any  marks  ^^  O), 

(12)  {TBTf  ^BT  (<r  =  0  or  any  integer). 
The  concrete  expressions  for  TS^^^T  and  Sy^i  T8^,{  are  respectively 

A  comparison  of  these  expressions  shows  that  a  determination  of  y,  8^  ri,  ^ 
is  y  =  — j8,  i  =  a,  i;  =  l,  f=—  a'^fi"^.  The  concrete  expression  for 
TBT  is  •  =  i'^z.  Therefore  TR'T  =  B"^  and  a  determination  of  m  is 
^  =  0.  With  these  vaUies  of  y,  S,  ri,  ^,  /k,  relations  (12)  and  (11)  become, 
respectively,  (9)  and 

(18)  TS^$T  =  S_^ . TS,^ _,-i^.i     (a,  /3  any  marks  ^^ 0). 

A  comparison  of  the  concrete  expressions  for  8^^  and  B^Si^^  shows 
that  Sa,fi  =  B^Si^  «^  if  X  be  determined  by  the  relation  i^  =  a.  Therefore 
(18)  may  be  written  in  the  form 

(14)  TB^Si,  ^T  =  B^Si,  -^  TSi,  ..-i^-i, 

where  X,  /x  are  determined  by  the  relations  t^  =  a,  «^  =  — j8. 
In  view  of  (9),  relation  (14)  may  be  written 

or,  if  we  write  afi  =  y,  and  use  the  notation  8i,y  =  Sy,  in  the  form  (10). 

This  completes  the  first  part  of  the  proof,  namely,  that  the  generators 
r,  JB,  8k  of  the  group  LF[2,  jp*],  p  >  2,  satisfy  relations  (1),  (7),  (8),  (9),  (10). 
From  this  fact  it  follows  that  the  abstract  group  G'  defined  by  relations 
(1)9  (7),  (8),  (9),  (10)  is  either  the  group  G^^^^^^^^y  or  a  larger  group.  That 
it  cannot  be  a  larger  group  is  seen  as  follows : — Every  element  g'  of  the 
group  6'  is  a  product  whose  constituents  are  T,  B,  8^.  Every  such 
product  that  does  not  involve  T  may  be  reduced  by  means  of  (1),  (7),  (8)  to 
the  form  B'8Kt  where  X  is  a  mark  of  the  GF{p*),  and  o-  =  1,  2,  8,  ...,  or 
i(j}*— 1).  The  maximum  number  of  distinct  products  of  this  type  is 
J|>*(j)*— 1).    Every  product  that  does  involve  T  may  be  written  in  the 

*^™  g'  =  B^8K,TB^'8K,TBr^SK,TB^*8x,T.,., 

a  product  containing  n  Tb.  If  X^  =  0,  then  8x^  =  J  and  TB'*  T  =  S— *, 
by  (9).     In  this  case  g'  reduces  to 

g'  =  B^'Sk^B'^^B^'Sk^TB^^Sj^T  ..„ 
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which,  by  (1),  (7),  (8),  may  be  reduced  to 

a  product  contaming  (n— 2)  T's.     If  X,:^  0,  we  have 

by  (9).     AlBO,  by  (10),       TSx,  T  =  B^S^x,  TS-i/a,. 
Therefore  g'  becomes 

g'  =  B'^Sx,B'^*B^S^x,TS^i!x,B'*Sx,TB'*8x.T..., 
which,  by  means  of  (1),  (7),  (8),  may  be  reduced  to 

g'  =  B^Sx^TB^'Sx-TB^'Sk.T..., 

a  product  containing  (n—  1)  T's. 

The  process  indicated  reduces  the  number  of  Ts  in  the  expression  for 
g'  by  one  or  two  at  each  step.  A  finite  number  of  steps  will  reduce  the 
expression  for  ^'  to  a  product  containing  one  T  or  no  T's.  In  the  latter 
case  g'  may  be  reduced  to  the  form  B'Sk,  as  above.  In  the  former  case 
g'  =  B'SkTB^Sk'.  In  view  of  (9)  this  becomes  g'  =  B^SkB-^TSk,  which 
may  be  reduced  by  means  of  (1),  (7),  (8)  to  the  type  form  g'  =  B^Sxi ^'^a- 

The  maximum  number  of  distinct  products  of  this  type  is  ip^ip^^l)- 
The  maximum  order  of  the  group  G'  is 

which  is  precisely  the  order  of  the  group  G^j^^j^^iy  Therefore  the  two 
groups  are  identical,  and  relations  (1),  (7),  (8),  (9),  (10)  constitute  a  set  of 
generational  relations  for  the  group  O^f^^j^-iy 

8.  Proof  of  Theorem  II. 

Relations  (1)  and  (2)  are  those  of  relations  (1),  (7),  (8),  (9),  (10)  which 
do  not  involve  B.  I*  =  J  comes  from  (9)  when  o-  =  0,  and  (Si  27*  =  / 
comes  from  (10)  when  y  =  ±1.     When  y  =  —  i,  relation  (10)  becomes 

(15)  B  =  TS^iT8^inT8-i. 

The  rest  of  relations  (10),  viz.,  B^"  =  TSyTSifyTSy,  y  =  — t^,  p  ^i^O  or  1, 
follow  from  (1),  (2),  (4),  and  (15).  To  prove  this  it  will  be  sufficient  to 
show  that  the  relation 

(16)  TSy  T8i/y  TSy  TS^i  TS-i/j  rS_<  =  TSi,  TSi^TSi^ 

(where  y  =  —  t^,  p  ^1^  0  or  1)  follows  from  (1),  (2),  and  (4).  By  means  of 
(1)  and  (2)  relation  (16)  may  be  written 

(TSiy-y  TSlfiy  T)S{y^i  T Sl/i  (T Si  rS-V  T)  S-lfy   =    /. 
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But,    by    (4),  T8iTS-yT   ^    S(-y-l)^iy+l)rS_|y-irS(i_l)/(iy  +  l), 

and  TiSiy-y  rSl/«y  r    ^    S(l-|y)/yTS_l/irSiJly_|y_i. 

Therefore  (16)  becomes 
or,  by  (1)  and  (2), 

which  is  the  inverse  of  I  -r,   ^T  .^  ,  one  of  relations  (4). 

Li     l+*yJ 

To  complete  the  proof  of  the  theorem  it  will  be  sufficient  to  show  that 

relations  (7),  (8),  and  (9),  expressed  in  terms  of  T  and  Sx  by  means  of  (10), 

follow  from  (1),  (2),  (8),  and  (4). 

The  substitution  in  (7)  of  the  value  of  iJ*(''"~*>  given  by  (10)  results  in 
(Si  r)»  =  J,  one  of  relations  (2). 

The  substitution  in  (9)  of  the  value  of  22^  given  by  (10)  results  in 
(S.,,rS.^.,rS^^)^  =  J,  which  follows  from  (1)  and  (8). 

Relations  (8)  are  seen  to  be  equivalent  to  the  relations 

(17)         8^  =  B-%B\  (18)        S,tt.,  =  B-''8iB\ 

the  range  for  k  being  1,  2,  8,  ...,  i(i>*— 8). 

The  substitution  in  (17)  of  the  value  of  i2*  given  by  (10)  results  in  the 
relations  [— l/t**^,  i^]  which  follow  from  (4).     The  same  substitution  in 

(18)  results  in 

(19)  S-ia»  TS^ua  T8,.  T8i  TS,  TSi,^  T  =  I,        a  = -i^. 

When  ia  =^  1,  relation  (19)  follows  from  (1),  (2),  and  [i,  a],  [1/a,  ia"], 
as  may  be  seen  by  substituting  in  (19)  the  value  of  TSiTSaT  given  by 
[t,  a].  When  ia  =  1,  relation  (19)  follows  from  (1),  (2),  and  [i,  —  1/t], 
[1/*",  i(i+l)],  as  may  be  seen  by  substituting  in  (19)  the  value  of 
T8iTS-inT  given  by  [t,  —  1/i].  This  substitution  is  made  after  replacing 
a  by  1/t  in  (19). 

This  completes  the  elimination  of  B  from  the  set  of  generational 
relations  (1),  (7),  (8),  (9),  (10),  the  result  being  the  set  of  relations  (B). 

4.  Lemma. — The  abstract  group  Ct4p(p-i),  sUnply  isomorphic  with  the 
group  LF[2,  !>*],  may  be  generated  by  two  operators  T  and  8  subject  to 
the  gemrational  relations  (A)  and  (20)  [1/t,  i^],  *  being  a  primitive  root 
of  p. 

Proof. — For  the  group  LjF [2, p\  p>%  only  two  generators,  T  and 
S,  are  necessary,  and  in  relations  (1),  (7),  (8),  (9),  (10)  we  may  write  8^  in 
place  of  iSx-     Some  simplifications  result  from  the  fact  that  the  marks 
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of  the  OI(p)  are  all  integers.  Relations  (17)  and  (18),  whieh  were  seen 
to  be  equivalent  to  (8),  now  become 

(21)  8^  =  B-*SB\      S*"*'  =  ii-*S*B*. 

Relations  (21)  all  follow  from  Sp  =  B~^8B,  as  may  be  proved  easily  by 
induction.  Relations  (9)  all  foUow  from  T*  =  J  and  (T£)*  =  I,  and  the 
set  of  relations  (1),.  (7),  (8),  (9),  (10)  becomes  the  following : — 

(22)  8^  =  1,    T*  =  l,    {ST)'  =  I; 
(28)                           iJ»<J-»  =  /; 

(24)  S**  =  B-^8B ; 

(26)  (TJSf  =  I ; 

(26)  Bf  =  T8»T8^i^T8*,    where    y  =  -ir,  p^O. 
When  p  =  1,  (26)  gives  B  in  terms  of  8  and  T,  vis., 

(27)  B  =  T8-*T8-^T8-*. 
When  p  =  2k,  fua  even  number;  (26)  becomes 

This  foUows  from  (22),  (24),  (25),  and  (27),  for 
rS-***rS-*'"2'S-**  =  T{B-*8-^B^T{I^8-^B-^T(B-^8-^B!),    by  (24). 

_  2'ij-ks-i(ij»rij*)S-i(B-»rB-*)S-»B» 
=  rii-*(S-^TS-*TS-^)B»,  by  (25), 

_  TB-^TB".  by  (22), 

=  B*T»1?»,  by  (25), 

=  B".  by  (22). 

When  p  =  2k+l,  an  odd  number,  (26)  becomes 

This  foUows  from  (22),  (24),  (25),  and  (27),  for 

rs-<**'rs-*'"**"rs-'"*'  =  r(iJ-*s-*B*)r(B'+»s-<ii-*->)r(jj-*s-*iJ»), 

by  (24), 
=  (TiJ-*)  S-*(i2*rii»)i?S-*iJ-'(l?-*Ti?-*)S-*B», 
_  B*rs-<r(BS-*B-»)2'S-*B*,  by  (25), 

=  BHTS-*TS-^'*T8-*)I^,  by  (24), 

=  B''BI^,  by  (27), 

=  B**\ 
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To  complete  the  proof  of  the  theorem  it  will  be  safficient  to  show  that 
relations  (28),  (24),  and  (25),  expressed  in  terms  of  S  and  T  by  means 
of  (26),  follow  from  relations  (A)  and  (20). 

The  substitution  in  (28)  of  the  value  of  B^^^'^>  given  by  (26)  results 
in  the  relation  {STf  =  J.  The  substitution  in  (24)  of  the  value  of  22  given 
by  (26)  results  in  a  relation  which  reduces  to  (20)  by  means  of  relations  (A). 
The  same  substitution  in  (26)  results  in  the  relation  {S'^TS'^^TS'^  =  J, 
which  follows  from  relations  (A). 

This  completes  the  elimination  of  22  from  the  set  of  generational 
relations  (22),  (28),  (24),  (26),  (26),  the  result  being  the  set  of  generational 
relations  (A)  and  (20). 

6.  Proof  of  Theorem  I. 

The  proof  of  Theorem  I.  consists  in  showing  that  (20)  is  a  consequence 
of  relations  (A).     (20)  may  be  written  in  the  form 

Replace  the  expression  in  parentheses  by  its  inverse,  as  may  be  done 
by  (A),  and  invert.     The  relation  becomes 

(28)  Tgi-irs^'*TS«-<T5i/«r^-i  =  J. 

Conversely,  (20)  follows  from  (A)  and  (28).     Consider  the  relation 

(29)  Jigl'kjiglKi'k'i-l)jig-ii'k'-lHi'k-k-l)rpglfii--k+l)jigl^k  _.  j 

where  A;  is  an  odd  integer.     It  may  be  written 

Replace  the  expression  in  parentheses  by  its  inverse,  as  may  be  done  by 
(A),  and  it  becomes 

Replace  the  expression  in  each  pair  of  paren      ses  by  its  inverse,  as  may 

be  done  by  (A),  and  then  invert.     The  relation  becomes 

(80)  yigri-i^2Tgi/(i-k'+i)2Tg-(«-i:'-i)(i-k'+i)2TgiAi-f+i)ygi-3fc'  _.  j^ 

where  k'  =  k+2. 

Relation  (80)  is  a  consequence  of  (A)  and  (29),  and,  conversely,  (29)  is 
a  consequence  of  (A)  and  (80).  But,  for  A;  =  1,  (29)  becomes  (28). 
Therefore,  for  any  value  of  k,  k  being  an  odd  integer,  relation  (29)  is 
a  consequence  of  (A)  and  (28),  and,  conversely,  (28)  is  a  consequence  of 
(A)  and  (29).  But,  for  k=^  i  or  k  =  i+ly  according  as  i  is  an  odd  or 
even  integer,  relation  (29) '  reduces  to  (STf  =  J.  Therefore  (28)  is 
a  consequence  of  the  relations  (A). 
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6.  Theorem  III.— Outline  of  Proof  . 

By  making  use  of  the  method  used  by  Prof.  Dickson*  for  other  special 
eases,  the  writer  has  made  the  computations  which  prove  that,  for  the 
special  cases  in  which  p^  =  49,  81,  121,  relations  (4)  are  a  conseqnenoe  of 
relations  (1),  (2),  (8).  The  method  was  proved  to  fail  for  p^  =  169.  For 
this  computation  it  was  found  convenient  to  have  the  marks  of  the 
OF(p*)  arranged  in  two  tables.  In  each  table  every  mark  is  expressed  as 
a  power  of  a  primitive  root  i,  and  as  a  polynomial  in  i  of  degree  h  ^  n —  1. 
The  coefficients  in  this  polynomial  are  integers  reduced  modulo  jp.  The 
mark  ai*+/8i*"V+7^*~*+...+5i+e  is  denoted  by  the  symbol  (a/8y ...  ie). 
This  symbol  is  the  usual  symbol  for  a  positive  integer  in  the  notation  of 
the  number  system  whose  base  is  p.  In  the  first  table  the  marks  are 
arranged  according  to  ascending  powers  of  i.  In  the  second  table  the 
marks  are  arranged  so  that  the  symbols  {afiy  . . .  ^e)  represent  the  positive 
integers  in  their  natural  order.  These  two  tables  make  it  possible  to 
perform  with  ease  the  operations  of  addition,  subtraction,  multiplication, 
and  division  within  the  field  GF(j>^).  For  p^  ^  169,  these  tables  have 
been  computed  by  the  writer  and  have  been  deposited  in  the  mathe- 
matical library  of  the  University  of  Chicago. 


The  Group  G  sihplt  Isomorphic  with  LF[%  2**]. 

7.  Proof  of  Theorem  IV. 

Relations  (5)  and  (6)  are  found  to  be '  satisfied  when  a,  6,  c  are 
identified  with  the  transformations  z'  =  iz,  z'  :=  z-\-\,  z'  :=  l/z  of  the 
group  LF  [2,  2"*].  Therefore  the  abstract  group  G'  defined  by  (5)  and  (6) 
must  be  either  the  group  (72"(^-i)  ^^  ^  larger  group.  That  it  cannot  be  a 
larger  group  is  seen  as  follows. 

Let  H'  be  the  sub-group  of  G'  that  is  defined  by  (5).  Every  element 
g'  of  the  group  G'  can  be  reduced  by  means  of  (5)  and  (6)  to  one  of  the 
two  type  forms  h[,  h'^cK^,  where  A^  and  A^  are  elements  of  the  group  IT. 
Every  element  h'  of  if'  can  be  reduced  by  means  of  (5)  to  one  of  the  two 
type  forms  a^,  a^ba*^.  Therefore  every  element  g'  of  G'  can  be  reduced  by 
means  of  (5)  and  (6)  to  one  of  the  six  type  forms 

The  last  four  of  these  can  be  further  reduced  by  means  of  (5)  and  (6),  so 

*  Proe.  London  Math,  Soe.y  Vol.  xxxv.,  pp.  292-306. 
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that  the  six  type  forms  are 

The  maximum  numbers  of  distinct  elements  of  the  six  types  are 
respectively  (2*-l),  (2*-l)^  (2*-l),  (2^-1)*,  (2^-1)*,  (2*-l)».  There- 
fore  the  maximum  number  of  distinct  elements  g'  is 

2(2*-l)+8(2*-l)^+(2'*— 1)«  =  2*(2^-l), 
which  is  precisely  the  order  of  the  group  (?2*(2'"-i)- 

8.  The  relations  ba^b  =  d^ba^  are  highly  redundant.  If  they  be  de- 
noted symbolically  by  (^,  i;,  f),  it  appears  that  the  relations  (— ^,  —  f,  —  i;), 
(«?,  I  -0^  {-«?,  f,  -^,  (f,  -';,  i).  (-f,  -i,  fi\  and  (2*^^,  2%  2*f)  follow 
from  (^,  i;,  f),  and  the  two  relations  a^~^  =z  I^  b^  z:z  J.  In  the  special  case 
in  which  x  =  8,  de  Seguier  has  reduced  the  system  (G)  to  the  system  (D) 
of  Theorem  V.  The  attempt  to  do  this  in  general  has  resulted  in 
Theorem  V. 

9.  Proof  of  Theorem  V. 

The  proof  consists  in  expressing  relations  (5)  and  (6)  in  terms  of 
d  =  cb,  and  in  simplifying  the  set  of  relations  thus  obtained.  Since 
(caf  =  /,  and  consequently  ca^c  =  a"^,  the  relation  (— ^,  —  f,  —  jy)  may 
be  written  ba'^b  =  ca^cba'"*,  whence 

(81)  b  =  a^d-^a^da'\ 

(82)  c  =  da^d'^a^da'\ 

The  relation  b^  =  J,  expressed  in  terms  of  a  and  (2,  is,  since  ^—17  =  C 
(mod  2*-l), 

(88)  (d'^a^da^)^  =  I. 

The  relation  (cdf  =  I  may  be  replaced  by  the  relation  {ca"*)^  =  J,  since 
the  latter  includes  the  former  and  follows  from  it.  Expressed  in  terms  of 
a  and  d,  this  relation  is 

(84)  {d''a^d''a^f  =  I. 

The  relation  (^  =  I,  expressed  in  terms  of  a  and  d,  is 

{a-^da^-^d-'a-^df  =  I 
or  [{a-^da^-^)  d''a-<da-^da^''Ha^^da^'^)J  =  J, 

which  is  equivalent  to       (d^^a'^dw^da^'^f  =  J. 

«BI.3.    VOL.3.    NO.  901.  X 
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If  da'^da^^  be  replaced  by  its  inverse,  as  may  be  done  by  (84),  this 
becomes 
(86)  {da^d'^a^  =  J, 

which  is  equivalent  to  (88). 

The  relation  ba^b  =  a'^ba^,  expressed  in  terms  of  a  and  d,  is 

(86)  (d-^a^da^)  a^d'^aHda'^d'^a-^)  da"'  =  I. 

Replace  each  of  the  expressions  in  parentheses  by  its  inverse,  as  may  be 
done  by  (88),  transform  by  a^,  and  (86)  becomes 

d  ida'^da'^  (a^d'^a^d'')  d^'a'^ 

=  d{a^d'^afd'^){da-''^da'^d'^a-^ 

=  da^d-^cC'^da'^a'^d'^a'H'^)  d 

=  da^d'^  (a'^da'^d)  a'^da^d 

=  d  ia^da^d'^)  a^a^da^d 

=  d'^a'^d'^da^d  (since  f +>;— ^  =  0) 

=  (?  =  !. 

The  relation  (c&)°  =  /,  expressed  in  terms  of  (2,  is  d^  =  I.  Relations 
(5)  and  (6)  have  now  been  expressed  in  terms  of  a  and  d,  and  the  resulting 
set  of  relations  has  been  proved  to  follow  from  (5)  and  (6). 

10.  In  proving  Theorem  VI.  for  ?i  =  2,  8,  4,  Prof.  Dickson's  point 
of  departure  was  Prof.  Moore's  set  of  relations  for  G^^^tn^^^  (see  note  to 
Theorem  II.  in  the  Introduction).  He  defined  T  and  Sx  in  terms  of  A  and 
B  by  means  of  certain  relations  which  express  T  and  Sx  in  teims  of  A 
and  B  when  T,  Sx,  A,  B  are  identified  with  certain  concrete  transforma- 
tions of  the  group  LF[2,  2*].  He  then  proved  that  T  and  Sa,  thus 
defined,  satisfy  Moore's  relations  in  view  of  relations  (E). 

The  same  method  of  proof  was  applied  successfully  by  the  writer  to 
the  case  in  which  n  =  5,  but  the  computation  was  so  excessive  as  to 
render  it  unadvisable  to  try  it  for  higher  cases.  The  proof  for  the  case 
n  =  5  was  much  simplified  by  using  the  same  method  with  relations  (O 
as  the  point  of  departure.  Finally,  a  simpler  proof  was  made  for  the 
cases  in  which  n  =  2,  3,  4,  5,  6,  by  applying  the  same  method  to  the  set 
of  relations  (D). 
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11.  To  obtain  relations  with  which  to  define  a  and  d  of  the  set  (D)  in 
terms  of  A  and  B,  the  generators  A,  By  d,  a  were  identified  with  the 
transformations  SiT,  8\^u  T8i,  z'  =  iz,  where  T  and  8^  denote  the  trans- 
formations z'  r=  i/z  and  z'  =  ^+\.  Among  these  concrete  transformations 
exist  the  relations 

d  =  A^^B,        a  =  8^^-i_iTS^^-iT8.^-i^iT. 

For  any  particular  value  of  n,  T  and  Sx  can  be  expressed  in  terms  of 
A  and  B^  as  is  indicated  by  Prof.  Dickson/  and  therefore  a  can  be 
expressed  in  terms  of  A  and  B.  This  expression  can  be  reduced  by 
means  of  relations  (E),  which  are  satisfied  by  the  concrete  transformations 
A  and  B. 

The  result  obtained  in  the  special  cases  in  which  n  =  2,  8,  4,  5,  6  is 

(41)  a  =  A-'BA'^'b  =  {BA)BA'^''''\BAr\ 

12.  Proof  of  Theorem  VI,  for  n  =  S. 

The  0F[^  is  defined  by  the  primitive  irreducible  congruence 
^  =  i+l  (mod  2).  The  pairs  of  values  (r,  s)  of  (E)  are  (1,  2),  (2,  1), 
(8,  5),  (4,  6),  (5,  8),  (6,  4),  (7,  8),  (8,  7).     The  set  (D)  reduces  to 

(88)  a'^zl,  cP=zI^  (d-'adaf  =  /,  (d^'a^da!)  =  J,  (d'^ad'^a!)^  =  J. 

Define  d=A'^B  and  a  =  {BA)BA^{BA)'^  and  substitute  in  (88).     The 
relation  a'  ==  I  becomes 

BA^BA^  {BA^BA^)  A^BA^  (PA^BA^)  A^ 
=  BA^BA^  {A'^BA^B)  A^BA^  (A^BA^B)  A^ 
=  BA^BA^BA^BA'^BA)  ABA^BA^ 
=  BA^BA^BA''A'^BA-HBAB)A''BA^ 
=  BA^  {BA^BA)  ABA'^  (A'\BA'^)  A^BA^ 
=  BA^{A'^BA'''B)ABA'\BA^BA)A 
=  BA^BA\A''^BA'^)A'^{A-^BA-^B)A 
=  BA^{BA^BA^)BA''BA 
=  BA^iA  '*BA  -•B)  BA'^BA 
=  (BA)^  =  J, 

-which  is  one  of  relations  (E). 


*  Ft-oe,  LofidoH  Math.  8oe,f  Vol.  xxxv.,  pp.  306  and  443. 
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The  relation  eP  =  I  becomes  {A  ~^B)'  =  /,  which  is  the  inverse  of  one 
of  relations  (E). 

The  relation  (d'^addf  =  I  becomes  {A*B)'  =  I,  which  follows  from 
il»  =  7  and  B"  =  I. 

The  relation  (d~^e^daf  =  I  becomes 

[4  {A*BA*E)  A'(BA*BA*)  AB]  * 
=  iA(BA'BA^A'(A'^BA'B)ABy 
=  lABA'BA'BA'(BAB)y 
=  lABA'BA'BA'BA-^y 
=  ABA'(BA'BA^)BA'BA*BA-^ 
=  ABA'{A*BA*B)  BA'BA'BA-^ 
=  ABA''BA*BA'BA-^  =  /, 

which  follows  from  relations  (E). 

The  relation  (d~'a<i~*a*)*  =  I  becomes 

[4»  (BAB)  A^BA'BA^B]  ' 

=  [A*BA'^(BA*BA*)ABy 

=  [A*BA^U^BA'B)ABf 

=  \_A*(BAB)AHBAB)J 

=  [AUA-^BA-^)A'(A-^BA-^)f 

=  [A'(BAB)A-'f 

=  [A'BA-'J  =  I, 

which  follows  from  &  =  I. 

This  completes  the  proof  of  Theorem  VI.  for  n  =  8. 

18.  Proof  of  Theorem  VI.  for  n  =  4. 

The  GF{2^)  is  defined  by  the  primitive  irreducible  congmence 
i*  =  i+l  (mod  2).  The  pairs  of  values  (r,  s)  of  (E)  are  (1, 2),  (2, 1),  (8, 7), 
(4,  12),  (6,  18),  (6.  9),  (7,  8),  (8,  11),  (9,  6).  (10,  14),  (11,  8),  (12,  4),  (18,  6). 
(14, 10),  (15,  16),  (16,  15). 

The  set  of  relations  (D)  reduces  to 

,««  =  /,     <?  =  /,     (d-VdaV=/,     ^=1,4,5,10, 

(39)  J 

\  (d-^ai-V)' = /,     (d-»o«d-W  =  7. 

Define  d  =  A-^B,  a  =  (BA) BA^" (BA)-\  and  substitute  in  (89).     Ex- 
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pressions  for   various  powers  of  BA^^  reduced  by  means  of  (E)  are  as 
follows : — 

(BA"^  =  A'^BA^^BA'^BA'^,     (BA^T  =  A'^BA'^BA^^B,     {BA^T  =  A^. 

The  relation  a^  =  I  becomes  A^  =  /,  which  follows  from  (E). 

The  relation  (d~^ada)*  =  I  becomes  W^jB)'  =  J,  which  follows  from 
A^''  =  J  and  B»  =  L 

The  relation  (dr^a^da^f  =  I  becomes 

\A'^B(BA^'^'A'^B{BA'''^^A'^Bf  =  J, 

which  reduces,  by  means  of  (E),  to  (BA^BA^^  =  J. 
The  relation  (d"  W  da^^  =  I  becomes 

iA-^B(BA^'^^A'^B{JBA^'^^A'^Bj  =  J, 

which  reduces,  by  means  of  (E),  to  (BA^BA^^  =  I. 
The  relation  {d^^a}^dayf  =  I  becomes 

[A'^B(BA'^'^A'''B{pA^y^A'^Bj  =  /, 

which  reduces,  by  means  of  (E),  to  (BA^BA^^  =  /. 
The  relation  (d~*ad"^aV  =  /  becomes 

iA^'BA^BA^'^BA^'^BA^Bj  =  J, 

which  reduces,  by  means  of  (E),  to  -4*''  =  J. 
The  relation  (df"^a*d-*a*V  =  /  becomes 

iA'^BA^BA^^BA'^BA^BA'^BA'^BA^^BA'^Bf  =  J, 

which  reduces,  by  means  of  (E),  to  (BA^BA^^  =  I. 
This  completes  the  proof  of  Theorem  YI.  for  ti  =  4. 

14.  Proof  of  Theorem  VI,  for  n  =  6. 

The  (tjF[2*]  is  defined  by  the  primitive  irreducible  congruence 
f«  =  i*+i^+i+l  (mod  2).  The  pairs  of  values  (r,  s)  of  (E)  are  (1,  2), 
(2,  1),  (8,  25),  (4,  10),  (5,  17),  (6, 15),  (7,  11),  (8,  80),  (9, 14),  (10,  4),  (11, 7), 
(12,  20),  (18.  21),  (14,  9),  (15,  6),  (16,  28),  (17,  5),  (18,  27),  (19,  24), 
(20,  12),  (21,  18),  (22,  26),  (28,  29),  (24,  19),  (25,  8),  (26,  22),  (27,  18), 
(28,  16),  (29,  28),  (80,  8),  (81,  82),  (82,  81). 

The  set  of  relations  (D)  reduces  to 

la^^h     (?  =  /,     (d-'a^da^*  =  /,     ^=1,8,  8,  12, 
i40)  I 
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Define  d=A-^B,  a=:  (BA)BA"(BA)-\  and  aabstitote  in  (40), 
The  relation  c^=:  I  becomes  (BA^^  =  /.  Before  prooeeding  farther  it 
will  be  necessary  to  simplify  the  expressions  for  various  powers  of  (BA^ 
by  means  of  (E). 

{BA'y  =  BA"BA^BA^{BA"'BA")A'^BA"BA'^ 

=  BA''BA-HA''BA'^B)A"{BA''BA'»)A-'BA'' 

=  BA'^{ABA)A*BA^*A^A^*BA*(ABA)A'' 

=  BA''BA^^BA^''BA">BA^*. 

(BAy  =  (BA'^HBA"^'' (BA"^* 

=  (BA"*)'  {BA"^BA")U'^BA^'B)A^BA^BA"'{BA''BA**) 

X{A''BA"'B)A"BA^ 
=  BA^BAiA'^BA^B)  A"'BA"'BA^{BA»BA'^ABA'' 
=  BA"(BAB)A*BA''BA"BA'>BA*{BAB)A'^ 
=  BA"{BA'BA^  A*  (BA^BA*)U*BA'B)  A  " 
=  BA''BA"BA^ 
{BA^  =  (B^")"(B/1")«  (BA^ 

=  BA''BA"BA^(.BA^BA')A^*BA*BA'' 
=  BA^BA^BA^BA-HA'BA^^BiA^BA^ 
=  BA*BA"BA''BA*(BA^BA'^A'' 
=  BA''BA"BA''(BA''BA^A^*BA'^ 
=  BA'^BA^BA^BA-^A'BA^^B)  A^ 
=  BA'^BA^BA'^iBA^BA^A' 
=  BA'^BA  "  (BA'BA^*)  A-^BA' 
=  {BA'^BAy. 

The  relation  (B^")**  =  I  becomes  (BA'^BA')'  =  I,  which  is  one  of 
relations  (E). 

The  relation  (d'^ada)^  =  I  becomes  (4"iJ*)'  =  I,  which  follows  from 
v4"  =  J  and  B«  =  I. 

The  relation  (d'^o'da*)*  =  /  becomes 

[A"BA"'BA^BA'^BA"By  =  / 
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=  A"BA"BA'{BA^BA^)  A^BA^ifiA^BA'^A^^BA^'BA^'B 

=  A"BA^BA^*BA*BA  (A^BA^B)  A^BA^^BA^BA^B 

=  A"BA"^BA^*BA^BA^*  (BA'^BA^ABA^BA'^B 

=  A"BA^BA^*BA^(BAB)A^{BAB)A"BA^B 

=  A"BA"'BA^*BA"'BA(A*BA^*B)A''B 

=  A"BA^BA^*(BA"BA')A''BA^*B 

-  A^''BA*(A^*BA'B)A^'BA"BA^*B 

=  B{BA"BA')A-^BA''BA'BA''BA^*B 

=  BA-^BA"(BA^BA')A-^BA''BA^*B 

=  BA-^(BA^*BA*fA^B  =  I, 

which  follows  from  relations  (E). 

The  relation  (d'^oPdc^  =  /  becomes 

or      [A'^{BA'»BA^)A'»BA'^  {BA'^BA*)A-^BA'»{BA'^BA*)A*BA^BA^Bf 
=  iA'^BA^*BA'*BA\BA^BA^*)A'^(BA^BA'^  A'^BA'^BA'^BJ 
=  [A^BA^*{BA^BA^)A^BA'*{BAB)A^BA^''BA^BA^B'f 

=  [^«B^"(B^"B^»)U»B^"B)4"Bil"B^"B]' 

=  [^"(B4"B4»)^B^"B^"»B4"B]» 

=  [A''BA'^BA^BA^''BA'^BJ 

=  ^"B^«B^"(B4"B^*)^  U"»B^"B)^«B^"(B4"B4*)  J"B 

=  A'^BA^BA^BA^iBA^^BA'^A  (A^BA^BiA^BA^^B 

=  A''BA''BA'"BA'^{BA''BA'^ABA'>BA^*B 

=  A'^BA"BA"BA''{BA^^BA'^A'^BA^*B 

=  ^«^B^"'B^"(B/1B)4''B^"B^B 
=  A'^iBA'^BA'^ABA'^BA'^'BAB 
=  4''B4"(B^B)4''B^"(B^B) 
=  ^U'B4"B)»^-»  =  /, 

which  follows  from  relations  (E). 


812  Db.  W.  H.  Busskt  [Jan.  12, 

The  relation  (d~'a"<ia")'  =  I  becomes 

or  [A-^B  \BA'^BA'"BA{A*BA'^B)A^BA }«]» 

=  iA-^B(PA'^BA^^BA^''BA'^BAff 

=  [A^(BA^BA'^A'*BA*BA^BA'^BA'^BA'^BAJ 

=  WBA"(JBA^BA*)A''BA*BA''BA"BA'^BAJ 

=  [^»B^"B4"CB4"B4")4  {A*'BA^^B)A"BA^BAf 

=  iA^BA'*B(A^'BA^BA'>)A'^BA^BA^BAj 

=  [A^BA'*BA^^BA"(BA^BA^^  A'BA^'BA^ 

=  IA»BA^BA*^BA*BA^(BA*BA^*)A-*BAJ 

=  [A''BA^BA^BA*BA''BA  U^BA''B)Ay 

=  [il»B4"  (A"BA'^B)A*BA''BA'BA^^'? 

=  iA''(JBA*^BA'^A^BA^BA'>BA'BA"^7 

=  IA*'BA''(BA^BA")A-HA''BA''B)A'BA^J 

=  iA''BA'BA*BA*BA*'BA^^y  =  /, 

which  follows  from  relations  (E). 

The  relation  (d"'a<i~'a")'  =  I  becomes 

[A"BA{BA">)''A-'Bf  =  I 

or  IA"{JBAB)A^BA"BA  {A'BA'^B)A^^BAf 

=  iA^BA'*BA"[BA^''B^A)A^BA7 
=  lA'^BA^BA^BA-HA"BA^B)Ay 

=  (A"BA^)(BA^BA^^{A^^BA^)-'  =  7, 
which  follows  from  relations  (E). 

The  relation  (d~^e^d~^a^^  =  I  becomes 

[A-^B{BA^^BA  {BAyA-'Bf  =  I 
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[_A"BA"^BA"{BA"'BA")A'*BA^'>BA">{BA^'BA^)A*By 
=  iA"BA"'BA^BA'^(BA"BA^A"BA''(BA^*BA*)A"By 
=  [4"B^"B^"(B^»B4")  A  -» {A*BA''B)A''BA''BA"BJ 
=  lA"BA"'BA^^(BA^*BA')(A^''BA*B)A''BA"B'f 
=  lA"BA"'BA^BA{A^*BA*B)A"By 
=  [,A"BA"'(,BAB)A^BA'By 
=  A"BA^''BA''BA'(BA"BA^A"BA^BA'B 
=  A^BA^iBA^BA'^A^BA^BA^^BA^BA'B 

=  A"BA"BA"BA''(BA^BA'^)ABA'B 

=  A^BA'^iBA^'BA^A-^BA^^BA^B 
=  A"BA'BA  {A*BA^B)A^B 
=  IA"BA^BJ  =  I, 

.ch    follows    from    relations    (B).       This     completes     the     proof  of 
M>rem  VI.  for  n  =  5. 


16.  Proof  of  Theorem  VI.  for  n  =  6. 

The  GF(V)  is  defined  by  the  primitive  irreducible  congmence 
=  »+l  (mod  2).  The  pairs  of  values  (r,  s)  of  (E)  are  (1,  2),  (2,  1), 
60),  (4,  17),  (6,  30),  (6,  10),  (7,  48).  (8,  46),  (9,  16),  (10,  6),  (11,  26), 
,  21),  (18,  28),  (14,  20),  (15,  62),  (16,  9),  (17,  4),  (18.  42),  (19,  67), 
,  14),  (21,  12).  (22.  58),  (23.  47).  (24.  32),  (25,  11),  (26,  38),  (27,  89), 
,  18),  (29,  84),  (30,  5),  (81,  86),  (82,  24),  (38,  41),  (34,  29),  (86,  60), 
,  31),  (87,  52),  (88,  26),  (39,  27),  (40,  54),  (41,  33),  (42,  18),  (48,  7), 
,  63),  (45.  51).  (46,  8),  (47,  23),  (48,  61),  (49,  66),  (60,  8),  (61,  45), 
,  87),  (63,  44),  (54,  40).  (55,  59),  (56,  49),  (57,  19),  (58,  22),  (69,  55), 
,  35),  (61,  48),  (62,  15),  (63,  64),  (64,  68). 

The  set  of  relations  (D)  reduces  to 


) 


0^=1,    cP  =  I,     (d-'afdaf)*  =  I,    ^  =  1,6,7,9,21,26,42.46, 
{d-'atd-'a<f  =  /,  the  pairs  H,  0  being  (1,6),  (7, 26),  (9,  46),  (21. 42). 


i 
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Define  d  =  A'^B,  a  =  (BA) BA^  {BA)'\  and  substitute  in  (41).   The 
expressions  for  various  powers  of  {BA^^)  reduced  by  means  of  (E)  are 

{BA^f  =  A^BA'^BA^  (B^»?  =  A^BA^BA^BA'^BA^BA*^, 

(BA^)"^  =  A'^BA'^BA'^BA^,  {BA"^)^  =  A'^BA^BA'^BA^BA'^, 

(BA^1^  =  ^"B4«B^"B^»B^",  (B^")*»  =  A^BA^BA^^BA'^BA^BA'', 

{BA^y^  =  A'^BA'^BA'^BA'^BA\  (BA^)^  =  AHBA^BA'^yA'K 

The  relation  a^  =  I  becomes 

(BA)A\BA^BA'''^^A'HBAr'  =  J, 

which  follows  from  relations  (E). 

The  relation  (eZ'^ada)'  =  I  becomes 

(A^B)^  =  /, 

which  follows  from  A^  =  I  and  JB*  =  /. 
The  relation  (d'^a^da^^  =  /  becomes 

[A'^B(A^BA'»BA^BA'»BA^B)^  =  J, 

which  reduces,  by  means  of  (E),  to  {BA^BA^^  =  J. 
The  relation  (d'^a'da')^  =  J  becomes 

which  reduces,  by  means  of  (E),  to  (B-4"B-4'')*  =  J. 
The  relation  {d'^a^da^^  =  J  becomes 

lA'^BiA^^BA^BA^BA'^BA^BA^'Bff  =  /, 

which  reduces,  by  means  of  (E),  to  {BA^BA^^  =  J. 
The  relation  (d'^a^da^)^  =  J  becomes 

[A-^B  {A^BA^^BA'^BA'^BA^B)^f  =  /, 

which  reduces,  by  means  of  (E),  to  {BA^^BA^^  =  /. 
The  relation  {d'^a^da^'^  =  /  becomes 

[A'^B(A'^BA'^BA''BA'^BA'^B)f  =  /, 

which  reduces,  by  means  of  (E),  to  {BA^BA^'f  =  I. 

The  relation  ((i~^a**rf(i*V  =  /  becomes 

[A-'BiA^BA'^BA'^BA^^BA^BA^B)^  =  /, 
which  reduces,  by  means  of  (E),  to  (BA^BA^^  =  /. 
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The  relation  {d'^a^ da*^)^  =  /  becomes 

which  reduces,  by  means  of  (E),  to  {BA^BA^^  =  /. 
The  Isolation  (d~^ad"*aV  =  I  becomes 

[A^BA^BA^BA^BA^BA^BY  =  /, 
which  reduces,  by  means  of  (E),  to  {BA^BA^^  =  J. 
The  relation  (d^^a'd'^a^^  =  /  becomes 

[A^BA^BA^BA^BA^BA^BA^BA^^BA^BA^^Bj  =  I, 
which  reduces,  by  means  of  (E),  to  (BA^BA^'^  =  /. 
The  relation  (d'^a^d'^a^)^  =  7  becomes 
IA''BA^BA^BA^BA'^BA^BA*^BA''BA^BA'^BA'^BA^BJ  =  /. 

which  reduces,  by  means  of  (E),  to  {BA^'^BA^)^  =  7. 
The  relation  {d^^a^d'^a^^  =  7  becomes 

IA''BA^BA^BA^BA^BA^^BA''BA^BA*^BA^^BA^BA^BJ  =  7, 

which  reduces,  by  means  of  (E),  to  (BA^BA^)^  =  7.     This  completes  the 
proof  of  Theorem  VI.  for  n  =  6. 
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ON   THE    REDUCIBILITY  OF   COVARIANTS  OF  BINARY 

QUANTICS   OP   INFINITE   ORDER 

Part  II. 

By  P.  W.  Wood. 

[Received  January  22ikd,  1905.— Read  February  9th,  1906.] 

IntrodMction  (§§1,  2). 

1.  The  first  part  of  this  paper  contained  a  preliminary  investigation 
of  the  reducibility  of  covariants  of  unit  degree  in  the  coefficients  of  each  of 
any  number  of  binary  quantics  of  infinite  order,  a  reducible  covariant 
being  defined  as  a  covariant  which  can  bo  expressed  as  a  sum  of  products 
of  covariants  of  lower  total  degrees.  It  was  there  shown  that  the 
necessary  and  sufficient  condition,  that  the  covariant 

of  total  degree  (£+1)  is  reducible,  is  that  the  expression  x^^x^*...:^^' 
should  be  annihilated  by  the  successive  application  of  the  (2^—1)  operators 

_£ ^     4.        I  /     ^«-i  _  ^ 

^ ^ r-.."rv — )      5 — I 

nx^\)      rx^.2)  ox^i*) 

f^\  i^^\  ...,  /*^  being  any  e  of  the  suffixes  1,  2,  8,  ...,  ^  such  that 
y<i)  <;  ^«)  <;  ,  _  <;  ^0  In  general,  therefore,  the  determination  of  the 
reducibility  of  any  covariant  of  degree  {S+1)  requires  the  evaluation  of 
the  product  of  operators 

p,=  II  \J — ^+. ..+(-)->  jj^i 

(2*-i)  ^c/aj^i)      cx^i)  ox^,) 

for  the  covariant  (a^ a^^^ {a^ a^^^... (a« fla + 1)^* 

is  clearly  reducible  if,  and  only  if,  Pa  contains  no  term 


\dxi/     \ox^l         \vxiJ 


such  that  \i  ^  /x^,  Xg  ^  /Xj,  . . .,  Xa  ^  M<* 
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It  is  important  for  our  purpose  to  determine  what  terms  in  the  product 
Pi  have  zero  coefficients. 

2.  Two  general  classes  of  reducible  covariants  were  determined  in  the 
first  part  of  this  paper ;  it  was,  in  fact,  there  proved  that  the  covariant 

(Oi  Oa)^*  (oa  Oa)*' . . .  (a« «« + ,f  • 
is  reducible  if 

(1)  The  covariant 

is  reducible ;  ^^\  r^*\  ...,  r^'>  being  any  €  of  the  suffixes  1,  2,  8,  ...,  i 
such  that  r^*^  <  r^*^  <  . . .  <  Z*^  (included  among  such  covariants  are 
those  for  which,  for  any  value  of  k,  the  sum  of  k  of  the  indices 
Xj,  Xj,  ...,  X«  is  less  than  2*— 1) ; 

(2)  The  sum  of  k  of  the  indices  X^,  X^,  ...,  Xa  is  equal  to  2'— 1, 
and  the  sum  of  the  indices  is  odd  in  any  of  the  groups  into  which 
the  S  indices  are  divided  by  the  removal  of  those  k  indices  whose 

sum  is  2*— 1. 

* 

The  present  paper  does  not  seek  for  any  other  general  classes  of 
reducible  covchiants,  but  gives  a  complete  investigation  oT  the  reducibility 
of  covariants 

(i.)   (di  Oj)^*  (oa  Og)^*  (Oa  ^4)^  (^4  ^0^,  of  degree  5  ; 

(ii.)   [iai(i^^^(a^(is)^*i<h^A)^^(^i^5)^^  ^)'  Jacobians  of  degree  6.* 

Covariants  of  Degree  5  (§§  8-6). 
8.  Putting  £f,  =  jc—  (s  =  1,  2,  8,  4),  we  have 

3         3     ,       I /_x— 1    3 


*        15  v3x^i)      dx^)  3a;/V 


=  ^iZ^^sZ^i^-'Z^  (Zi  —  Z^  ('?l-"^4)  (-2^2  —  ^8)  (^2—^4)  (^8—^4)  (^1— ^a  +  ^s) 

X  (zi—z^+z^  (Zi—Zs+Zi)  (Zq—z^+z^  {Zi—z^+Zs—z;). 
The  expanded  form  of  this  product  of  15  linear  factors  follows  immediately. 


See  Note  ad  Jin, 
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£xpatMton  of 
0/  order  15  in  the  Variables  Zj,  e^  *f  '*• 
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The  coefficient  of  the  term  zj'zj'zj'a^  {^l+^^+^8+X,  =  15)  is  given 
thus : — In  the  rectangle  which  has  the  large  figure  X]  in  the  right- 
hand  top  comer,  take  the  number  lying  in  the  column  which  baa  the 
figure  Xg  at  its  ends  in  the  horizontal  borders,  and  also  lying  in  the  row 
which  has  the  figure  \  at  its  ends  in  the  vertical  borders  :  this  number 
is  the  required  coefficient.  Negative  signs  are  placed  above  the  coefficients 
>vhich  they  affect. 

E.g.,  the  coefficients  of  z^z\^\^^  and  Ziis\z\z\  are  28  and  0  respectively. 
It  is  obvious  that  no  index  can  be  greater  than  8. 
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(^Note. — The  foUowiDg  teste  tactile  accuracy  of  the  expansion  are 
easily  applied : — 

(1)  Since  Pt  changes  its  sign,  but  is  otherwiBe  unaltered,  when  z, 
is  changed  with  «4  and  z^  with  2,  simultaneously,  the  coefficients  of 
z^'i^i^z^  and  *J*2j*^i^'  are  equal  and  of  opposite  sign. 

(2)  Since  P^  vanishes  identically  when  we  put  z^  =  3^,  the  sum  of 
the  ooefficients  in  any  column  of  any  one  of  the  eight  rectangles  is 
lero. 

(3)  Since  P^  =  0,  if  we  put  z,  =  z^,  the  sum  of  the  coefficients 
in  any  row  of  one  of  the  eight  rectangles  is  zero. 

(4)  Since  P4  =  0,  if  we  put  z^  =  z,,  the  sum  of  the  ooefficients  in 
any  diagonal  from  left  to  right  downwards  in  any  rectangle  is  zero. 

(5)  Since  P^  —  O,  if  we  put  ;,  =  z^,  the  sum  of  the  eight  co- 
efficients lying  in  similar  positions,  one  in  each  of  the  eight  rectangles, 
is  zero.] 


4.  In  the  preceding  expansion  it  is  easily  verified  that  the  only  terms 
«J'«J'«J*«J*  having  zero  coefficients,  and  therefore  the  only  reducible  co- 
variants  [oia^^'ia^a^^'iotaj^'ia^a^*^  of  weight  15,  are  those  for  which 


(1)  The  a 
(2) 


of  K  indices  is  leas  than  2*"— 1  («r  =  1,  2,  8) ; 
X,  =  1,  and  \,  is  odd ; 
\  =  1,  and  \  is  odd  ; 


(i.) 


IXi+A.  =  3,  and  X,  is  odd ; 
X3+X4  =  8,  and  X)  is  odd  ; 
(8)  X„  Xf,  X),  \  are  given  by  the  scheme — 


A,  \,  \,  A, 

8  2  S  2 

a  g  9  a 

X.  A.  X.  *., 
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7  8  3  3 

6  4  4  1 

«  a  6  3 

fi  3  S    1   3 

4  4  6  1 

4  4  7  3 

5  S  7  S 

A.  *,  A-  A, 


6.  Of  these  covariants  of  weight  16  those  in  the  sets  (1)  are  inoladed 
in  the  first  general  class  of  §  2  ;  so  also  are  those  of  the  set  (Si,  tor  the 
oovariant  {a^a^' (0^0^(0,  a  J'  of  degree  4  is  known  to  be  redacible.  Tba 
eovarionts  in  the  set  (2)  are  ineladed  in  the  second  general  class  of  S  3. 

Hence  the  only  new  redacible  eorariants  {010^(010^(0^0^(0^0^ 
of  weight  15  are  those  14  whose  indices  have  the  valnes  given  by  th» 
scheme  (4)  in  S  4. 

It  is  easily  seen  that  the  only  redncible  covaiiants  of  d^ree  6  and  of 
weight  greater  than  15  are  included  in  the  first  general  class  of  {  &. 

Joeobiana  of  Degree  6  (§§  6-9). 

6.  We  shall  next  discuss  completely  the  redaeibility  of  a  spedal  alas^ 
of  Jaeobians  of  degree  6,  namely,  those  of  the  form 

Jaeobians  of  the  other  two  classes,  namely. 

((o,  «,>*■  (a,  a/'  {a^a^.    (dj  (ijl**), 
and  ((Oi«^'(o«a;>*',     to^Ojl**!*!,*!^), 

may  be  treated  similarly,  but  the  difficulty  of  evaluating  the  eontinaed 
products  of  th»  corresponding  o^terators  is  no  less  than  in  the  case  here 
considered.* 

*  Sm  Now  w  <■. 
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It  is  easily  seen  that  the  Jacobian 

is  reducible  if,  and  only  it,  x^^x^x^a^x^  is  annihilated  by  Pg,  that  is*  by 
{^5[PJ^^*»o]f  that  is,  by  z^Pl ;  hence  the  Jacobian 

is  reducible  if,  and  only  if,  i^  contains  no  term  ^^^^^  such  that 

\>Mi»  \>fHf  \>f^f  \>M4. 

It  is  necessary,  therefore,  to  expand  the  expression  i^  of  order  80  in 
^i»  H»  ^9f  ^v  fi^d  this  expansion  is  given  on  the  following  pages. 

Expansion  of 

{ZiZ^g^Z^{Zi—Z^  (Zi'-Z^  {Zi'-Z^  {z^''Z^{Z^^Z^(z^—Z^(Zi—Z^+Z^ 

X  {Zi—Z^+Z^iiZi'-Z^+Z^iZi-'Z^+Z^—Z^}^, 

of  order  80  in  the  variables  z^,  z^  z,,  z^.* 

7.  The  method  of  tabulating  the  result  is  similar  to  that  used  for  the 
expansion  of  P^ ;  the  coeflScient  s^^s^^^s^  (^i+X,+X,+\4  =  80)  is  given 
thus : — ^In  the  table  headed  by  the  number  X^  take  the  number  lying  in 
the  column  which  has  the  number  X^  at  its  ends  in  the  horizontal  borders 
and  also  lying  in  the  row  which  has  the  number  X,  at  its  ends  in  the 
vertical  borders.  The  number  thus  determined  is  the  required  coefficient. 
Negative  signs  are  placed  above  the  coefficients  which  they  affect. 

E.g.<,  the  coefficients  of  s?^z\s?^z\  and  ^I^^^I  are  21048  and  —28184 
respectively. 

It  is  obvious  that  no  index  can  be  greater  than  16  or  less  than  2. 

[Note. — ^As  before  (§  8),  various  tests  for  the  accuracy  ot  the  expansion 
may  be  applied : — 

(1)  The  coefficients  of  the  terms  «J*i'J*«J*^  and  ^^^^^  are 
equal. 

(2)  The  sum  of  the  coefficients  in  any  row  or  column  of  each 
table  is  zero. 

(8)  The  sum  of  the  coefficients  in  any  diagonal  from  left  to  right 
downwards  in  each  table  is  zero. 

(4)  The  sum  of  the  fifteen  coefficients  lying  both  in  the  column  X^ 
and  the  row  X,  of  each  of  the  fifteen  tables  is  zero.] 

*  For  valuable  awdntanoe  in  the  ealoalation  and  Terifioation  of  this  expansion  I  am  con- 
■iderably  indebted  to  my  brother,  Mr.  H.  Wondey  Wood. 

\,  2.    70L.  S.    MO.  902.  T 


lb.  P.  W.  Wood 

16 


CFakt, 


- 

8 

i 

4 

6 

7 

B 

g 

10 

u 

13 

IS 

14 

16 

16 

16 

16 

ib 

IS 

14 

14 

18 

IS 

19 

IS 

11 

11 

10 

10 

9 

4 

1 

« 

■J 

i 

4 

J 

T 

a 

10 

9 

« 

6 

io 

U 

14 

io 

4 

5 

8 

ifi 

6 

1 

1 

« 

4 

6 

6 

4 

3 

3 

1 

S 

1 

a 

a 

S 

J 

« 

« 

7 

6 

9 

10 

11 

IS 

19 

14 

16 

16 

15 


9 

3|. 

5 

e 

7 

« 

9 

10 

11 

13 

13 

14 

16 

16 

» 

16 

u 

IB 

14 

U 

U 

IS 

19 

1ft 

11 

u 

10 

10 

« 

a 

A 

1« 

« 

39 

is 

» 

AS 

4i 

16 

198 

ll 

48 

u 

M 

U9 

iTs 

M 

as 

« 

«4 

144 

«4 

8 

1« 

M 

5 

iS 

39 

IB 

a 

IS 

? 



i 

s 

4 

a 

fi 

7 

6 

9 

10 

11 

IS 

13 

14 

u 

16 

906.]  BiDUCiBiiJTy  of  covariints  or  bimaby  qdamtics  op  iMFunrB  obdbiu  S 

14 


» 

3 

* 

fi 

fi 

7 

10 

11 

13 

13 

14 

15 

16 

16 

16 

U 

15 

14 

14 

13 

13 

13 

13 

11 

11 

10 

i 

S 

4 

10 

d 

ao 

90 

M 

ao 

9 

8 

7 

44 

X 

130 

Tl7o 

64 
16 

ia 

184 

■78 

a 

7 

6 

U 

96 

448 

aaa 

466 

ia 

I4g 

6 

6 

30 

84 

lab 

4?a 

336 

4S6 

asfi 

106 

£ 

4 

4 

W 

804 

£6 

A^ 

M 

ai6 

38 

i 

3 

S 

30 

76 

144 

176 

ISO 

im 

56 

3 

3 

T 

36 

60 

as 

3 

a 

8 

* 

S 

6 

7 

9 

« 

10 

11 

19 

18 

14 

16 

16 

13 


3 

3 

4 

fi 

6 

7 

8 

9 

10 

11 

13 

13 

14 

16 

16 

16 

16 

U 

IS 

JU 

14 

u 

13 

tt 

13 

11 

11 

10 

as 

M 

36 

10 

9 

140 

140 

140 

ilo 

9 

a 

308 

700 

166 

334 

8 

7 

3^ 

m 

1130 

446 

738 

66 

7 

6 

306 

672 

S06 

1344 

962 

604 

196 

6 

S 

uo 

aie 

380 

1634 

399 

1383 

3sa 

196 

A 

4 

as 

380 

140 

1008 

393 

1176 

-234 

392 

S6 

4 

3 

ss 

140 

253 

448 

sii 

430 

196 

ua 

a 

■ 

38 

1T2 

140 

66 

3 

4 

8 

4 

4 

6 

7 

8 

9 

10 

11 

13 

13 

'* 

15 

16 

Hi.  F.  W.  Wood 
12 


[Feb.  •. 


9 

« 

* 

b 

6 

7 

6   !    9 

10 

" 

18 

13 

14 

IS 

16 

16 

U 

li 

18 

IS 

6 

« 

e 

11 

36 

» 

36 

96 

10 

103 

14 

373 

17fl 

6 

9 

190 

no 

770 

190 

t>^ 

800 

S 

7 

316 

180 

393 

iob 

1396 
1400 

836 
1869 

3033 
3904 

38 
1993 

680 
1SS4 

534 

6 

102 

860 

Hi 

3636 

19*0 

4030 

1104 

1634 

« 

6 

36 

3M 

830 

3U4 

168 

4038 

sab 

3383 

311 

186 

4 

« 

73 

990 

ees 

1304 

1364 

17U 

6?a 

393 

70 

S 

la 

ss 

196 

490 

876 

993 

jsas 

678 

196 

140 

9 

6 

96 

J48 

336 

70 

3 

3 

i 

fi 

6 

7 

e 

9 

10 

11  1  13 

13 

14 

18 

16 

3 

3 

4 

*    1    6 

7    1    8    1   9 

10 

11 

13 

13 

14 

15 

16 

16 

16 

IS 

15 

14 

14 

13 

13 

19 

86 

73 

36 

13 

11 

316 

916 

S16 

316 

11 

10 

618 

84 

1368 

340 

400 

10 

9 

1080 

660 

3900 

690 

1730 

30 

9 

6 

1396 

1763 

3T73 

331G 

3150 

1388 

904 

6 

7 

1090 

3400 

3304 

eiis 

3720 

4673 

14% 

960 

7 

e 

flTs 

3100 

1660 

7060 

1876 

i3"76 

73 

2634 

336 

6 

JS 

316 

1313 

lib 

6330 

1056 

6696 

1930 

3773 

990 

81 

5 

i 

86 

433 

364 

3300 

1944 

3633 

2469 

1913 

1130 

169 

56 

1 

8 

■2 

7a 

316 
86 

460 

1130 
934 

908 

16B4 
396 

60i 

793 
364 

84 

113 
66 

3 
3 

■' 

a 

4 

H 

C 

7 

S 

0 

10 

11 

13 

13 

14 

15 

10 

1906.]  BsDUCiBiLrTT  or  cotabunts  or  bikart  quimtics  or  inpinitb  ordbb.  896 

10 


i 

a 

4  1  fi 

6 

7 

S 

9 

10 

V 

IS 

IS 

14  1  19  1  16 

16 

1 

16 

19 

16 

14 

4 

« 

4 

U 

18 

38 

38 

38 

M 

18 

H 

fiS 

36 

348 

183 

« 

It 

11 

331 

68 

916 

3S3 

693 

400 

11 

10 

363 

aia 

21*4' 896 

3016 

IBO 

1070 

10 

43i 

613 

389637101 

5930 

3064 

3998 

1010 

9 

ais 

836 

3696 

9888 

6963 

8960 

3456 

3733 

fiO 

a 

m 

744 

3766 

7484 

4808 

19064 

1830 

7OT6 

466 

763 

t 

OB 

460 

1393 

6330 

1160 

1S316 

1400 

90S0 

3060 

me 

4^3 

6 

as 

198 

S&i 

8466 

1190 

8884 

8393 

76io 

S616 

1988 

1110 

3S 

a 

4 

ie 

1313 

1393 

8730 

8688 

3960 

3838 

l^ 

IIM 

M 

38 

4 

A 

M 

303 

eTs 

744 

1810 

990 

1848 

413 

678 

38 

£6 

3 

7 

103 

'363 

463 

336 

38 

3 

a 

3  1  4   G 

6 

7  ,  8  1  9 

10 

11 

13 

13 

14   19  1  10 

3 

3 

4 

0 

6 

7 

8 

T 

10 

U 

13ll8 

14 

19 

16 

16 

16 

IG 

IS 

U 

30 

40 

30 

14 

13 

140 

140 

m 

140 

18 

13 

490 

130 

910 

360 

300 

19 

11 

1120 

340 

2600 

330 

1490 

30 

11 

10 

;1S10 

1660 

6110 

3560 

4134 

1183 

1M6 

10 

d 

3130 

3310 

70S0 

7600 

7830 

6890 

3860 

1S60 

9 

e 

1810 

1190 

6600 

13380 

7934 

13930 

1330 

1706 

838 

8 

7 

1120 

}7ao 

389015430 

3096 

18636 

alio 

?0*413456 

108 

7 

6 

490 

2800 

liso!  11900 

i070 

17196 

6813 

r663<9634 

303  r  393 

6 

b 

140 

9901160 

6330 

3880 

1M84 

B930 

9943 

9994 

9761644 

63 

6 

4 

20 

380'330 

3100 

■ifbO 

4190 

4910 

3904 

3176 

498 

673 

101 

i" 

1 

3 

40  llo 

890 

1080 

838 

1130 

736 

1684 

146 

130 

63 

16 

a 

3 

3 

3 

1^ 

180 

134 

390 

140 

8 

3 

^ 

7 

8 

« 

10 

11 

13 

18 

U 

19 

16 

Hi.  p.  W.  Wood 


[Feb.  •, 


3 

3 

* 

S 

6 

7 

8 

9 

10 

11 

13 

13 

14 

IS 

16 

16 

1 

T 

1 

16 

IS 

8 

s 

a 

i" 

U 

14 

36 

90 

80 

76 

13 

u 

13 

IIS 

3S 

490 

3AS 

306 

aa4 

li 

«8 

46 

1116 

199 

1TS9 

144 

680 

11 

396 

390 

sua 

116^ 

4748 

1640 

3033 

8W 

10 

i6i 

736 

4606 

4M8 

9830 

6904 

9536 

9993 

60 

9 

m 

9W 

(910 

8664 

9706 

13636 

4930 

6990 

374 

8% 

8 

•UB 

doe 

3688 

10684 

6960 

91048 

891b 

18M0 

1606 

S700 

793 

7 

iTa 

fife 

1944 

6884 

3076 

91793 

3496 

17988 

5038 

4^ 

3^ 

^4 

6 

S6 

ass 

686 

S3S0 

1160 

15420 

9960 

13396 

}300 

4419 

81S9 

476 

44 

S 

6 

76 

140 

3144 

1660 

7484 

6800 

e664 

7764 

9964 

3104 

806 

148 

u 

-4 

X 

16 

S88 

Ml 

3400 

8696 

3»0 

46S6 

1380 

3193 

84 

394 

4*8 

1 

3 

a 

fl 

64 

306 

400 

1996 

643 

ISIO 

^ 

9«1 

M 

lao 

94 

9 

' 

1 

44 

916 

369 

34S 

60 

1 

■    '1' 

6     1    6    [    7 

8 

9 

10 

11 

19 

18 

14 

15 

16 

T 

3 

4 

S 

6 

7 

6 

9 

10 

11 

19 

IS 

14 

15 

16 

16 

7 

a 

T 

16 

It 

33 

^ 

83 

33 

15 

14 

144 

so 

«n 

64 

79 

14 

13 

446 

113 

840 

166 

393 

56 

13 

19 

993 

199 

1734 

13 

1944 

133 

594 

13 

11 

1S84 

1380 

S738 

3684 

5768 

3364 

1634 

960 

11 

10 

1848 

9904 

r764 

8833 

9353 

8593 

3304 

3144 

tsi 

10 

9 

1584 

3960 

3990 

10396 

BSS3 

17604 

840 

6060 

1066 

IM 

9 

8 

^ 

3633 

389a| 

17196 

94*96 

33784 

3973 

9686 

3380 

164 

M4 

8 

7 

446 

3304 

1W6 

mi6 

3^ 

31048 

S33S 

11353 

iaea 

lOSO 

340 

136 

7 

6 

114 

1006 

lie 

7060 

4806 

13^ 

9708 

8833 

6904 

1333 

1S13 

336 

16 

6 

5 

33 

304 

960 

9630 

3804 

5888 

70ec 

4548 

5798i668 

1634 

398 

16 

4 

5 

4 

4 

64 

190 

673 

14O0 

1753 

3^ 

1560 

3113!  193 

1064 

193 

33 

6 

4 

3 

8 

39 

96 

393 

399 

toao 

313 

1190 

46 

446 

64 

46 

4 

3 

i 

4 

96 

180 

a« 

lU 

16 

S 

* 

* 

G 

7 

8 

9 

10    t  11 

19 

18 

14 

15 

I'l 

1905.]  Bbduoibilitt  or  ootabuiitb  of  binabt  quamticb  of  ihfimitb  oboib.  837 


9 

s 

4 

a 

4 

7 

S 

9 

10 

11 

13 

13 

14 

15 

16 

i 

6 

To 

6 

16 

16 

89 

ia 

80 

33 

41 

18 

ec 

64 

sflfi 

aio 

sia 

73 

148 

1*0 

ia 

1064 

394 

1844 

430 

196 

996 

i«e 

1199 

668 

ST60 

TOO 

1&19 

464 

6 

au 

413 

Si76ja964 

6904 

4199 

4606 

1966 

616 

898 

936 

664 

SS36^fi949 

saoo 

113G3 

6644 

7690 

938 

16C9 

.i 

140 

686 

2486 

1630 

6613 

17988 

3872 

14988, 

1630 

8799 

1688 

363 

*0 

m 

1364 

S696 

1400 

18M6 

8816 

17604 

8644 

4960 

3840 

660 

44 

16 

176 

!e3 

4^ 

1676 

13064 

7094 

13686 

9869 

4193 

8804 

448 

34 

16 

a 

46 

96 

1634 

1S40 

6113 

S903 

7800 

S330 

3684 

SWO 

980 

898 

64 

6 

6 

4ni 

m 

1868 

(779 

3710 

5110 

1166 

9734 

934 

480 

178 

io 

60 

348 

S99 

1396 

660 

9144 

840 

1416 

iTs 

338 

96 

10 

48 

06 

306 

110 

613 

68 

490 

96 

144 

89 

6 

6 

44 

103 

98 

86 

9 

9 

9 

S 

4 

ft 

6 

7 

• 

9 

10     U 

13 

18 

14 

16 

16 

3 

8 

4 

6 

6 

7 

8 

9 

10 

11 

13 

18 

1* 

16 

16 

16 

6 

18 

14 

3 

4 

16 

16 

48 

96 

83 

196 

IG 

39 

16 

U 

ISO 

199 

lib 

440 

330 

160 

106 

1* 

18 

430 

84 

1631 

SSO 

1680 

476 

196 

13 

19 

678 

438 

3104 

1383 

8804 

1613 

1168 

643 

lie 

13 

11 

t94 

1386 

3984 

4413 

6368 

4960 

1880 

1700 

996 

M 

11 

10 

679 

1819 

8«6 

7663 

8038 

9696 

1^ 

4382 

3M 

96* 

98 

10 

9 

490 

1708 

1930 

9080 

9190 

18M0 

840 

7890 

1860 

1960 

430 

69 

9 

8 

180 

1178 

890 

7378 

1830 

1S330 

1930 

8593 

4506 

1613 

1360 

994 

34 

8 

7 

48 

638 

893 

4030 

8790 

euo 

7810 

6201 

5768 

700 

1680 

439 

48 

4 

7 

6 

6 

144 

S86 

1844 

3804 

3316 

6930 

3650 

1748 

19 

1341 

4*0 

16 

3 

6 

6 

18 

113 

339 

1190 

siiB 

laoo 

566 

2600 

193 

Sib 

340 

S3 

1* 

« 

i 

14 

16 

940 

770 

84 

gle 

130 

430 

SO 

48 

18 

* 

8 

9 

39 

140 

U 

916 

36 

iTo 

30 

39 

6 

3 

i 

4 

90 

36 

38 

S 

9 

S 

3 

i 

S 

e 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

Hit.  P.  W.  Wood 
4 


[?eb.  9, 


9 

a 

( 

S 

6 

7 

g 

^ 

10 

11 

19 

la 

14 

Ifi 

16 

16 

1 

( 

14 

16 

4 

16 

IB 

8 

94 

39 

l79 

16 

96 

40 

8 

16 

l( 

98 

C9 

394 

398 

898 

4S9 

168 

164 

98 

14 

Xi 

W 

98 

679 

308 

isia 

44d 

1360 

ua 

3U 

ok 

IS 

13 

70 

84 

1190 

6M 

91S3 

toeo 

9840 

19G0 

634 

416 

70 

U 

66 

196 

119ft 

1988 

seu 

4380 

aaao 

B799 

aifi 

1948 

m 

66 

10 

98 

IM 

679 

1779 

K»a 

7044 

1608 

6060 

998 

1700 

894 

140 

38 

9 

8 

108 

994 

1989 

79 

7OT6 

1^ 

8990 

9904 

1968 

1168 

lis 

4 

i 

A 

1 

99 

ai 

1»9 

not 

4679 

^ 

SS60I 

8A36 

3964 

1S19 

168 

16 

1 

T 

T 

tfi6 

9S9 

1999 

ME6 

9064 

4194 

1640 

1944 

UO 

96 

4 

< 

113 

*K 

4tf 

S0B3 

BM 

8W6 

m 

1759 

166 

319 

IX 

16 

S 

14 

198 

IS 

700 

190 

1968 

993 

910 

369 

aoo 

80 

14 

1 

16 

39 

190 

140 

979 

316 

346 

140 

80 

93 

8 

4 

? 

90 

96 

S6 

36 

38 

90 

6 

4 

« 

1 

• 

« 

4 

1 

9 

A 

4 

6    |fl 

1 

' 

9 

10  1  11 

19  |ia 

14 

16 

16 

^ 

S 

4 

5 

6l7 

8 

9 

10 

U 

., 

18 

14 

16 

16 

M 

9 

8 

10 

9 

4 

9 

i< 

U 

U 

4A 

16 

64 

4a 

16 

U 

u 

It 

66 

104 

148 

336 

94 

994 

T 

i^ 

u 

1ft 

119 

56 

6(4 

476 

840 

660 

490 

1*0 

1)9 

u 

IS 

140 

168 

1110 

369 

9988 

164 

1538 

954 

964 

140 

31 

u 

119 

399 

990 

19161 

9466 

3700 

9U6 

l^i 

996 

476 

113 

11 

10 

06 

m 

914 

9594 

456 

4706 

974 

3144 

516 

649 

S64 

56 

10 

le 

U6 

9B9 

16S4 

1496 

3749 

9360 

199i 

1694 

454 

476   164    16 

I 

64 

9M 

£04 

1584,1^ 

9WS 

1163 

ioas 

139 

490 

160    40 

a 

S 

SO 

£ 

798    »   1790 

190 

1480 

144 

399 

79  ,  16 

4 

10 

ii 

l»4|I6e  590  340 

6S9 

950 

308 

64  !  33 

3 

1 

1 

69  '  64 

140   178 

916 

189    140 

76     99 

10 

1    ; 

1.  .. 

90     56 

36 

79     K 

40  ,    8 

8        4 

1    !    ^        ;• 

* 

1  ^'  i 

8 

3        3 
'    3 

t       3   I   4       >   1   6   !   T       A 

9    ilO 

11 

19 

IS 

14      15 

1905.]  BsDiiciBiLiTy  or  covabumtsop  binary  quanticb  or  infikitb  obdeb. 


a 

S 

4 

6 

6 

7 

8 

9 

10 

11 

19 

13 

14 

IS 

16 

16 

1 

* 

6 

T 

I 

16 

U 

8 

d4 

16 

16 

3* 

fl 

16 

u 

fiS 

M 

it 

ise 

4*4 

63 

38 

14 

SO 

38 

353 

334 

aak 

363 

38 

66 

IS 

70 

81 

443 

loa 

793 

1^ 

473 

84 

70 

19 

66 

196 

338 

763 

838 

763 

338 

196 

66 

11 

36 

196 

6 

sib 

60 

1660 

io 

960 

6 

196 

38 

10 

8 

108 

196 

S34 

804 

1016 

1016 

804 

694 

196 

1C» 

8 

9 

1 

83 

lis 

S6 

680 

30 

1070 

30 

680 

ie 

US 

33 

1 

8 

4 

48 

7l 

334 

300 

400 

400 

BOO 

33* 

71 

48 

I 

7 

6 

83 

13 

140 

6 

316 

6 

i7o 

19 

S3 

6 

6 

4 

a 

^ 

38 

ae 

36 

<t6 

30 

8 

4 

6 

1 

4 

6 

4 

1 

4 

3 

a 

3 

9 

i 

8    1   6    1    7 

B 

9 

10 

11 

13 

18 

14 

16 

16 

8.  In  the  preceding  expaasion  it  is  easily  verified  that  the  only  terms 
^^j^i^  having  sero  coefBcients,  and  therefore  the  only  reducible 
acobiane  ({OiO^^*  {OjO^^  ia^a^^  {,ata^\  oA  of  weight  81,  are  those  for 
rhich — 

(1)  The  snm  of  k  indices  is  less  than  2'*^~%  (x  —  I,  2.  8} ; 

I X,  =  2,  and  X,  is  odd ; 
( X,  =  2,  and  X4  is  odd ; 


1\,-f  Xg  =  6,  and  X,  is  odd 
X,+X,  =  6,  and  X,  is  odd 
Xj+X,  =  6,  and  \  is  odd 
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I  Xii  Xy  Xg,  Xi  are  given  by  the  acheme  :- 
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(4)  Xi,  X«,  Xk  X4  are  given  by  the  scheme  t-^ 
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9.  Of  these  Jaeobians  ot  weight  81,  those  ia  the  set  (1)  are  inelndecL 
in  the  first  general  class  of  §  2 ;  so  also  are  those  in  the  set  (8),  for  w» 
have  seen  {§  4)  that  each  of  the  covariants 

ioio^'  (a^a^*  (oifl*)*  (Oifli),        (oiO^*  (0,0^*  (aBOj'to.Os), 

of  degree  5  ia  redacible ;  the  covariants  of  the  set  (2)  are  indaded  in 
the  second  general  class  ot  §  2. 

Hence  the  only  new  redncible  Jacobians 

of  weight  31  are  those  16  whose  indices  have  the  values  given  by  the 
scheme  (4)  in  §  6. 

It  iB  easily  seen  that  the  only  reducible  Jacobians  of  this  natnre  and 
of  weight  greater  than  81  are  included  in  the  first  general  class  of  §  2. 
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*Note  added  to  the  preceding  paper  March  24thf  1905. 
10.  For  the  sake  of  breYity  let  us  pat 

^.  =  ^;  («  =  1,  2, ...,  S), 

in  the  notation  of  the  preceding  paper. 

The  redacibility  of  all  covariants  of  degree  5  and  of  Jacobians 

{{oio^''' {a^a^^  {a^a;^^  (a^a^^,  ag) 

of  degree  6  has  already  been  completely  determined,  and  the  present  note 
is  deYoted  to  a  discussion  of  the  remaining  Jacobians  of  degree  6,  namely, 
those  of  the  two  classes 

«id  ((ala^^*(a,aa)^  (a4a5)^(a5ac)^),    or    (Cg,  Cj). 

11.  Jacobians  (Cj,  C4). 
The  necessary  and  sufficient  condition  that  the  Jacobian 

({aia^\  (a^a^^(a^a^^{afia^), 

is  reducible  is  (§  1)  that  the  expression  x\^x^x^*x^x^  should  be  annihilated 

^y  ^(^i» '^a*  % '^i*  ^0)»  ^^^^  ^s>  ^^^  ''be  expression  Xi^x^x^x^  should  be 
annihilated  by 

L  Z2  J«i»o 

Now  the  expansion  ^  (^1,  ^r^,  z^,  z^  has  been  already  calculated  (§  8)  for  the 
discussion  of  coYariants  of  degree  5,  so  that  the  expansion  now  required 
may  be  obtained  from  it  with  less  labour  than  the  complete  expansion  of 
i>{^v  ^2y  '^8»  '^if  ^5)-  ^b®  actual  expansion  is  not  giYen  here,  as  we  are 
primarily  concerned  only  with  the  zero  coefficients  of  the  expansion. 

I  find  that  the  only  terms  z^^zl^^z^z^  in  the  expansion  of 

^(^if  ^8f  ^4»  -2^5)  ^(~^i»  ^8»  ^4»  ^5) 

*  The  following  results  were  origiiudly  oommimioated  in  a  paper  "  On  Reducible  Jacobians 
of  Degree  6  "  (lead  April  13th,  1905). 
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with  £01-0  coefficients  are  those  for  which — 

I.  The  Bom  of  K  of  the  indices  \),  Xg,  \„  Ag  ia  less  than 
(2«ti_2),     (k  -  1,  2,  3) ; 
II.  (i.)  Xi  IB  odd, 

0i.)  \  =  2,  and  X,  is  odd, 
(iii.)  X,  =  2,  X,  =  4,  and  X,  is  odd  ; 

III.  X„  X,,  \,  Xp  are  given  by  the  scheme  : — 
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Now  the  Jacobiao  ((0,0,)'  (0,0^'  (aia«)^>  as)  ot  degree  5  is  known  to  be 
reducible  (§  4) ;  it  follows  therefore  that  the  only  redacible  Jacobians 

of  degree  6  and  weight  31,  not  included  in  the  two  general  classes  of  (  8, 
are  thoae  two  for  which 

X,  =  14.     Xb=5,     Xi  =  8,     Xa  =  S, 

Xi  =  14,     X,  =  S,     X,  =  8,     A,  =  6. 

It  is  easily  verified  that  the  only  redacible  Jacobians  of  this  nature  ot 
degree  6  and  of  weight  greater  than  81  are  included  in  the  first  general 
olasB  of  S  2. 

12.  JacobiaTis  (Ca,  Cg). 

The  necessary  and  sufficient  condition  that  the  Jacobian 

( (Oi  a,)*'  (a,  a/*,  (a,  06)^(0,0^) 

is  reducible  is  (§  1)  that  the  expression  x^'x'^x^x^x^  should  be  annihilated 

by  ^Ui,  ^3,  2g,  Z(,  Zg),  that  is,  that  the  expression  x^'x^'x^xl'  should   be 

annihilated  by 

p"" '"/'•'" '''I..  -  *<"•  "■  "•  '■>  *'■"■  ■'■  -''•  -'•>• 


1906.]  RbDUCIBILITT  of  COVABIAMTS  of  binary  QUANTIC8  OF  INFINITE  OBDBR.  88S 

I  find  that  the  only  terms  ^^^^^^^5*  in  this  expansion  with  zero  coefficients 
are  those  for  which — 

I.  The  sum  of  k  of  the  indices  Xi,  X9,  X4,  X5  is  less  than 

(2«-^*-.2),     (ic  =  l,  2,  8); 
11.   (i.)  Xi+Xj,  is  odd, 

(ii.)  X|  =  X4  =  8,  and  \  is  odd. 

It  follows  therefore  that  all  reducible  Jacobians 

of  degree  6  and  weight  81  are  included  in  the  two  general  classes  of  §  2, 
and  it  is  easily  verified  that  all  such  Jacobians  of  weight  greater  than  81 
are  included  in  the  first  general  class  of  §  2. 

18.  The  two  preceding  expansions  are  susceptible  of  various  tests  for 
their  accuracy  (cf.  §§  8,  7) :  e.g.,  each  expansion  vanishes  if  we  equate  any 
two  of  the  variables  Zi,  z^,  z^,  z^ ;  the  first  expansion  (§  11)  is  unaltered  by 
the  interchange  of  z^  and  z^ ;  the  second  expansion  (§  12)  is  unaltered 
by  the  interchange  of  z^  and  z^^  or  of  z^  and  z^,  and  is  altered  only  in  sign 
if  we  interchange  z^  and  z^,  z^  and  z^  simultaneously.  Moreover  many 
tests  may  be  obtained  by  comparing  the  three  expansions  of  §§  7,  11,  12 
with  one  another. 

These  tests  have  all  been  applied,  and  I  venture  to  guarantee  the 
accuracy  of  both  expansions. 
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ALTERNATIVE  EXPRESSIONS  FOR  PERPETUANT  TYPE  FORMS 

By  P.  W.  Wood. 

[Beodyed  Maroh  Sid,  1906— Betd  Much  9th,  1905.] 

In  dealing  with  covariants  linear  in  the  coefficients  of  each  of  the 
i  binary  qaantics  aj||,  aj^,  ...,  a**,  where  Ui^n^  .,.,  w«  are  all  infinite,  it 

is  known*  that  the  tj^  forms  may  be  taken  either  as 

(aia«)^'(aja8)^...  (a«-ia«)^-» 
or  as  (Oi 0^)^*  (oj a^ . . .  (Oi aa)^'', 

where  Xi  >  2*"•^  X,  >  2*""*,  ...,  X*"**  >  1,  and  the  sequence  of  the  letters 
is  fixed  beforehand.  The  question!  arises  as  to  whether  there  are  other 
expressions  equally  adapted  to  the  representation  of  tj^  forms.  The 
present  paper  deals  with  this  problem  and  gives  a  very  general  class  of 
such  expressions. 

1. 

Theorem.  —  Given  any  X  distinct  partial  differential  operators 
Oif  0^9  ...,  Oa  in  the  variables  Xi,  x^,  ...,  xa  loith  constant  coefficients^ 
then  any  qtumtic  d  of  order  w  in  these  variables  is  expressible  in  the 

where 

(i.)  /Ax»  M9>  •••)  Mir  (^y^  certain  positive  integers  such  that  their  sum 
is  X; 

(ii.)  Zif  Zj,  ...,  2^  are  k  distinct  linear  functions  of  Xi,  x^,  ...,  a?«, 
with  the  following  properties  : — If  the  operators  0  are  divided  into 
K  sets  Si,  iSj,  ...,  S^f  then  (r  =  1,  2,  ...,  k)  the  set  Sr  contains  juir 
operators  0  su^h  that  ea^h  of  these  yur  operators  annihilates  each 

*  Grace,  Proe,  London  Math,  Soe.,  Vol.  xzxv. 

t  The  exifltance  of  alternative  expressions  which  may  be  taken  as  type  forms  has  been 
pointed  ont  by  Prof.  Elliott  in  a  paper  **  On  an  Integration  Theorem  as  to  Rational  Integral 
Functions,  with  the  Bearing  on  the  Theory  of  Forms  "  (Quarterljf  Joumaiy  1904,  p.  124).  The 
general  principles  of  Prof.  Elliott's  paper  and  the  present  one  are  similar,  but  the  results  of  the 
latter  were  obtained  quite  independently  of  the  former. 
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of  jer^,  z^  ...,  jeTr-i,  hu,t  no  one  of  these  fir  operators  annihilates  Zr 
{thus  Zi  may  he  taken  as  any  linear  function  a/nmhilated  by  none 
of  the  fii  operators  of  the  set  8^ ; 

(iii.)  jpJJ-^  is  some  quantic  of  order   («— X)    in   the  variables 

^l»  ^  •••>  ^9f 

(iv.)  The  aggregate  of  terms  B  is  annihilated  by  the  successive 
application  of  the\  operators  Oi,  0%,  .-.f  0\. 

Consider  the  partial  differential  equation 

(OiO,-..O0P:  =  0,  (1) 

of  which  the  solution  is  some  quantic  PS ;  it  has  exactly 

linearly  independent  quantic  solutions  Bi^  B^  ...,  22 jr  (say). 
We  proceed  to  show  that  the  expression 

is  not  a  solution  of  the  equation  (1)  unless  p^"^  is  identically  zero. 
In  the  first  place,  it  is  easily  proved  that,  if 

0(pg)  =  {2V^j(pg)  =  o. 

where  P  and  Q  are  quantics,  then  0(F)  =^0,  and  0  (Q)  =  0. 

Now  consider  the  effect  of  operating  on  j?J*2fJ*...  ^'p^"^  with  one  of  the 
operators  of  the  set  S«.  Since  this  operator  annihilates  each  of 
JSif  js^  ...,  z^^u  but  does  not  annihilate  z^,  the  result  is  of  the  form 
^^ ^ " ' ^'"^ Pi'^  where   p^'^  is  not  identically  zero  unless   pj"^  is 

identically  zero.  Application  of  another  operator  of  the  set  S«  gives 
us  «^2i5'...^*""*i>5""\  where  p^"^  is  not  identically  zero  unless  p^"^  is 

identically  zero,  that  is,  unless  p^~^  =  0 :  so  the  application  of  the  m« 
operators  of  the  set  S,  gives  us  -Si'-s^*...  ^iVi?*"^,  where  py'^  ^  0,  unless 

pf^^^  =  0.  If  we  proceed  in  the  same  way,  by  applying  successively  the 
operators  of  the  sets  S«.i,  S«-2,  ...,  S^f  Si^  we  obtain  as  our  final  result 
some  quantic  p^'^,  which  is  not  identically  zero  unless  p^"^  =  0. 

The  terms  of  the  expression  ^^^'"^"Px"^  are  linearly  independent 
among  themselves,  and  we  have  chosen  our  expressions  i2|,  B^,  ...,  22 jr  so 
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that  they  are  linearly  independent  among  themaelvea.    Henoe  there  can 
be  no  linear  relation  of  the  form 

-»?*<•...  <-J>r"^+'i;V  =  0,  (2) 

r-l 

unless  p;"^  is  identically  zero,  and  the  terms  Zi2  are  all  absent ;  bat  any 
qnantic  of  order  m  ia  S  variables  is  expressible  in  terms  of  (^ IT    ^    ) 

linearly  independent  forms  of  the  same  order,  and  therefore  any  qoantie 
(7  is  expressible  in  the  form 

•  r-1 

for  the  right-hand  side  contains 


mn*" = iiL-,') 


forms,  which  we  have  proved  to  be  linearly  independent.* 

If  we  denote  by  P^^  the  most  general  qoantie  annihilated  by  Or 

r-Jf  r-A 

(r  =  1,  2,  ...,  X),  we  can  replace  our  terms    Z  i2r  by  2  P7.;  bat  these 
last  terms  are  not  linearly  independent ;  there  will,  in  fact,  be 

linear  relations  connecting  them. 

In  the  application  to  perpetoants,  which  we  make  immediately,  it 
will  appear  that  the  determination  of  the  relations  connecting  solaticms 
of  the  equation  (0|  O9 . . .  Oa)  P?  =  0  is  substantially  the  same  problem  as 
the  determination  of  the  sysygies  connecting  products  of  perpetuant8.f 

2.  Application  to  Binary  Perpetuants, 

Consider  any  quantic  Q  in  the  variables  2|,  x^  ...,  xs  which  is 
annihilated  by  the  operator 

ar^i;      ox^}     cx^j)  dr 


n«» 


where  i^\  i^\  .*•>  1^*^  are  any  e  of  the  sufiSxes  1,  2,  8,  ...,  S  such  that 


*  It  can  b«  aMilyproTvd  tliat  this  •xprewioa  for  CT  » unique,  when  we  hare  detennmed  the 
expieenon  2^t^...f^  and  the  JIf  lineeriy  indepodent  qnentio  eolations  Mi,  R^,  ...^  Mm  ^ 
the  equation  (0,0| ...  OO  ^  -  <^- 

t  Cf.  Young  and  Wood.  '« OnPwpetuant  Sytxgiee,**  iVw.  ImmIm  JTeM.  Ser.,  Ser.  2,  VoL  S. 
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^0  <  r^*)  <  r<«)  <  . . .  <  r^>.     In  this  quantio  Q  make  the  substitutions 

^^  =  (^^0^^.    (^  =  1,2,  ...,6), 

where  11  =  Oi^a^ . . .  a^+i^  and  ai,  Oj,  ...,  a«+i  are  the  symbols  of  (S+1) 
binary  quantics  of  infinite  order  in  the  variables  Zi,  z^ :  finally,  multiply 
by  the  proper  (infinite)  number  of  factors  (^,  Os^,  ...,  aa^,  <ia+i.>  so  that,  for 

the  values  1,  2,  ...,  d+1  of  r,  the  number  of  symbols  Or  is  equal  to  the 
(infinite)  order  of  the  binary  quantic  to  which  ar  refers.  Then,  by  virtue 
of  Q  being  annihilated  by  0,  it  is  known*  that  the  resulting  expression  is 
equal  to  a  linear  function  of  terms  each  of  which  is  a  product  of  covariants 
of  lower  total  degrees  (cf.  §  7). 

The  operator  0  is  completely  determined  by  the  suffixes  r^^\  r^*\  ...,  r^'^ 
involved  :  the  number  of  such  operators  is  therefore  (2^—1).  Moreover,! 
if  in  any  quantic  which  is  annihilated  by  the  successive  application  of  these 
(2^—1)  operators  we  make  the  preceding  substitutions,  the  resulting 
expression  is  a  covariant  of  total  degree  (^+1),  which  is  a  sum  of  pro- 
ducts of  covariants  of  lower  total  degrees. 


8. 

In  the  theorem  of  §  1  let  us  take  as  our  operators  Ox,  Oa*  ...»  Ox 
the  (2'— 1)  operators  defined  in  §  2.  We  divide  these  (2*— 1)  operators 
into  i  sets  in  such  a  way  that  the  set  Sr  contains  those  2'~'''(=/Ar) 
operators,  each  involving  the  variable  Xr  and  some,  all,  or  none  of  the 
variables  Xr+i,  Xr^^f  ...,2^3.  It  is  clear  that  with  this  arrangement  we 
can  take  Xr  =  Zr  for  the  values  1,  2,  ...,<{  of  r  :  for  no  operator  of 
the  set  Sr  annihilates  2;,,  and  each  operator  of  this  set  annihilates  each 
of  fl?i,  X2,  ...,  Xr.i.  The  theorem  of  §  1  may  therefore  be  enunciated 
in  the  less  general  form  : — 

Any  quantic  d  of  order  w  in  the  variables   x^^  x^,  ...,  Xi   is 
expressible  in  the  form 

c:  =  <  "<-' ...  <,a.a.i)r^^-^H-  'i"'  i>r,, 


•  Wood,  **0n  the  Irreducibility  of  Perpetuant  Typee,'*  /Voe.  Londott  Math.  Soc.,  Ser.  2, 
Vol.  1,  p.  481. 

t  Wood,  *»  On  the  Reducibility  of  CovariantB,"  Proc,  London  Math,  Soc,,  Ser.  2,  Vol.  2,. 
p.  354. 

2.    TOL.  3.    iro.  903.  Z 


888  Mb.  p.  W.  Wood  [March  9, 

where  p^^  is  any  qoantic  annihilated  by  the  typical  operator 

X — —5 r-««T^v — )      ^s — • 

If  we  sabstitute  for  the  variables  x,  we  obtain  immediately  Grace's 
Perpetuant  Type  Theorem  :  it  should  be  noticed  that  this  method  of 
establishing  the  result  ensures  its  exactness  in  the  sense  that  no  linear 
function  of  the  type  forms  is  expressible  in  terms  of  product  forms.  This 
principle  holds  good  for  all  the  theorms  of  this  paper  which  are  deduced 
from  the  theorem  of  §  1. 

4. 

We  shall  next  extend  our  definition  of  reducibility  and  prove,  by 
means  of  the  theorem  of  §  1,  an  extension  of  Grace's  Perpetuant  Type 
Theorem.* 

Let  the  symbol  [or^Orf  ...  a,J  denote  any  covariant  involving  the 
symbolical  letters  0^9  Or^,  ...,  (^  :  and  let  the  symbol  [ar^Ort  •••  OyJ' 
denote  any  covariant  containing  all  the  symbolical  letters  aj,  o^  ...,  a«^i 
except  Or^,  Ot^,  ...,  o,^.     We  shall  define  as  reducible  any  transvectant 

if  X  <  /Anr,.  f^f    and  we  may  suppose  that  o^  always  appears  in 

The  number  of  such  quantities  jm  is  2^—1  :  we  take  ri<,r2<  ...  <  n 
and  denote  by  err  the  sum  of  all  the  /x's  whose  first  suffix  is  r  (e.g.f 
<ra+i  =  fii^u  cTi  =  Ma+Ma.a-^i)-     The  extension  to  be  established  is 

Any  perpetuant  linear  in  the  coefficients  of  each  of  the  binary 

quantics  a^,  o^,  ...»  aj^^    ^'  infinite  order  is  expressible  in  terms 

of 

(i.)  symbolical  products 

(OiO^^Ka^a/*  ...  (a«a«+i)\ 

where  Xi  >  <r„  Xj  >  0-3,  ...,  X«  >  <ra+i ; 

(ii.)  covariants  defined  above  as  reducible. 


♦  Young  And  Wood,  "On  Peipetuant  Syxygits,"  Ftoe,  L<mdon  Math.  Soe.,  Ser.  2,  Vol.  2,  p.  224. 
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The  theorem  of  §  1  is  still  true  if  we  suppose  that  the  operator  Or 
occurs  Vr  times  (r  =  1,  2, ...,  X):   in  this  case  we  may  replace  our  terms 

's  JSr    by  the   terms    2   k;'^  pt^^'''''^\    where   p'^r^^'"'^^    is  the  most 

general  quantic  annihilated  by  0^  and   k'"^   is  the  most  general  quantic 

not  annihilated  by  0^ 

Writing  suffixes  in  the  place  of  symbols,  we  have  defined  the  trans- 
vectant 

i[f<^>+l,  ...,  ^^  t^»>+l,  ...,  ^^>,  ...],  [t^>+l, ...,  /*>,  ^»>+l.  ...,fn  ...]'[' 
as  reducible  if  X  <  MrO+i, ..,  ,<«),  r«+i, ...;  ^^\ ...» 

<  tar,  say. 
It  is  easily  shewn  *  that  all  terms  such  as 

^x       Fx  » 

where   pZ"^'^"^^  is  annihilated  by    0  = -^ ^r h.--+(— )*~^^5 — » 

yield  on  substitution  only  forms  which,  by  virtue  of  the  above  definition, 
are  reducible :  and  the  same  is  true  for  all  such  terms  similarly  derived 
from  the  remaining  operators  0. 

Now  let  the  operators  of  the  theorem  of  §  1  be  the  (2^—1)  operators 
used  already,  and  let  the  operator 

_9 9     I     3 -Lr— v-i    ^ 

cxj\)      oxui)      oxus)  d: 


^1)         CJXj^i)         0X^3)  OX^,) 

occur   fi^D^i r(«).r<»)+i,  ....r(*). ...    times,  while  each  of  the  other  operators 

occurs  a  corresponding  nurnber  of  times.  Divide  the  operators  into 
S  sets  in  such  a  way  that,  for  r  =  1,  2,  ...,  ^,  the  set  Sr  contains  all 
those  operators  each  of  which  involves  Xrt  and  some,  all,  or  none  of 
Xr+u  ^r-t-21  ...»  ^5*-  the  uumbcr  of  operators  in  the  set  Sr  is  clearly  a-r+ii 
as  before,  with  this  arrangement,  we  can  take  Xr  =  Zr,  for  r  =  1,  2, ...,  S, 
Hence  the  theorem  of  §  1  leads  to  the 

Theorem. — Any  quantic  CJ  of  order  a>  in  the  variables  Xi,  Xj,  ...,  a?« 
is  expressible  in  the  form 


♦  Wood,  '*  On  the  Reducibility  of  CJovariants,"  loc.  eit,,  p.  366. 

z  2 
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where  p^  is  any  quantic  annihilated  by  applying  the  operator 

9 9_  I       1/    .—1    3 

^ ^ — r...+l-^)     J— - 

OX^l)        CX^)  CX^,y 

exactly  Mr(i)+i,....rCi>.fO)+i t<*),...  «^»^- 

On  substitution  for  the  variables  x,  we  obtain  the  required  extension 
of  Grace's  Perpetuant  Type  Theorem.  As  before,  the  method  of  establish- 
ing the  result  ensures  its  exactness. 


5.  Alternative  Expressions  for  Type  Forms, 

The  problem  of  determining  such  expressions  may  be  attacked  in 
two  ways. 

(i.)  We  may  first  find  the  linear  forms  z  and  then  seek  for  the 
corresponding  grouping  of  the  operators  into  sets. 

(ii.)  We  may  group  the  operators  into  sets  and  then  seek  for 
the  linear  forms  z  defined  by  certain  facts  of  annihilation  or  non- 
annihilation  by  the  operators  of  the  various  sets. 

The  first  method  is  employed  in  this  paper,  and  we  shall  shew 
immediately  that  the  linear  forms  z  may  be  taken  to  be  the  variables 
^i>  ^Sf  . . . f  a^a  in  any  order.  For,  let  yi,  y^,  -^-f  yt  be  the  variables 
Xif  x^f  ...,  xz  in  any  order  and,  for  the  values  !>  2,  ,..,S  of  r,  let  the 
set  Sr  contain  the  2^'^  operators,  each  of  which  involves  the  variable 
7jr  and  some,  all,  or  none  of  the  variables  yr^u  yr-i.2f  •••>  y^-  it  is  clear 
that  we  may  put  ^r  =  ^r  (^  =  1}  2,  ...,  6)  and  satisfy  all  the  necessary 
conditions. 

Before  seeking  for  more  general  classes  of  expressions  adapted  to 
the  representation  of  type  forms,  it  is  necessary  to  consider  the  relations 
between  our  (2^—1)  operators  and  linear  functions  of  the  variables  each 
consisting  of  the  sum  of  consecutive  variables,  that  is,  linear  functions 
such  as 

6. 
It  is  easily  proved  that,  for  all  values  of  r  and  d,  the  linear  expression 

^r+ 1 + J^r +«  "r  •  •  •  "t"  ^r + # 

is  annihilated  by  each  of  (2*"*— 1)  of  the  operators,  and  is  not  annihilated 
by  any  one  of  the  remaining  2*'^  operators. 
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Any  operator  annihilating  this  expression  must,  in  fact,  contain  an 
even  namber  or  none  of  the  variables  Xr^u  ^-i-s»  •••»  ^-i-#*  The  number 
of  ways  of  choosing  an  even  namber  or  none  of  these  6  variables  is  2'"^ ; 
the  namber  of  ways  of  choosing  some,  all,  or  none  of  the  (^—0)  variables 
^i«  ^«  •••»  ^-if  ^r+$+u  ...f  ^a  is  2^"':  and  therefore,  rejecting  the  case 
where  no  variables  at  all  are  chosen  from  either  set,  we  see  that  the 
required  number  of  operators  is 

{j^-i.a^-^-i  =  2*-^-l. 

Obviously  no  other  operator  of  our  set  can  annihilate  the  expression, 
and  therefore  there  are  exactly  (2^"^— 1)  of  our  operators  each  of  which 
annihilates  the  expression. 

7. 

Lemma  I. — ^If  we  are  given  S  linearly  independent  linear  expressions 
oi,  os,  ...,  a»,  fiij  /S],  ...,  /Sa.ai,  each  consisting  of  a  sum  of  consecutive 
variables,  then,  if  m  have  any  of  the  values  0,  1,  2,  ...,  ^—1,  there  is 
a  unique  operator  among  our  (2^—1)  operators,  which  annihilates  each 
of  oif  a^i  "•$  cLm  ftnd  annihilates  no  one  of  fix,  fi^t  •••i  i^a-m« 

For,  consider  a  typical  operator 

0  =  ^-J-+,..+(-Y-^J. 


of  our  set :  it  is  known*  that  any  linear  expression  annihilated  by  it  is 
a  linear  function  of 

where  (  y^#)  =  x^0)+x^,)^x+ ...+x^,^i),   (d  =  1,  2,  8,  ...,  e— 1),  ^ 
y,  =  a?,,     if    ic  <  f^'\ 


,y«-i  =  x^,    it    K>  f^'\ 


{K^f^^,    d  =  l,2^8,...,e). 


Also  any  linear  expression  can  be  expressed  in  terms  of  ^i,  y^,  ...,  y^^i 
and  .r^i). 

Now  take  any  S  linearly  independent  linear  expressions  itj,  ttq,  ...,  x^, 
each  consisting  of  a  sum  of  consecutive  variables,  and  express  them  in 
terms  of  j/i,  y^f  ...}  ye-i  and  x^d,  each  coefficient  being  positive  or 
negative  unity  or  zero.  Suppose  each  of  ir^,  ir,,  ...,  tt^  involves  x^i^, 
while  each  of  -tt^+i,  -^^+2,  ...,  xa  involves  only  y^,  y„  ...,  ya_i.  Then 
0  annihilates  each   of    tt^+i,  '7r^+2>  •••!  tt^   and.  annihilates  no  one  of 


*  Wood,  **  On  the  Iiredncibility  of  Perpetuant  Types,"  he.  eit.,  p.  481. 
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iTi,  IT],  ...,  ir^f  and,  since  xx,  ir^  ...i  ir^  are  linearly  independent,  fi  most 
have  one  of  the  values  1,  2,  ...,  S, 

Conversely,  if  we  are  given  ai,  a^,  ...t  a«»>  fiif  fi^r  •••!  fit-mt  we  can  find 
linear  expressions  yi,  ys»  •••!  yi-i  of  similar  nature,  and  so  find  the 
corresponding  variables  xp^r^x^x^),  ---tXp^,  which  uniquely  determine  an 

operator  -         ?  !^  -       S 

dx^i)      ox^     '"  m^ 

of  the  required  nature. 

8.  Lehha  n. — If  we  are  given  {m+n)  linearly  independent  linear 
expressions  ai,  a^t  -"fOimf  A>  i^t>  •-•>  )8«>  each  consisting  of  a  sum  of 
consecutive  variables  Xi,  x^,  ..^,  x^,  then  [for  the  -values  0,  1,  2,  ...,  j— 1 
of  m,  and  1,  2.  ...,<$  of  n ;  (m+n)  <  S]  there  are  exactly  2*"*"*  operators 
among  our  set  of  2^—1,  such  that  each  of  them  annihilates  each  of 
a|,  os,  ...,  om  and  annihilates  no  one  of  fix,  fi^,  ...,  fi%. 

First  consider  the  case  of  two  variables :  the  only  linear  expressions 
possible  are  1  or  2  of  X|,  x,,  Xi+x^,  while  the  operators  are  S/dxi,  dfdx^ 
d/do^x— d/dxj.     The  lemma  is  easily  verified  in  this  case :  thus 

(i.)  d/dfl;x— d/d^s  annihilates  Xi+x^,  but  neither  Xi  nor  x^. 

(ii.)  d/dxi  annihilates  x^,  but  neither  Xi  nor  Xi+x^. 

(iii.)  d/dx,  annihilates  Xi,  but  neither  x^  nor  Xi+x^. 

Now,  assuming  the  lemma  true  for  S  variables,  let  us  consider  the  ease 
of  (S+l)  variables:  suppose  the  linear  forms  in  (^+1)  variables  are 
Alt  A^f  ...,  Amt  Bit  £s,  ...,£»;  we  have  to  find  the  number  of  operators 
annihilating  every  A  and  no  B.  If  (m+n)  =  <$+!,  the  lemma  is  the 
same  as  the  preceding  one  ;  if  (m+n)  <  S,  we  suppose  that 

Ar  =  Ar+XB^u     (r  =  1,  2,  ...,  0), 

Br  =  Bt+Xb^u     (r  =  1,  2,  ...,  0), 

and  that  no  one  of  ^#+1,  ^#+2»  ••..  -4«,  B^+u  -B^+2,  ...»  Bn  involves  x^^i ; 
0  and  0  may  have  any  values  from  zero  to  m  or  71  respectively. 

Now-^i,  A2, ...,  A$fA$+i,  A$+2,  ...,^M>  5i, -Ba,  ...,-B^,  -B^+i»  -^^•1-2)  ...»-Bi» 
are  (m+n)  linearly  independent  sums  of  consecutive  variables  ajj,  «a,  ...,a:a, 
and  so,  by  hypothesis,  there  are  2*"^"*"^*^  operators  involving  only 
Xif  X),  ...,  Xa,  each  annihilating  each  of  Au  A2.  ...,  A$t  At^u  A^+i,  ...,  A^, 
and  no  one  of  Bu  Bt,  ...,  fi^,  fi^+i,  £^+21  •••>  Bn,  and  therefore  there  are 
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2«-(»+»)  operators  involving  only  Xi,  a:,,  ...,  x^,  each  annihilating  each  of 
Aif  A^f  ...,  Anif  and  no  one  of  Bi,  Bqt  ...»  £»• 

Again  there  are  2'"^*'*'*^  operators  0  involving  only  Xi,  «„  ...,  x^,  such 
that  every  0  annihilates  each  of  A$+u  ^#+s»  •••»  ^«»  B'u  B'i,  ...,  B'^  and 
annihilates  no  one  of  Au  ^s>  ...»  ^#»  -B^+n  -B^+s^  ...,£«;  if  to  each  of 
these  operators  0  we  add  a  term  ±  d/da;a+]  so  as  to  give  another  operator 
of  our  set  of  (2*"^'— 1)  operators,  then  the  resulting  operator  (0  ±  9/3a:«+i) 
enjoys  the  property  that  it  annihilates  each  of  Ai,  A^,  ...,  il»  and  no  one 
of  Bit  B^f  ...,  Bn.  In  this  way  we  obtain  2*"'^"*'^*^  operators  involving  a?«+i, 
and  these  are  necessarily  distinct  from  those  already  obtained.  Hence 
altogether  we  find  2*'*'^"^*"*'*^  operators  of  the  required  nature. 

The  lemma,  being  true  for  two  variables,  is  therefore  true  universally. 

9.  In  the  theorems  of  §  1  let  us  take  k  =^  S,  and  Zi,  z^,  ..,,  z^  as  any 
S  linearly  independent  sums  of  consecutive  variables.  From  the  preceding 
lemmas  it  follows  that : — 

(1)  There  is  a  unique  operator  annihilating  each  of  Zi^  z^^  ...»  zi-i 
but  not  Zi. 

(2)  There  are  two  operators  annihilating  each  of  Zi^  z^^  ...,  za.s 
but  not  ;7a.i»  and  these  operators  must  be  different  from  the  operator 
of  (1). 

(8)  There  are  four  operators  annihilating  each  of  z^,  z^,  ...»  Zss 
but  not  Zi^^f  and  these  operators  must  be  different  from  the  operators 
of  (1)  and  (2) ; 

and  so  on. 

Finally  there  are  2^"^  operators  annihilating  Zi  but  not  z^  (these  are 
certainly  not  included  among  the  operators  of  previous  sets  all  of  which 
annihilate  z^l,  and  there  remain  2^'^  operators  not  annihilating  Zi ;  for  we 
have  seen  that  there  are  exactly  (2^'^— 1)  operators  annihilating  Zi  (§  6), 
and  these  are  all  included  in  the  previous  sets. 

Hence,  with  these  choices  for  Zi,  z^,  ...,  z^,  it  is  possible  to  group  the 
operators  so  as  to  satisfy  all  the  necessary  conditions  of  the  theorem 
of  §1. 

10.  On  substituting  for  the  variables  x,  we  obtain  the  following  result, 
which  includes  Grace's  Perpetuant  Type  Theorem  as  a  special  case : — 

Any  perpetuant  linear  in  the  coefficients  of  each  of  the  binary 

quantics  a^j,  as^,  ...»  a«j  of  infinite  orders  is  linearly  expressible  in 
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terms  of 

(i.)  Symbolical  products  of  the  form 

where  Xi>2*~*,  Xa^SS*""*,  ...,  X^.i^l,  and  fcj,  b^  ...»  &ii.s 
are  any  of  the  letters  Oi^  a^,  ...,  a^  chosen  so  that,  for  all  values 
of  K,  it  is  impossible  to  find  k  symbolical  determinants  involving 
K  or  fewer  of  the  symbols  Oi,  a^  ...,  a^. 

(ii.)  Products  of  perpetuants  of  lower  total  degrees. 

The  extension  of  the  theorem  of  §  4  may  be  effected  in  a  similar 
manner,  provided  we  modify  suitably  our  definitions  of  reducibility  as 
determined  by  certain  transvectants. 


.906.]  Thbobbms  on  the  looarithmic  potbntial.  845 


THEOREMS  ON  THE   LOGARITHMIC  POTENTIAL 

By  T.  J.  I' A.  Bbomwich. 

[Bead  Harbh  9th,  1905.— Beoeived  March  16th,  1905.] 

The  following  investigation  contains,  in  §  2,  conditions,  necessary  and 
ufficient,  for  the  existence  of  the  second  derivates  of  the  logarithmic 
K)tential  produced  by  a  surface  distribution  at  points  within  the  area 
(rhich  carries  the  surface  density.  The  surface  density  is  assumed  to  be 
;enerally  continuous,  the  discontinuities  occurring  along  regular  curves, 
mi  no  assumption  is  made  as  to  the  existence  of  first  derivates  of  the 
tensity.  As  a  preliminary,  an  investigation  is  given,  m  §  1,  of  the  first 
lerivates  of  the  potential ;  this  contains  no  essential  novelty,  although  it 
loes  not  appear  in  most  of  the  ordinary  text-books. 

The  corresponding  problem  for  the  first  derivates  of  the  logarithmic 
x>tential  of  a  line  distribution,  at  a  point  on  the  curve  carrying  the 
lensity,  is  discussed  in  §  4,  and  these  are  compared,  in  §  5,  with  the 
imiting  values  of  the  derivates  at  a  point  which  is  made  to  approach 
he  curve  along  a  path  (not  touching  the  curve).  For  the  work  in  these 
)aragraphs  we  need  a  lemma  of  the  integral  calculus,  given  in  §  8. 

The  mode  of  investigation  used  in  §§  2,  4,  5  is  suggested  by  the  papers 
A  Petrini*  on  the  corresponding  problems  of  the  Newtonian  potential, 
mt  many  changes  in  details  have  been  made.  Although,  as  may  be 
anticipated,  there  is  considerable  similarity  between  Petrini's  results  and 
hose  given  below,  yet  there  are  6ome  unexpected  points  of  difference. 

In  §  6  the  results  are  compared  with  those  of  previous  writers,  and  in 
i  7  an  indication  is  given  as  to  certain  simplifications  possible  when  the 
lensity  is  continuous.! 

1.  The  First  Derivates  of  the  Logarithmic  Potential  of  a  Surface 

Distributiofi. 

If  V  is  the  logarithmic  potential  at  {x^  y)  of  a  surface  distribution  p 
»ver  a  plane  area  S,  we  have  I 

V^-iyWplogrdidn. 

•  Ofvenigt  af  K.  Vet,  Akad.  Fork.  Stockholm,  Bd.  LTn.,  1900,  pp.  225  and  867. 

t  §§  6  and  7  have  been  added  to  the  paper  aa  originaUj  written. — April  ZOth,  1905. 

X  The  oonatants  are  chosen  so  that  p  may  represent  the  volume  density  of  the  equivalent 
ylindrical  distribution,  attracting  according  to  the  New^nian  law,  y  being  the  gravitation 
onstant. 
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where  r*  =  (x— ^'+(^---'7^  ^nd  the  integral  is  to  be  extended  over  the 
whole  of  the  area  S.    Thas,  if  V  is  the  potential  at  (x+A>  y), 

r  =  -2yl\plogr'did»i, 

where  r^=  (x+h-i)^+(y-f,)\ 

Then,  if  {x,  y)  is  external  to  the  area  S,  there  is  no  difficulty  in  seeing 
that  the  equation 

lim  (F'-F)/A  =  2y\\[p{i-x)lf^d$dn 

is  correct ;  in  fact,  (log/— log r)/ A  converges  to  the  value  (x-'^lf^  a&  h 
tends  to  zero,  and  the  convergence  is  easily  seen  to  be  uniform  for  all 
points  (f  ,  17)  of  the  area  S. 

But  the  truth  of  the  equation  is  not  quite  so  readily  established  in 
case  (x,  y)  falls  within  the  area  S ;  for  then  the  convergence  of  the  above 
expression  to  its  limit  is  no  longer  uniform  throughout  the  area. 

To  deal  with  this  case  we  proceed  on  the  lines  of  the  proof  given  by 
Bouquet  for  the  corresponding  three-dimensional  case.*  Plainly,  if  the 
theorem  can  be  established  for  a  small  circular  area,  with  its  centre  at 
(x,  y),  it  will  be  true  in  general ;  for  the  preceding  result  can  be  applied 
to  the  portion  of  the  area  which  falls  outside  the  circle. 

Now  1^  =  2y  jjp  [1  log^]  didfi, 

and  denote  by  X  the  integral 


.vjl 


pL-^dicbi, 


both  being  extended  over  the  circular  area.  It  is  easily  seen  that  the 
integral  X  is  convergent  (and,  indeed,  absolutely  convergent)  by  expressing 
the  integral  in  polar  coordinates  r,  0.  Now,  since  Ir'— r|^|A|,  it 
follows  that  +  1^      ^1  /I       i\ 

log^<ite-^<i|A|(^+^). 


Hence 


V-V 


j(i».i(|+^)«*. 


Now  Ij  (\p\lr)d^dfi  ^^iraMy  if  a  is  the  radius  of  the  circle  and  M  is 
the  upper  limit  of  \p\  (supposed  finite)  within  the  circle.  Also 
ii(\p\lr')d4dfi  isleBS  thsji  Jl(Mlr')didfi  extended  over  a  circle  of  radius 


*  See,  for  Instanoe,  Pioard*8  TrtUe  d'Amal^M  (t.  i.,  p.  161) ;  the  earliest  pUoe  in  which  the 
proof  occurs  seems  to  he  the -first  edition  of  Briot^s  Thmnrie  M^emniqm  d§  Im  ChmUur  (p.  194). 

t  For,  if  j»  —  k>g  f ,  then  f — 1/f  «  2  sinhp,  or  |  f  —  1/f  |  >  2  |p|,  the  nmnhen  heing  snppoaed 
rvs/. 
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a+ 1  h  I  with  centre  at  (x+h,  y) ;  and  this  gives 

il(\p\lr^didv<2ir(a+\h\)M<4iraM,    if    \h\<a; 

80  that  I  (V-  7)  A-^l  <  6iryaAf . 

Next  consider  the  integral  X ;  we  have 

\X\<2yll{\p\lr)dicbi 

or  |Z|<4iryaAf. 

By  combining  these  two  results  we  find 

\h'HV-V)-X\<l6iryaM. 

If,  therefore,  e  is  any  assigned  small  positive  number,  let  a  be  chosen 
80  that  a  ^  ^IfryM ;  and  this  can  be  done,  because  M,  or  at  least  a 
number  greater  than  M,  can  be  fixed  beforehand. 

Then  |  h-^iV—  V)—X\  <  e,  if  I  A|  <  a,  and  consequently 

lim(F'-F)/A  =  X, 

which  is  the  desired  result.* 

It  may  be  noticed  incidentally  that  the  condition,  used  above,  that 
I  />  I  is  to  have  a  finite  upper  limit  in  the  part  of  the  area  S  which  is  in  the 
neighbourhood  of  the  point  {x,  y)  is  by  no  means  necessary,  and  it  is  easy 
to  see  that  the  final  conclusion  is  correct  provided  that  the  two  integrals 

li(plr)didv.        ji(plr')didri 
are  convergent. 

2.  The  Second  Derivates  of  the  Logarithmic  Potential  of  a  Svarface 

Distribution. 

If  the  density  p  is  always  less  in  absolute  value  than  a  fixed  number, 
we  have  seen  (§  1)  that  the  first  derivates  of  the  potential  are  given  by  the 

and  that  these  results  are  correct,  whether  (x,  y)  is  internal  or  external 
to  the  distribution. 

Thus,  to  find  cPV/ds^,  we  have  to  consider  the  limit  (should  it  exist) 

where  r^  =  (f-a;-A)*+(i»-y)*. 

^  Hamaok  (Thtarie  du  loyarithtnisehm  FotentiaUtf  Kap.  1,  }  5)  has  obtained  this  reeult,  using 
liie  method  of  integrating  X,  instead  of  differentiating  F. 
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If  {Xf  y)  is  not  an  internal  point,  there  is  no  difficulty  in  proving  (by 
the  aid  of  uniform  convergence  or  otherwise)  that  the  second  derivate  is 
obtained  by  differentiating  under  the  integral  sign,  so  that 


^ = M-'^-^^-y^  ^^. 


with  similar  values  for  the  other  second  derivates. 

But  the  discussion  is  entirely  different  if  {x,  y)  is  an  internal  point, 

and  it  will  be  necessary  to  postulate  some  further  restriction  on  />,  in 

addition  to  the  condition  that  |p|  is  to  have  a  finite  upper  limit.     In  order 

to  discuss  the  second  derivates  at  the  edge  of  the  distribution,  we  shall  not 

restrict  p  to  be  continuous  in  the  neighbourhood  of  (x,  y\  but  it  will  be 

assumed  that  p  is  continvums  on  each  radius  through  (x,  y).    Thus,  if  we 

write  JL  /v  .    /v 

f — X  =  r  cos  a,         ly — y  =  r  sm  0, 

we  shall  assume  that  the  limit  lim  p  gives  a  definite  function  of  6 ;  and 

if  p  happens  to  be  completely  continuous,  the  function  of  6  will  reduce  to 
a  constant,  in  which  case  the  method  of  §  7  can  be  used. 

We  may  restrict  the  distribution  to  lie  within  a  circle,  with  centre  (x,  jf), 
of  an  arbitrarily  small  radius  a ;  for  the  second  derivates  of  the  potential 
due  to  the  distribution  outside  the  circle  can  be  calculated  by  differentiating 
under  the  integral  sign.  Now  the  integral  to  be  considered  is  absolutely 
convergent,  and  may  therefore  be  written  in  the  form 

For  the  sake  of  definiteness,  suppose  A  to  be  positive  and  less  than  a ; 
the  necessary  modifications  when  h  is  negative  will  be  recognized  without 
difficulty.     Then  write  r  =  ht,  and  the  integral  becomes 

where  it  is  to  be  remembered  that  p  is  a  function  of  ht  and  6.    But  this  is 

the  same  as  ^+J5+(7,  where 

C  =  2y  pcos  20de  r   (pit)  dt  =  2y  r'cos20  dd  j  (/)/r)rfr. 
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Write  now  /(d)  =  lim  p,  and  then  there  is  no  difficulty  in  seeing  that 

because*      I  a^T^^Z\  ^  -  cos  d  I  <  «'-2<  cos  6+ 1)"*+ 1 

and  r  [(^-2^  cos  e+l)-*+l]d^  =  1+log  (1+cosec  ift. 

Now,  since  the  integral  \  [l+log(l+co8ec  Jft]dd  is  convergent,  it  is 
clear  that  the  value  given  for  lim  A  will  be  certainly  correct  if  the  function 

p  approaches  its  limit  f{6)  uniformly  for  all  values  of  6  from  0  to  2x. 

To  deal  with  £,  let  the  integration  with  respect  to  ^  be  taken  in  two 
stages,  from  1  to  2  and  from  2  to  ajh  (assuming,  as  we  may,  that  h  <  ^a) ; 
then,  if  for  the  present  we  write 

TPu  Ok  —      <^cosg— ^         ^^^^     cos  26 
f— 2^  cos  04"  1  ^ 

we  have  ^  =  ?'de?pF(t,  6) dt+^ dO ^^ pF (t,  0) dt 

By  an  argument  exactly  similar  to  that  which  was  used  for  finding  lim  A , 

we  see  thatt  n»      C2  ru  r2 

lim)    dd\  pF{t,  d)dt=\  fifl)  dBX  F{t,  6)  dt 

Next,  we  have  the  identity 

?'de[^^%F{t,e)dt-?'f{e)derF{t,6)dt 

=  r^^  \''[p-f(G)']F{t, 6)dt+  ['de  [^pFitejdt- ^f{6)dJd  \^ F{U 6) dt, 
Jo       J2  Jo       JN  Jo.  Jn 

where  N  is  any  number  subject  to  the  restriction  N  <  a/h.    Thus 
I  ?'de[^pF{t, 6) dt-?'f{6)derF{t, 6)dt 

<^^^de^^\p-fm\\F{tMdt+M^'^^ 

where  M  is  the  upper  limit  to  |/)|  (and  therefore  to  |/(^|  also)  within 
the  circle  r  =  a. 

•  For  I  l*coe«-<  |  <  |  l-eooB$  |  <  (1 -2/ ooe $•!•(*)*. 
t  In  fact,  here 
\F{t,0)\  <2[l+(<«-2*oo8$+l)-*]    and    [*[1 +  (<«-2<co§«-i.  l)'*]*  <  1  +  bg (3 ooeeo ^d) . 
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Now  ^^'^^^^  H^^zt  COB  e+iy 

so  that  \Fit,6)\<j^±^, 

and  consequently^      \    \F(t,e)\dt<r  J^\.^  <  2, 

Let  e  be  any  arbitrarily  assigned  small  positive  number ;  then  choose 

2^  so  that  8xJf/(y-l)<i€,     or    7^-1  >  IGxHf/e. 

Next  choose  H  so  that 

H<alN,    and    |/)-/(ft|<€/8x,    if    A<JT, 

for  all  values  of  6  from  0  to  2x,  and  for  all  values  of  t  from  2  to  ^.     Such 
a  choice  of  H  is  possible,  because  the  limit  of  p  is  f(d)  when  the  product 
ht  tends  to  zero,  and  the  convergence  of  p  to  its  limit  f(6l)  has  been 
supposed  uniform  with  respect  to  6 ;  and  N  has  been  fixed  above. 
It  is  now  clear  that 

I  pdfl  P/)F(^,  e)dt-?'/{e)derF{t,  6)dt 

<^  de^  {€is7r)\F{t,e)\dt+2M?'de^\F(t,0i\dt 

<  4w  (e/8x)+2Jf  [4x/(2V-l)]  <  e, 
provided  that  h<H. 

Hence       lim  ?' dO  P/)F(^  0)  d^  =  T/C^)  dJd  ^Fit,  $)  dt. 
*«o  Jo        h  Jo  h 

If  we  combine  the  value  found  for  lim  A  with  the  values  obtained  from 
the  two  parts  of  B,  it  will  be  clear  that 

ita  u+B)  =  ^lm^\SU-rliXi  -"««)* 


The  integrals  with  respect  to  t  can  be  found  without  difficulty,  and 
they  givet 

_ — ~dt  -  -  - — -  +  log  — -. 

t  If  the  upper  limit  of  the  second  integral  is  .V  (instead  of  ao  ),  the  result  is 
^ooe2tflog(l-^cosg-K-l)-8in2garctan    ^^^^   , 

where  the  angle  is  between  0  and  v  if  sin  0  is  positive,  between  0  and  —  v  if  sin  •  is  negatiife. 
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i(^ 


fioosd-^t 


2^008  0+1 


^cose)dt+[{^ 


<^C08d— 


2t  COS  6+ 


=  (e— x)8in2d, 


where  0  is  to  be  taken  between  0  and  2x.    Thus 

\im{A+B)  =  2y  pCd-x)  sin  26/(6)  dd. 

It  is  now  clear  that  the  existence  of  the  second  derivate  depends  on  the 
existence  of  the  limit  lim  C.  and,  if  this  limit  exists,  we  have 

^  =:  iyT i6-ir)  Bm26/{6)d6  +  lvm2yr ^ 

It  is  to  be  observed  that  this  second  derivate  is  at  present  only  one- 
sided ;  that  is  to  say,  h  has  been  restricted  to  be  positive.  But,  as  we  shall 
see  on  p.  852,  it  is  not  usually  possible  to  obtain  a  second  derivate  which 
is  valid  for  both  signs  of  h,  unless  p  is  completely  continuous,  so  that  /(6) 
is  a  constant. 

Th>e  simplest  kind  of  discontinuous  density  occurs  when  p  is  constant, 
fifty  Pi»  on  one  side  of  a  regular  curve  passing  through  (x,  y) ;  and  a  different 
constant,  say  p^,  on  the  other  side  of  the  curve. 

Suppose  that  the  positive  direction  of  x 
falls  in  the  pi  region :  we  have  then  only  to 
<K)nsider  the  value  of  that  part*  of  the  integral 
C  which  arises  from  the  space  included  between 
the  curve  and  its  tangent  at  (x,  y).  If  we  take 
as  the  other  boundaries  two  circles  of  radii  r^,  r^ 
the  corresponding  part  of  C  is  numerically  less 


than 


2y|pi-/>9|j]'(W^)dr      (ra>ri), 


posltiyB  dinotioii 


where  ^  is  the  angle  between  the  radius  r  and  the 
tangent  to  the  curve  at  {x,  y).    But  lim  (2^/r)  is 

the  curvature  at  {x,  y),  which  we  assume  to  be  finite ;  and  consequently 
the  last  integral  tends  to  zero  with  r^,  whatever  rjr^  may  be  ;  thus  C  has 
A  limit  when  h  tends  to  zero.     Further  this  limit  is  less  than 


2y|pi-p,|  yWr)(ir, 


*  For  tlie  rest  of  the  integral  is  eqnal  to 

2y(\ogalh)[pX  con2$de-^PiC  *co«2«^e-»-pi  |       oo02$i»|»O. 
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if>  being  regarded  as  always  positive  ;  and  conseqaently  the  limit  of  C  may 
be  made  as  small  as  we  please  by  proper  choice  of  a.    Thus  the  derivate 

d^F/dx^  exists  and  is  given  effectively  by  the  integral 

2yr'(e— 7r)sin2e/(e)d» 

=  2yrpi  r(e-x)sin2dd»+p9  f     (d-ir)  sin  2040 

+/>ip    (d-ir)  sin  2ddd1 

=  —  2'3rypi+'7ry(pi — pg)  COS  2a. 

From  this  result  it  is  plain  that,  as  stated  on  p.  861,  the  derivate 
iSf  in  general,  one-sided  only ;  for,  if  the  sign  of*  h  is  changed,  we 
produce  the  same  effect  on  the  derivate  as  by  interchanging  pi  and  p^. 
The  new  derivate  is 

— 2xy/)9+'3ry  (pa — pi)  cos  2a, 

which  is  only  equal  to  the  former  one  if 
cos  2a  =  1,  or  if  the  axis  of  x  is  parallel  to  the 
tangent  to  the  curve  bounding  the  regions  pi 
and  P9. 

However,  if  the  point  (a?,  y)  is  at  an  angle  of 
the  boundary  formed  by  two  regular  curves, 
even  the  one-sided  derivates  do  not  exist;  except 
for  two  special  directions.  We  note  first  that  the 
curves  may  be  replaced  by  their  tangents  (provided 
that  the  curvature  of  each  curve  is  finite);  the  argu- 
ment on  this  point  is  the  same  as  above  (p.  851),  and  need  not  be  re 
peated.     Then  the  integral  C  becomes 

2y  log  (a/A)  [pi  j  cos  20(fd+pa  J    "^^     cos  iOdd+p^  ]  cos iddd] 

=  y  log  (a/h)  (/>! — Pa)  [sin  2a + sin  (2/8 — 2a) 

=  2y  log  (a/A)  (pi— Pa)  sin  jS  cosOS— 2a), 

where  13  is  the  angle  between  the  two  tangents.     Hence,  excluding 
case  sin  y3  =  0  (which  is  not  essentially  different  from  the  case  of  a  singl 
reguliar  curve),  we  see  that  lim  C  can  only  exist  if  a  =  ^/8±i^;    thie^ 

gives  two  special  directions,  each  making  an  angle  of  ^ir  with  the  bisector" 
of  the  angle  between  the  two  tangents.^ 

*  In  the  above  calculation  it  was  tacitly  assumed  that  fi  was  equal  to  ^ir  at  least,  but  it  is 
easily  seen,  by  a  fresh  integration,  that  the  result  is  true  even  if  fi  is  less  than  fr. 
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This  conclusion  can  be  verified  for  the  special  case  of  a  right  angle 
by  reference  to  Maxwell's  results  *  on  the  "  geometrical  mean  distance " 
of  a  point  and  a  rectangle  ;  his  formula  shews  that,  at  a  comer  of  the 
rectangle,  the  second  derivates  exist  only  for  the  two  directions  which 
coincide  with  the  sides  of  the  rectangle.  Care  must  be  taken,  however, 
to  notice  that  the  second  derivates  of  the  function  obtained  from  Max- 
well's formula  are  not  precisely  the  same  as  those  given  by  the  results 
on  the  last  page ;  for  our  results  refer  only  to  the  potential  of  the  area 
contained  within  a  small  circle  of  radius  a,  whose  centre  is  at  the  comer ; 
while  Maxwell's  calculation  relates  to  the  whole  rectangle.  Still,  the 
two  formulae  should  give  the  same  difference  between  the  derivates  taken 
in  opposite  directions  along  the  same  side  of  the  rectangle  ;  and  this 
appears  to  be  verified,  the  difference  being  2Try(pi-^p^. 

The  results  obtained  for  the  logarithmic  potential  naturally  lead  to 
the  conjecture  that  some  analogous  properties  hold  for  the  Newtonian 
potential.  It  appears,  by  using  Petrini's  test  (2.c.),  that,  at  a  conical 
point  on  the  surface  of  a  solid  (of  uniform  density),  the  potential  has 
second  derivates  only  for  directions  which  lie  on  the  surface  of  a  quadric 
cone.  For  instance,  at  the  comer  of  a  cube,  the  quadric  cone  passes 
through  the  three  edges  of  the  cube  which  meet  there,  f  Thus  the  various 
conjectures  which  were  made  by  some  of  the  older  investigators  as  to 
the  value  of  AF  at  the  comer  of  a  cube  are  now  seen  to  be  all  meaning- 
less, unless  we  attach  some  special  kind  of  definition  to  the  symbol. 

If  tlie  poi7it  (x,  y)  is  an  ordinary  cusp  on  the  boundary,  the  second 
derivates  certainly  exist.  For  it  is  easy  to  see  that  \C\  is  less 
than 


2y|/>i— Pal  \(i>lr)dr, 


as  on  p.  851.     But  here  lim(^/r^)  is  finite, 

so  that  we  may  write    <f>  ^  Ai^   throughout 
the  integral. 

Hence    \C\<  4yA  | Pi-pal  [a*- A^], 
and   so    lim  C   exists,    and    may    be    made 

arbitrarily  small  by  taking  a  small  enough. 


•  7Van$,  Hoy.  Soe.  Edin.,  Vol.  xxvi.,  1872,  p.  729  ;  Electricity  and  Magitetimn,  Vol.  n., 
f  {  691-693.    The  particalar  result  required  is  (4)  in  §  692. 

t  With  these  edges  as  axes  of  ooordinstes,  the  equation  to  the  cone  is  yz-k-tx-^xy  ^  Q. 
lliis  equation  is  obtained  by  integrating  out 

Jj  [3  { (x  cos  ^  -f  y  sin  ^)  sin  e  +  2  cos  e} 2 - (j:«  +  y2  +  2«)J  sin  Bded^ 
over  the  appropriate  solid  angle,  and  equating  the  result  to  zero. 

flSR.  2.     TOL.  3.     NO.  904.  2    A 
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A  simple  example  of  a  density  which  is  continuous,  but  which  gives 
a  potential  without  second  derivates  at  the  origin,  is 

p  =  («*— y*)  sin  X/r*X, 

where  r*  =  «*+^  and  X  =  [log  (1/r)]* ;  and,  to  make  the  density  con- 
tinuous, we  must  have  p  =  0  at  the  origin.  For  then  the  integral  G 
is  equal  to 

2y  Tcos* 2ed»  P ^^dr  =  A-wy  (cos Xi-cos  X^, 

where    X^  =  [log  (1/A)]*,    X^  =  [log  (l/a)]*.      Hence    the    limit  lim  C  is 

quite  indeterminate  ;  and  thus  the  second  derivates  dT/d^,  d*F/dj^ 
cannot  exist. 

8.  A  Lemma  on  the  Limit  of  a  Definite  Integral. 

In  the  following  sections  (§  §  4,  5)  we  shall  have  to  find  the  limiting 
values  of  certain  definite  integrals  of  the  type 

lim£   /{t,r)dt, 

where  r  approaches  zero  through  positive  values,  and  a,  b  are  fixed,  a 
being  positive. 

Suppose  that  lim/(^,  r)  =  g{(); 

then  the  truth  of  the  equation 


\im^f{t,r)dt  =  ^^  g(t)dt 


depends  (i.)  on  the  convergence  of  the  second  integral,  and  (ii.)  on  some 
further  condition.  Without  attempting  to  obtain  the  most  general  form 
of  the  second  condition,  the  following  will  be  foimd  sufficient  for  the 
applications  in  view : — 

It  will  he  supposed  that  a  number  N  can  be  found,  coiTesponding  to 
any  prescribed  positive  number  e,  such  that 


ii: 


'  f{t,  r)dt 

T 


e, 


if  N  <T  <  air  ;    this  inequality  holding  for  all  values  of  r  less  H^ 
a/N. 

That  some  such  condition  is  necessary  is  shown  by  the  example 


1  r 

/it,r)  =  j-^-^-j-j^, 
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which  gives  g(ti  =^  1/(1+^.    But  the  integral 


so  that 


although 


y  f(t,  r)dt  =  arc  tan  (l/r)-ix ; 


To  see  that  the  conditions  above  are  sufficient,  we  observe  that  when 
they  are  satisfied  N,  If  can  be  f oimd  so  that 


ij: 


/(t,  r)dt 


h. 


if  N  ^T  <alr,  and 

Let  P  denote  the  greater  oi  Nylf  ;  then  it  is  easily  seen  that  * 


I  j^  /{t,  r)dt-  r  giOdt 


y> 


provided  that  r  is  less  than  ajP. 
Since  P  is  now  fixed,  and  since 


Um/«,  r)  =  g(D, 


we  can  find  S  so  that 


\/{t,  r)-g({i\  <  j€/(P-6),  if  r  <  <J, 


where  t  is  free  to  vary  from  b  to  P.    Then 


I  j^/«,  r)d(-  r  gmt 


< 


I  jy«.  r)dt- ^''^gmt  I  +  I  rVc.  r)dt-^^gmt 


<€, 


provided  that  r  is  less  than  both  a/P  and  S.    Consequently 


lim[^' /{t,r)dt=rgmt. 


It  is  plain  that  exactly  similar  tests  will  justify  the  equation 


lim  r     f(t,  r)dt  =  \      g{t)dt. 

••-0  J_a/r  J-m 
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4.  The  First  Denvates  of  the  Logarithmic  Potential  of  a  Curve 

{at  a  point  on  the  curve). 

We  shall  assume  that  the  curve  has  a  tangent  at  all  points  with 
which  we  are  concerned ;  further,  that 
the  curvature  is  finite  and  that  the 
density  (a)  is  eontiniums  on  the  two 
sides  of  Of  with  a  possible  discontinuity 
at  0. 

Take  the  origin  at  the  point  0,  at 
which  the  derivates  are  to  be  calculated, 
and  let  the  axis  of  x  be  the  tangent 
at  0,  the  axis  of  y  being  the  normal. 
Draw  the  two  lines  aj  =  ±  a,  which 
will  cut  out  a  small  portion  of  the 
curve  round  0  ;    then  the  potential  of 

the  remaining  part  of  the  curve  is  continuous  and  has  continuous  derivates 
of  all  orders,^  for  points  which  are  sufficiently  close  to  0.  Write,  for 
the  coordinates  of  points  on  the  curve,  fj  =  ^tan^,  so  that  ^  is  a 
function  of  (  with  the  property  that  lim  (V^/^)  is  finite. 

Then  the  potential  at  (a;,  y)  is 

--2y        ka  log  Bdi, 

J —a 

where  B^  =  (x— ^)*+(y— >;)*,  and  k  is  the  secant  of  the  angle  between 
the  tangent  and  the  axis  at  x;  in  the  same  way  the  potential  at  0  is 


-yrk<r\og(e+fhdi. 

J  —a 


Write  x  =  rlf  y  =  rm^  where  P+m^  =  1;   then,  to  find  the  derivate 
at  Of  in  the  direction  of  l,  m,  we  have  to  examine 


-  r  £>'""' ( 


fT?)''^ 


and  see  whether  this  has  a  limit  when  r  tends  to  zero. 
^  =  rt,  the  integral  to  be  considered  becomes 


If  we  write 


*  The  proof  of  this  statement  offers  no  difficulty  :   the  method  of  §  1  needs  but  Kttle  chiag® 
to  apply  here. 
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in  which  it  mast  be  remembered  that  h,  a-,  and  ^  are  functions  of  rt^  apd 

X«=  <«8ec*V^-2^(i+mtanV^)+l. 
The  integral  may  be  written  in  the  form  A  +jB,  where 

A  =  — y  I     fer   logf 3 3-T-j  +  "T  (^  COS yft+m  sin  V^)  cos  ^J dt 

— y  I       A(r   log(^ j-j j  +  —  (Z cos ^+wi sin ^) cos V^  \dt 


alt 

•+1 


and  B  =      2y  \   Atr (Z  cos  yf^+m  sin  ^)  cos  yf^diH 

+2y  I     A<r  (Z  cos  \lr+m  sin  i/r)  cos  ^  (Zf/^. 

J— a 

To  the  integral  A  we  can  apply  the  lemma  of  §  8,  and  we  find 
to  ^  =-,,.[£  log  (^)  *+  j;  (log  (^)  + 1}  «] 

-^■[nw®+f}'"+L"'«(^)'«i 

where  o-i,  o-^  are  the  limiting  values  of  a-,  on  the  two  sides  of  0,  and 

To  verify  that  the  condition  of  the  lemma  is  actually  satisfied  here, 
we  observe  that,  if  h  is  between  0  and  1, 

log  (1-2A  cos  d+h^+2h  cos  d  =  -  2  (JA*  cos  2d+ JA»  cos  80+ . . .) ; 

so  that 

|log(l-2Acosd+A^+2Aco8e|  <  h^lil-Kf. 
Hence 

log  (^^^  .)  +  ^il  cos  Vr +m  sin  V^)  cos  i^  <  l/(^  sec i/r ^  1)^  <  l/(^- 1)», 
by  taking  h  =  l/(^  sec  ^) ;   and  consequently,  if  N  <T<  a/r, 
y  J     fcr  I  log  (^  g^^i  w,)  +  —  (Z  cos  V^ +m  sin  t/r)  cos  V^J  d^ 

Jr   (T=l?       J^-1' 
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where  L  is  the  upper  limit  to  yha  in  the  small  arc  of  the  curve.  It  is 
now  clear  that  the  lemma  may  be  applied  to  the  first  term  in  il  ;  and 
a  similar  argument  can  be  used  for  the  second  term  in  il  ;  the 
third  term  requires  no  special  discussion,  since  the  range  of  the  integral 
is  fixed  and  includes  no  singularity  of  the  integrand  other  than  ^  =  0 
(which  offers  no  difficulty). 

After  carrying  out  the  integrations,  it  will  be  found  that 

Urn  ^  =  -  2yo-i  (1-?)*  ^  +arc  tan  (JTT^] 

—  2yo-,  (1—?)*  [y  ""  ^^^  *^°  (l~f*)y     ^^^^^^'"^*^' 
As  regards  £,  we  note  that 

J  &<r(2co8^+msih^)cosV^d^/^ 

In  the  first  of  these  three  integrals  we  have 

\m QO^ yfr—l  wxyfr  I  <  1, 
and  Um  (sin  ^/^  is  finite  ;   so  that  the  limit 

lim  I  k<T  {m  cos  ^— Z  sin  yfr)  sin  ^frdili 

exists,  and  may  be  made  arbitrarily  small  by  choice  of  a.     In  the  seccmd 
integral  I  i(A:— l)<rd^/^,   |i|  <  1  and  lim(i— 1)/^  =  0,   in  consequence 

of  the  finite  curvature.     Thus  this  integral  has  also  a  limit  (as  r  tends 
to  zero)  which  may  be  made  small  by  proper  choice  of  a. 
Thus  the  existence  of  the  limit  lim  B  depends  on  that  of 

Now,  if,  as  we  have  assumed  above,  the  two  limits 

lim(r(4-^)  =  (Tu  lim  (r{—i)  =  trg 

are  different,  it  is  plain  that  the  last  integral  has  no  limit  unless  I  is  zero. 
Thus  we  obtain  the  result : 
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If  0  is  a  point  of  discaiiHnuity  in  o-,  the  general  derivate  does  not 
exist,  but  the  normal  derivate  does  exist,  and  is  given  by 

— 77(0-1 +(rg)  +  terms  which  do  not  depend  on  the  distribution  iiear  0. 

It  may  be  noted  that  this  derivate  is  calculated  for  the  directions  away 
from  0  ;  so  that  the  discontinuity  at  0  in  dV/dy  is  — 2iry((ri+<rg). 

As  a  verification  we  may  refer  to  Maxwell's  0 

result  for  a  uniform  rod  [i.e.,  §  692  (1)] ; 
the  derivate  at  il,  in  the  direction  AO,  is 
given  by* 


Oil-0 


OA 


where  OP  is  perpendicular  to  i4£. 

In  general  this  limit  does  not  exist,  but,  if  OA  is  perpendicular  io  AB, 
80  that  P  is  coincident  with  A,  it  gives  the  limit 

— 2wlim(  Zii  OB)  =  — xw, 

which  agrees  with  our  last  two  results,  by  taking  <ti  =  0-,  (r,  =  0. 

For  the  existence  of  the  general  derivate  it  is,  therefore,  necessary 
that  (T  should  be  continuous  at  0;  but  this  condition  is  not  sufficient, 
as  may  be  seen  from  the  example 

(r=l  +  l/log(l/^)      (^>0), 

Here    j^[.r (+^)-<r(-^)] dil$  =  £[log (1/^)]"^^^/^  =  log [j^^J], 

which  manifestly  has  no  limit  as  r  tends  to  zero. 

Thus  we  may  conclude  that : 

The  derivate  {in  any  direction  other  than  the  normal)  can  only  exist 

if  the  limit  ^ 

lim     [tr(^)-(r(-^]df/^ 

exists,  a  condition  which  implies  the  continuity  of  <r.     When  this  con- 
dition is  satisfied,  the  derivate  is  given  by 

—  27ry(ro(l  — ?)^+  terms  which  do  not  depend  on  the  distribution  near  0, 
where  o-q  is  the  value  of  <r  at  0. 


*  In  Maxwell*8  notation  AB  log  12  represents  the  value  of  the  integral  Jlogr<<(,  integrated 
along  the  rod ;  this  is  to  be  multiplied  by  ^7.yv  to  agree  with  the  form  used  here  for  the  potential. 


integral    I 
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It  is  easy  to  extend  the  results  obtained  here  q, 
to  cover  the  case  when  the  curve  consists  of  two 
distinct  branches  (each  regular)  meeting  at  0  in 
different  directions.  A  short  calculation  shews 
that  there  is  generally  only  one  direction  in  which 
the  derivate  can  exist/  and  even  for  this  one  a 
further  condition  (on  a)  has  to  be  satisfied. 

For  the  existence  of  derivates  in  all  directions,  it  is  necessary  that  <r 
should  tend  to  zero  at  0  (on  both  branches),  and  that  the 

<r{i)dil(   should    be   convergent    (for   both 
ro 

branched  separately).  The  case  when  0  is  an  ordinary 
cusp  is  also  easy  to  discuss  ;  i  the  derivate  in  a  direction 
perpendicular  to  the  tangent  always  exists.  For  other 
directions  the  existence  of  the  limit 

^[l'^i(€)+.<r,(i)ld(li 
is  necessary. 

6.  Components  of  Force  {at  a  Point  on  the  Curve)  due  to  the  Logarithmic 

Potential  of  a  Curve. 

We  investigated,  in  the  last  paragraph,  the  values  of  dF/dx,  dV/dy 
at  0;  but  it  does  not  follow,  without  special  investigation,  that  these 
results  give  the  components  of  force  I  at  0.  We  shall  now  examine,  fiirst, 
the  limiting  values  of  3F/3x,  dV/Sy  as  (a,  y)  moves  up  to  0  along  a 
regular  arc  which  does  not  touch  the  curve  at  0 ;  and,  secondly,  the  values 
of  the  components  of  force  at  0. 

We  take  the  same  axes  and  notation  generally  as  in  §  4 ;  then  the 
force  at  (x,  y)  in  the  direction  I,  m  is  given  by  the  integral 

2y  £[  §  t^(^-^>  +  ^('/-y)]  d(, 

where  22*  =  ii—xf+ifi—y)^.  Here,  of  course,  this  only  represents  the 
force  due  to  the  small  arc  of  the  curve  round  0;  the  force  due  to  the 
remaining  part  of  the  curve  is  continuous  within  a  sufficiently  small  area 
round  the  point  0. 

•  In  the  case  when  tr  han  the  same  limit  at  0  for  both  branches,  thia  direction  bisects  the 
angle  between  the  two  tangents  at  0, 

t  Of  oourse,  certain  obTious  changes  must  be  made  in  the  previons  work,  owing  to  the 
discontinuity  in  the  cnrvature  at  0.     Compare  the  work  at  the  foot  of  p.  353. 

X  For  the  general  proof  that  d  Vj^x,  d  Vfdy  represent  the  components  of  force  requires  that 
(s,  y)  shall  not  be  a  point  of  the  curve. 
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Write  now  x  ^=^  rf^  y  z=  rg,  where  f^+g^  =  1 ;  and,  without  loss  of 
generality,  /,  g  may  be  supposed  to  remain  constant  as  r  tends  to  zero ; 
of  course,  it  must  be  remembered  that  g  is  not  to  be  zero,  though  /  may 
be  zero.  Then,  as  before,  put  i  =  rt,  17  =  ^  tan  ^,  and  the  limit  to  be 
considered  becomes 

r-o    ^  J-o/r      r  sec^y— 2^(/+j  tani/r)+l 

vhere  now,  of  course,  &,  (r,  ^  are  functions  of  the  product  rt 
Now  this  integral  may  be  put  in  the  form  A+B^  where 

'J-i      f  sec'  \lr—2t(/+g  tan  \jr)+l 
"^^^C^[^secV-W^^ 


'^J-o/r      fsee^rlr-'2Hf+g  tan  Vr)+l 


and 

-B  =      2yl     A^(ico8Vr+msin^)cosVrd^/^ 

+ 2y  I  i<r  (i  cos  i/r +m  sin  ^)  cos  ^  d^/^. 

It  will  be  seen  that  this  B  is  the  same  as  the  one  used  in  the  last 
paragraph ;  so  that  no  fresh  investigation  of  the  limit  6t  B  will  be  required. 
Of  course,  A  is  not  now  the  same  as  before.  To  evaluate  the  limit  of  A^ 
we  apply  the  lemma  of  §  3,  and  we  consider  first 

'^  {lf+mg)dt 

\t  ^8ecV-2^(/+fftanV^)+l 


ir 


Here  |(^+^|  <  1>  I/+9  tani/r|  ^  sec^ ;  so  that  this  expression  is  less 
than 


p  dt  p^     dt 

Jr  (^secV^-D*      Jr  {t-iy 


r-1' 


thus,  if  ^  =  1+1/^1  and  a/r  >  T  >  ^,  the  test  of  the  lemma  is  satisfied, 
provided  that  \k(r\  remains  less  than  a  fixed  number  on  the  small  arc 
of  the  curve. 
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A  similar  argmnent  applies  to  the  case 


If-''  {l/+mg)  dt 


../r^sec"^— 2<(/+flFtanV')+l 
and  consequently 

,.     „    r"",  (If+mg)  dt 

^  *^J-«/r  *^  ffiw^yfr-2t(/+g  tan  Vr)+l 

=^',^(f+°)+^'i^(f-°)- 

where  a  =  arc  tan  [//(I— /*)*]. 

Take  next 

_.  I  r^  (Z  COS  ^+yt  sin  yr)  [2t  (f  cos  V^'+g^  sin  ^r)— cob  Vr")  , 
IJr  ^[^8ec"Vr-2i(/+fl'tanV^)+l] 

here  |  Z  cos  V^+m  sini/r  |  <  1,  |/cos  yjr+g  sin  i/r  [<  1 ;  so  that  the  expression 

is  less  than  ^^  ^,, 

(^"        2^+1        ^  p'     8  8 

il  T  >  1.    Thas»  just  as  above,  the  test  of  the  lemma  is  satisfied ;  so  that 
Similarly, 


l^^yL/''[<'8ec«/-2T(/+/tlnf)+l-  7aco8V'+msinf)co8V^]it 

=  ^y"'L(<*-2/<+i-7)^^' 

and,  without  any  special  investigation, 

,.     -    f*\  (i+mtanV')«  j, 

l'??^>'J_i*''<«secV-2<(/+!7tanV')+l'^^ 
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The  sam  of  these  foar  integrals  is  foand  to  be 

2>-.  (T^  (y  +«)  +2r..  ^^  (f  -a) . 

.  Hence     hmA  = -2rr,  ^^  (|L  +«)  _2ya.  jr^  (f  -«) . 

where  it  should  be  observed  that  the  value  of  5^/(1—/^*  is  either  +1  or 
—  1,  according  to  the  sign  of  g. 

We  saw  above  that  when  <ri  and  a-i  are  unequal  the  limit  of  B  could 
only  exist  if  Z  =  0 ;  if  we  write  i  =  0  and  m  =  1,  we  see  that — 

In  case  a-  is  discontintums  at  0,  the  limit  of  tlu  normal  force  as  (x,  y) 
approaches  0  is  only  equal  to  the  normal  derivate  of  the  potential  at  0, 
*/  (-2?,  y)  approaches  0  along  tlie  normal*  In  general,  the  value  of  the 
limit  depends  on  the  direction  of  the  path  followed  by  (x,  y). 

The  limit  of  the  tangential  force  cannot  exist. 

As  a  verification,  consider  the  case  of  a  uniform  straight  rod ;  the 
result  of  Maxwell's,  already  used  (p.  859),  shows  that 

|K  =  _2y(r  log  (OAIOB),        y^  =  -  2y(r  (Z^OB), 

where  now  O  is  the  point  {x,  y).  The  origin  is  taken  at  the  end  A  of  the 
rod,  with  the  axis  of  x  along  the  rod.  It  is  clear  that  dV/Sx  has  no  limit 
when  O  approaches  A,  while  dV/dy  approaches  the  limit 

— 2y(r  f-^+arc  tan  (flg)U 

assuming  that  y  (and  therefore  g)  is  positive.  This  agrees  with  the  limit 
calculated  above,  if  we  write  o-i  =  0-,  <ri  =  0. 

Turning  now  to  the  case  when  a-  is  continuous  at  0,  so  that 

(Ti  =  (72  =  (Tq,  say, 

it  is  clear  that  lim  -4  =  T  2x70*0  m. 


*  Because  /  is  then  zero ;  so  that  bm  A  •«  7^^  (^^  ^  ^^^  the  sign  7  being  oppoeite  to  the 
sign  of  ^. 

In  general,  /  «  sin  a  and  the  yalae  is  found  to  be  7  [«7  {ff\  -¥  v^)  -¥  2«y  (^i— ^t)]* 
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where  the  ambiguous  sign  is  opposite  to  the  sign  of  g.    Comparing  this 
with  the  result  at  the  foot  of  p.  859,  we  can  therefore  state : — 

The  force  (in  a  direction  not  parallel  to  the  normal  at  0)  has  a  Umit- 
ing  value  only  if  the  limit 


^^i<r(+i)-<r(-i)]d(li 


exists,  a  condition  which  implies  the  continuity  of  a-.     When  this  condition 
is  satisfied,  the  limit  of  the  force  is 

7  27ry€rQVi'\' terms  which  do  not  depend  on  the  distribution  near  0, 

which  is  the  same  as  the  derivate  at  0,  in  the  same  direction^ 

The  discussion  of  modifications  of  these  results,  consequent  on 
geometrical  singularities  of  the  curve  at  0,  may  be  earried  out  exactly  as 
in  the  last  paragraph. 

Finally,  to  calculate  the  components  of  force  at  0,  we  must  consider 
the  limiting  value  of 


c^-ft^^+i::*-^*. 


when  r  and  s  tend  to  zero  independently. 

If,  as  before,  we  write  17  =  ^  tan  \jr,  we  have  to  evaluate 


lim     I  ka- (l  COB  yfr +m^\lr)  COS  \lrd(l( 


+ 


I     ka- (/cos \fr+m  sin  \fr)  cob  \lr  dil$  j. 


Proceeding  exactly  as  before  (p.  868),  we  see  that  this  is  essentially  the 
same  as  -.^  , 

Now,  unless  o-  tends  to  zero  at  0,  this  limit  is  not  determinate  when  I  is 
different  from  zero.     Thus  we  may  state  the  result : 

The  normal  force  at  0  is  determinate,  and  is  independent  of  the  dis- 
tribution near  0.  But  the  ta/ngential  force  at  O  is  generally  htdetemt- 
inate  even  when  <r  is  contintums,  unless  o-q  =  0. 

We  may  call  the  value  obtained  by  writing  s  =  r  the  principal  value 
of  the  tangential  force.  It  is  then  clear  that  the  conditions  for  the 
existence  of  this  principal  value  are  exactly  the  sa/ms  (w  for  th^  existence 
of  the  general  derivate  of  the  potential  at  0. 
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6.  A  Comparison  of  the  foregoing  Besults  with  tliose  of  Previous  Writers. 

The  only  writer  who  has  explicitly  discassed  these  problems  for  the 
logarithmic  potential  is  Hamack  in  his  Theorie  des  logarithmischen 
Potentiales  (Leipzig,  1887).  However  I  shall  refer  to  some  authors  who 
have  obtained  results  for  the  corresponding  problems  in  the  Newtonian 
potential  theory,  because  their  conclusions  generally  apply  to  the 
logarithmic  potential,  if  suitable  modifications  are  made. 

It  should  be  observed,  once  for  all,  that  all  these  writers  make  the 
preliminary  assumption  that  t?ie  density  is  completely  continiwtis ;  and 
consequently  their  conclusions  cannot  be  compared  with  such  of  the  fore- 
going results  as  relate  to  discontinuities  in  the  density. 

It  wiU  be  convenient  for  the  purposes  of  comparison  to  examine  the 
surface  distribution  and  line  distribution  separately ;  and  to  modify  the 
conditions  found  previously,  by  introducing  the  hypothesis  of  continuity 
at  the  beginning  (compare  §  7  below). 

(I.)  Surface  Distributions. — The  existence  of  the  second  derivate 
^Vjha?  was  proved  (§  2  above)  to  depend  on  the  limit 


limC  =  lim  T  cos  2©(W  T  (p/r)dr. 


Now,  if  />  is  continuous  and  lim  />  =  /oo>  we  have 


p  COS  20  de  r  (po/r)  dr  =  p^  log  (ajh)  T'  cos  2©  dd  =  0 ; 
so  that  the  limit  above  is  the  same  as 

lim  pcos  2©d©  J  [(p— /)o)/r]  dr  =  lim  C. 

(I.  a)  Holder's  Condition  {Inaugural  Dissertation^*  Tubingen,  1882). — 
The  condition  is  that  I  P""/>o  I  <  ^^9 

where  G,  g  are  positive  constants,  and  r  is  less  than  some  fixed  value, 
which  we  may  take  to  be  greater  than  a.     If  this  holds, 

I  pcos  2©  de  p  [(p-po)M  dr   <  2ir  T*  |  p-po  I  r^^dr  <  2xG  T  r^-^dr 

I  Jo  Jri  jri  Jry 

*  This  diaaertation  has  unfortunatelj  been  inaocessible,  but  all  subsequent  writers  agree  in 
quoting  the  same  form  for  the  oondition  g^ren  bj  Holder. 
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Thus  the  limit  of  C  exists  and  can  be  made  as  small  as  we  please  by 
diminishing  a;  it  is  easily  seen,  further,  that  the  condition  is  also  satisfied 
when  h  is  negative^  so  that  the  derivate  is  not  merely  one-sided. 

Hamack  {I.e.,  p.  24,  footnote)  has  remarked  that  Holder's  method  for 
the  Newtonian  potential  can  be  modified  to  apply  to  the  logarithmic 
potential;  and  G.  Neumann*  has  given  an  alternative  discussion  of 
Holder's  results  which  can  also  be  modified,  although  the  method  of  §  7 
would  seem  to  be  preferable. 

(1.6)  Hamack' 8  Condition  {Theorie  cfo.,  Kap.  1,  §6).  —  It  is  here 
supposed  that  p  has  finite  and  integrable  first  derivates — a  condition 
analogous  to  the  one  used  by  Gtiuss  in  discussing  the  Newtonian 
potential.     Then,  since 


cos  2d  _  _  J^  /^--x\ 


3? 


the  limit  to  be  examined  may  be  replaced  by 


^o\\^-^U^)  ^''' 


where  the  integral  is  extended  over  the  ring  between  two  circles  of  radii 
h,  a  whose  common  centre  is  (x,  y). 

This  integral  may  be  integrated  by  parts,  and  it  becomes  then 

The  integrals  round  the  circles  are  together  less,  in  absolute  value,  than 
4x0),  if  0)  is  the  greatest  value  of  |  />— />o  |  on  either  circle  ;  and,  since  p  is 
continuous,  »  can  be  made  as  small  as  may  be  required  by  diminishing  a. 
The  surface  integral  is  less,!  in  absolute  value,  than  2iralf,  where  M  is 
the  greatest  value  of  I  d/o/d^|  in  the  ring.     Thus 


\\(p-p^li{^)^^ 


•  Uipnf  B4r%eki$,  Bd.  XLU.,  1890,  p.  327. 

t  This  is  Almost  obvious ;  reference  may  be  made,  if  necessary,  to  the  methods  of  f  1. 
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may  be  made  arbitrarily  small  by  diminishing  a  ;  therefore  the  limit 

most  exist,  and  consequently  d^V/da^  also  exists. 

(I.c)  Morera's  Condition* — It  is  here  assumed  that  the  limit 

*«o  h      r 

exists  for  all  values  of  d ;  if  this  condition  is  satisfied,  it  is  plain  that  the 
limit  ^  .„ 

lim       cos2ede\  [(p—p^lrjdr 
*=^  Jo  J» 

exists,  and  the  condition  of  §  2  is  therefore  satisfied. 

(II.)  Line  Distributions, — In  this  connection,  the  previous  results 
appear  to  relate  entirely  to  the  problem  of  §  5,  the  calculation  of  the 
derivates  at  a  point  of  the  curve  (as  in  §  4)  not  having  been  undertaken. 
In  many  cases,  too,  the  point  (^,  y)  is  supposed  to  approach  the  curve 
along  the  normal;  as  was  proved  above  (§  5),  this  limitation  of  the  mode 
of  approach  does  affect  the  force,  if  there  is  a  discontinuity  in  the  density. 
But  in  the  older  work  the  density  is  invariably  assumed  to  be  con- 
tinuous, and  consequently  the  limitation  does  not  really  make  the  results 
less  general. 

(II.  a)  Holder's  Condition  (Z.c.).— This  is  k— (ro|<  G|^|^  where  G 
and  g  are  positive  constants,  and  |  ^  |  is  less  than  some  fixed  value.  When 
this  holds  the  condition  of  §  5  is  easily  seen  to  be  satisfied.     For  then 

\\y<r{+i)-<r(^e)']dili\<2G^'y-'di<2Gfilg; 

flo  that  hm  j^[a(+^-(r(-^]df/^ 

exists  and  may  be  made  arbitrarily  small  by  choice  of  a. 


•  O.  Morera,  Btnd,  del  R.  Itt,  Lomb,,  Ser.  2,  T.  xx.,  1887,  p.  302,  and  II  Nuovo  CinmUo, 
Ser.  8,  T.  xxn.,  1887,  p.  240.  BefereDoe  maj  alBO  be  made  to  G.  A.  Maggi,  Send,  del  B.  1st, 
Lotnb.,  Ser.  2,  T.  xxn.,  1889,  p.  647 ;  H  Ntmo  dmeniOf  Ser.  3,  T.  xxvn.,  1890,  p.  21 ;  T.  xxxm., 
1898,  p.  113. 
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(II.6)  HamacVs  Condition  {Theorie,  rfc,  Kap.  1,  §  9). — It  is  assumed 
that  <r  has  a  finite  and  integrable  first  derivate,  say  </  (^  ;  and  then 

so  that  the  limit  lim  ("  [<r(+i)-<r(-i)]dili 

certainly  exists. 

(II. c)  Morera's  Condition.* — It  is  assumed  that  the  limits 

Urn  r  I  {(r-<r^li  \di      and       lim  T  |  (<T-<T^li  \  d( 

both  exist.     If  this  is  so,  it  follows  at  once  that  the  limit 


\rm^J<r{+i)-<T{-i)\d$li 


exists  ;  and  consequently  that  the  condition  of  §  5  is  satisfied. 

It  is  manifest  that  of  the  conditions  enumerated  Morera's  are  the 
nearest  to  those  obtained  in  §§  2,  5  above.  However,  they  do  not  include 
all  cases  in  which  derivates  exist ;  thus,  with  a  surface  distribution  such 
that  po  =  0  and  p  =  1/X,  where  X  =  [log  (l/r)]*,  we  have 


pcos2©£W  r  {plr)dr  =  0  ; 


so  that  the  condition  of   §  2  is  satisfied,  and  the  potential  has  second 
derivates.     But 


i: 


i^-^'dr  =  2  [log  (l/A)]*-2  [log  (1/a)]*; 

so  that  Morera's  condition  (I.  c)  would  exclude  this  case. 
Similarly,  a  line  distribution  such  that 

^0  =  0,         (r  =  [log(l/|f|)r 
would  satisfy  the  condition  of  §  5,  but  not  Morera's  condition  (11.  c). 

7.  Simplified  Investigations  in  case  the  Density  is  Contimums. 

If  p  is  completely  continuous,  the  work  of  §  2  can  be  shortened  con- 
siderably by  the  following  method.  Let  XJ  denote  the  logarithmic 
potential  of  the  circular  area  when  it  carries  a  uniform  density  p^  (the 


♦  G.  Morera,  Rend,  del  if.  Ut,  Lmnb.,  Ser.  2,  T.  xx.,  1887,  p.  643  ;  //  Nuovo  Citnento,  Ser.  8, 
T.  xxin.,  1888,  p.  1.  Compare  G.  A.  Maggi,  Bmd,  del  It,  let,  Lomb.^  Ser.  2,  T.  xxiv.,  1891, 
pp.  87,  220,  960 ;  //  Nuovo  Citnento,  Ser.  3,  T.  xxxm.,  1893,  p.  249,  T.  xxxiv.,  1894,  pp.  22, 81. 
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value  of  p  at  the  centre)*  ;  it  is  then  obvions  that 

and  a  short  calculation  shows  thatt 

U=-  2xy/>o  W  log  a+i  (r*-a^]. 

Thus  S  =  •  2xy/>o+Hm  J, 

if  /  denotes  the  integral  written  above. 

For  brevity  let  c  denote  \h\,  and  let  t^  denote  the  maximum  of  |  />— />o| 
within  the  circle  of  radius  a ;  let  a  circle  of  radius  2c  be  drawn,  with 
centre  (x,  y\  and  let  Ij,  I^  represent  the  parts  of  I  which  arise  from  the 
area  within  the  smaller  circle,  and  from  the  ring  between  the  circles. 
Then,  by  a  method  exactly  like  the  methods  used  in  §  1,  we  can  prove 

Ui  l<  ^  Ij  (y  +  ^)  <i^  A»  <  12xy«. 

To  deal  with  Jj,  we  observe  that 

(—x—h ^— J  _       rcoB^ — h       COB  6 

t^  t'         r*-2rAco8  6+A*         r 

_  A  cos  26  ,  P  (r  COB  86— A  cos  26) 
?~  ■*"  »'(»*-2rAco8  6+A*)" 

Thus  -Tj— 2y  T'cos  26<i6  |"  Hp—p,iilr]dr  =  K, 

Hence  \K\  <  4xyc«  ]    -r^ydr, 

or  |iL|<47rya>|    -^^dt      (putting  r  =  c+c^), 

that  is  |if|<8iry«. 

It  is  now  clear  that  ^Vlda^+iirypQ  differs  from 


lim2y  I 


cos  2ede  r  Hp—p^lr]dr 


*  In  laot,  here  the  lanotiaii/(#)  used  in  {  2  is  the  constant  ^ 

'*'  This  does  nut  appear  to  be  giren  by  Maxwell  (/.#.)f  hat  is  easily  deduced  from  his  results. 

X  It  may  be  remariced  that  /|  corresponds  to  A  •¥  B  ad  i  2^  and  If  to  C 

BEM,  2.     TOL.  3.     SO.  906.  2    B 
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by  less  than  |  J^  |  + 1  -ST  | ;  ftnd  therefore  the  diflference  is  less  than  2Oiryi0. 
But  ctf  can  be  made  arbitrarily  small,  by  diminishing  a,  so  that  the 
existence  of  d^F/dx*  depends  only  on  the  existence  of  the  limit 


lim  I    cos  26 de  \Hfi—f>^lr]dr, 

*"®  Jo  Je 


which  is  the  result  of  §  2  as  modified  for  continaoas  density  on  p.  865. 

If  (T  is  continaoas,  it  is  similarly  possible  to  simplify  the  work  of 
§§4,  5  by  comparing  the  potential  of  the  actaal  carve  with  that  of  a 
short  portion  of  the  tangent  at  0,  carrying  a  uniform  density  <r^ ;  bat  the 
simplification  is  not  so  great  as  to  make  it  worth  while  to  pat  down  the 
details  here. 

In    conclasion,    it  may  be  added  that    Petrini's  investigations  on 
the  Newtonian  potential  of  a  volame  density  can  be  simplified  in  a  manner 
similar  to  that  described  in  this  paragraph,  if  the  density  is  known  to  b^ 
continaoas  at  all  points  within  a  small  sphere  enclosing  the  point  at  which 
the  second  derivates  are  to  be  calcalated. 
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ORDINARY  INNER  LIMITING  SETS  IN  THE  PLANE  OR 

HIGHER  SPACE 

By  W.  H.  Young. 

[Beoeired  April  lOth,  1906.— Bead  April  18th,  1906.] 

Pabt  I. 

1. 

A  knowledge  of  the  properties  of  a  region  (using  the  word  in  its  mo^t 
general  sense)  in  the  plane  or  higher  space  enables  us  to  extend  to 
n  dimensions  the  theorems  about  inner  limiting  sets  which  I  gave  for  the 
straight  line  in  various  earlier  papers. 

In  giving  these  generalisations  I  have  availed  myself  of  the  opportunity 
to  simplify  the  proof  of  the  fundamental  theorem  originally  given  in  my 
Leipzig  paper.* 

I  quote  the  following  theorems  with  respect  to  regions  and  sets  of 
regions,  confining  myself,  for  simplicity  of  expression,  throughout  this 
paper  to  the  plane:  the  results  and  reasoning  are,  however,  perfectly 
general. 

Thbobbv  a. — If  22i,  B^f  ...  be  a  countably  infinite  set-ies  of  closed 
regions,  each  lying  entirely  within  the  preceding,  and  if  the  span\  of 
these  regions  decreases  without  limit,  there  is  one,  and  only  07ie,  internal 
point  common  to  all  these  regions. 

If,  instead  of  lying  entirely  within  one  anotlier,  only  tlie  internal 
points  of  each  region  are  known  to  be  internal  to  the  preceding  region, 
there  is,  if  the  span  decrease  indefinitely,  a^ain  one,  and  only  one,  point 
determined  by  the  regions,  but  it  may  be  a  common  boundary  point. 

If  the  span  of  the  regions  do  not  decrease  indefinitely,  tJie  common 
points  form  a  perfect  connected  setf 


*  *'  Zur  Lehre  d.  nioht  ai>9eaohloMeiieii  Punktmengen,'*  Lnpziger  Berieht,  August,  1903. 

t  W.  H.  Tonng,  *<0n  Regions  and  Sets  of  Regions,"  QiuMrt,  Jour,  of  Math,,  1905.  The 
span  of  a  region  in  an  j  direction  is  the  width  of  a  strip  whioh  is  bounded  by  lines  perpendicular 
to  that  direction,  contains  every  internal  point  of  the  region,  and  has  on  each  of  its  bounding  lines 
at  least  one  boundary  point  of  the  region.  The  upper  limit  of  the  span  in  ev«ry  direction  is 
called  the  ynm, 

2  B  2 
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Thborbv  B. — The  potency  of  a  perfect  set  is  c* 

Thsobbm  G.  (Cantor's  Theorem), — Any  set  of  non-overlapping  regions 
is  countable  J 

Thbobbm  D. — Any  set  of  regions  can  be  replaced  by  a  set  of  non- 
overlapping  regions,  having  the  same  internal  pointsA 

Thbobeh  E. — Any  set  which  has  no  component  dense  in  itself  is 
countable.  I 

2. 

Definition. — Given  a  finite  or  conntably  infinite  series  of  sets  of 
regions,  overlapping  in  any  way,  the  set  of  all  the  points  each  of  which 
is  internal  to  at  least  one  region  of  eaoh  set  is  called  th^  inner  UmiHng 
set  of  the  series  of  sets  of  regions,  or  an  ordinary  limiting  set 

Thborem  1.  Of  the  Normal  Regions. — Any  ordinary  inner  UmiHng 
set  may  be  defined  by  msans  of  normal  regions,  that  is,  by  means  of  a 
series  of  sets  of  regions,  such  that  (a)  the  regions  of  ea4)h  set  are  fton- 
overlapping  and  therefore  countable,  and  (b)  each  region  is  internal  to  a 
region  of  the  preceding  set,  with,  hotoever,  possibly  common  boundary 
points. 

The  property  (a)  of  the  normal  regions  follows  from  Theorems  C  and  D, 
already  quoted ;  (6)  is  evident,  since  we  only  have  to  cat  o£f  from  the 
regions  of  the  second  set  all  parts  external  to  the  regions  of  the  first  set, 
and  so  with  each  successive  set ;  it  is  clear  that,  in  so  doing,  a  region  of 
the  second  set  which  is  reduced  will  have  boundary  points  common  with 
a  region  of  the  first  set,  and  so  for  the  other  sets. 

In  the  case  when  the  span  of  the  normal  regions  decreases  without 
limit,  every  series  of  normal  regions,  one  from  each  successive  set,  lying 
each  inside  its  predecessor,  defines  one  and  only  one  point,  which  is  a 
point  of  the  inner  limiting  set,  unless,  from  and  after  some  stage,  all  the 
regions  have  one  common  boundary  point. 

Lemma, — If  an  inner  limiting  set  is  such  that  the  span  of  its  normal 
intervals  decreases  without  limit,  and  also  that  we  can  assign  a  series  of 
constantly  increoMng  integers  r|,  r,,  ...,  and  corresponding  to  these  a 


*  Theorem  enunciated  by  Cantor  and  proved  by  Bendixon,  Bih.  Svemk,  Vtt,  fftmdL,  VoL  xz.» 
No.  6  (1884).  Cp.  also  Sohoenfliea,  B^rieMt  uher  die  Mtnfinhhrt,  p.  86,  and  W.  H.  Young, 
QtMfi.  JoHf,  o/Mnth,,  No.  143,  1905. 

t  See  note  t  on  prerious  page. 

X  Cantor,  jieta  MmiA,,  Vol.  tu.  See  also  W.  H.  Toung«  Quart.  Jmtr.  of  Math,,  No.  138 
( 1903),  where  the  theorem  oocon  as  Cor.  to  the  Theorem  of  the  Nncleus  ;  the  reaaooing  for  ttnear 
space  only  requires  small  verbal  alterations  to  be  valid  for  the  plane  or  higher  spaoe. 
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region  of  the  ri-th  normal  set  which  contains  two  regions  of  the  r^-th 
normal  set  entirely  internal  to  it,  ea^h  of  which  contains  two  regions 
of  the  r^-th  normal  set  entirely  internal  to  them,  and  so  on,  then  the 
potency  of  the  inner  limiting  set  is  c. 

To  prove  this,  let  as  denote  the  normal  region  of  the  r^-th  set  by  d^x, 
and  the  two  regions  of  the  r^-th  set,  which  it  contains,  by  d^^  and  d^i,  and, 
eontinning  this  system  of  notation,  let  us  denote  by  dm\  &nd  djn\  the  two 
normal  regions,  referred  to  in  the  enmiciation,  which  lie  inside  the  region 
already  denoted  by  dsu  where  N  denotes  any  combination  of  zeros  and 
ones  with  n  figures. 

Since  these  regions  have  no  common  boundary  points  to  complicate 
the  issue,  every  series  of  them  lying  one  inside  the  other  defines  a  point 
of  the  inner  limiting  set.  To  each  such  series  of  regions,  however,  by  our 
system  of  notation,  corresponds  one  non-terminating  binary  fraction, 
which,  if  djfi  be  any  region  of  the  series,  begins  with  the  figures  denoted 
by  N ;  conversely,  to  each  non-terminating  fraction  there  corresponds  such 
a  series  of  the  regions.  Thus  there  is  a  (1,  l)-correspondence  between 
certain  points  of  our  inner  limiting  set  and  the  non-terminating  binary 
fractions ;  so  that  the  inner  limiting  set  is  of  potency  c. 

Theorem  2. — An  ordinary  inner  limiting  set  which  has  a  component 
dense  in  itself  ha^  the  potency  c  ;  otherwise  it  is  countable. 

By  the  Theorem  of  the  Nucleus,  due  to  Cantor,  any  set  which  has  no 
component  dense  in  itself  is  countable ;  therefore  we  only  have  to  prove 
the  first  part  of  the  theorem. 

Suppose  the  given  ordinary  inner  limiting  set  to  have  a  component  U 
which  is  dense  in  itself.  Let  P  be  any  point  of  U ;  then  there  is  a  region 
d^  of  the  first  normal  set  containing  P  as  internal  point,  and,  since  P  is  a 
limiting  point  of  U,  there  will  be  another  point  Q  of  U*  inside  the 
region  d^i. 

Bound  these  two  points  P 
and  Q  as  centres  we  can  then, 
since  they  are  both  internal 
points  of  d^,  describe  circles  ex- 
ternal to  one  another,  and 
entirely  internal  to  d^i  (Fig.  1). 
If  the  span  of  the  normal  regions 
decreases  without  limit,  we  can 
assign  a  stage  at  which  the  span 
of  all  the  normal  regions  is  less  ^^^'  ^' 

than  the  radius  of  the  smaller  of  these  two  circles ;  at  this  stage  the 
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normal  regions  containing  P  and  Q  will  be  distinct,  and  both  entirely  in- 
ternal to  d^.  Denoting  these  two  regions  by  d^  and  d^i,  there  will  be 
in  each  a  component  of  U,  which  is  therefore  dense  in  itself,  and  the  argu- 
ment can  be  repeated.  Thus  the  condition  of  the  lemma  is  satisfied,  and 
the  inner  limiting  set  is  therefore  of  potency  c. 

If  the  span  of  the  normal  regions  does  not  decrease  withont  limit,  we 
take,  instead  of  the  actoal  regions,  those  parts  of  the  regions  of  the 
second  set  which  contain  P  and  Q  respectively,  and  are  internal  to  the 
two  circles,  and  call  these  d^^  and  d^i* .  Then,  as  before,  in  each  of  these 
the  argument  can  be  repeated,  and  we  get  a  new  series  of  normal  regions, 
obeying  the  conditions  of  the  lemma,  whose  inner  limiting  set  has  there- 
fore the  potency  c.  Bat  this  new  inner  limiting  set  is  clearly  a  component 
of  the  old  one,  since  the  defining  regions  at  each  stage  are  internal  to  the 
original  regions.  Thus  the  given  ordinary  inner  limiting  set  has  in  this 
case  also  the  potency  c. 

Thus  the  theorem  is  proved. 

8. 

The  converse  theorems  given  by  me  in  my  paper  on  "  Sequences  of 
Sets  of  Intervals  containing  a  given  Set  of  Points,"  Proc.  London  Math, 
Soc,  Ser.  2,  Vol.  1,  Part  4,  now  follow  immediately  for  ordinary  inner 
limiting  sets  in  the  plane  or  in  n-dimensional  space.  The  proofs  there 
given  only  require  verbal  modification,  ''  region  "  being  used  instead  of 
"  interval,"  and  "  span  "  for  length." 

If  any  set  of  points  E  be  taken,  and  regions  described  round  the  points 
of  E,  so  as  to  form  a  series  of  sets  of  regions  whose  inner  limiting  set 
contains  E  as  a  component, 

(1)  The  inner  limiting  set  consists  of  E,  together  toith  certain 
points  of  the  first  derived  set  E' ;  the  latter  points  may  sometimes  be 
absent,  * 

(2)  The  regions  may  be  so  constructed  that  the  inner  limiting  set 
contains  every  point  of  E'. 

(8)  If  the  content  of  the  regions*  is  ever  less  than  that  of  E\  there 
is  a  more  than  countable  set  of  points  of  E'  not  contained  in  the 
inner  limiting  set. 

(4)  The  potency  of  the  inner  limiting  set  is  necessarily  the  same 
as  the  potency  of  E\  unless  E  contahis  no  component  dense  in  itself, 
while  E'  is  more  than  countable, 

(5)  If  E  contains  no  component  dense  in  itself,  we  can  so  arrange 
the  regions  that  the  inner  limiting  set  consists  of  E  alone ;  t/i  m^ore- 

*  That  is,  the  content  of  the  regions  without  their  boundary  points. 
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over,  E'  be  mare  than  countable,  the  regions  can  also  be  so  arranged 
that  the  inner  limiting  set  is  either  countable  or  ha^  the  potency  c. 

(6)  In  general,  we  can  so  arrange  the  regions  that  those  points 
of  the  inner  limiting  set  which  are  not  points  of  E  are  limiting  points 
only  of  U,  the  greatest  component  of  E  which  is  dense  in  itself. 

Theorem  Y.  of  this  article,  in  conjanction  with  Theorem  II.  of  the 
preceding  article,  gives  the  necessary  and  sufficient  condition  that  a 
countable  set  should  be  an  inner  limiting  ^set,  viz.,  the  countable  set  must 
contain  no  component  dense  in  itself. 

Pabt  n. 

4. 

It  is  one  of  the  merits  of  the  theory  of  sets  of  points  that  it  brings 
into  close  parallelism  the  theory  of  functions  of  several  variables  with  that 
of  a  single  variable.  In  this  way  theorems  for  one  variable  are  often 
easily  generalised ;  we  need  only  cite  the  theory  of  multiple  integration  as 
an  example.  The  results  already  arrived  at  in  this  paper  will,  in  the 
same  way,  not  only  have  an  interest  in  themselves,  but  also  an  important 
application  to  the  theory  of  functions  of  several  variables.  I  propose  now 
to  show  that  the  points  of  continuity  of  such  a  function  form,  in  fact,  an 
ordinary  inner  limiting  set  of  the  kind  here  discussed,  while,  oonverselyt 
given  any  such  set,  a  function  may  be  constructed  having  the  points 
of  that  set,  and  no  others,  as  its  points  of  continuity. 

It  follows  then,  from  the  results  of  this  paper,  that  the  set  of  points 
of  continuity  of  a  function  of  any  number  of  variables  cannot  be  at  the 
same  time  countable  and  contain  a  component  dense  in  itself.  A  particular 
case  of  this  result  is  that  there  is  no  function  of  two  variables  whose 
points  of  continuity  are  the  rational  points  of  the  plane ;  this  is  a  general- 
isation of  the  well  known  theorem  for  a  single  variable. 

6. 

Thbobbh. — The  points  of  continuity  of  a,  function  of  any  number 
of  variables  form  an  ordinary  inner  limiting  set. 

Take  any  small  positive  quantity  e,  and  describe  round  every  point  of 
continuity  a  region  in  which  the  oscillation  of  the  function  is  less  than  e, 
which  is,  by  the  definition  of  continuity,  always  possible.* 


*  If  the  point  lies  on  the  boundary  of  the  f  undAmeintal  region,  the  put  of  the  aaudl  region 
within  the  fnndamental  region  alone  oonoems  us,  and  the  oeoiUation  in  thit  part  mnst,  fur 
oontinaity  at  the  boundary  point,  be  lera  than  #. 
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In  this  way  we  get  a  set  of  regions  containing  all  the  points  of  con- 
tinuity as  internal  points.    If  we  now  let  e  assame  every  valne  of  a  sequence 

Ci,  e^f  ...  (1) 

having  zero  as  limit,  we  get  a  series  of  sets  of  regions  whose  inner  liwiiting 
set  certainly  includes  every  point  of  continuity  of  the  given  function. 
That  it  contains  no  other  points  is  immediately  clear,  since  any  point  P 
of  this  inner  limiting  set  is  such  that,  given  any  small  quantity  e,  we  can 
determine  not  only  a  value  er  of  the  sequence  (1)  less  than  e  but  also  oorre^ 
spending  to  er>  ft  region  containing  P  as  internal  point,  in  which^  the 
oscillation  of  the  function  is  less  than  e ;  thus,  by  the  definition  of  con- 
tinuity, P  is  a  point  of  continuity  of  the  givei^  function.  Thus  the 
theorem  is  proved,  t 

Theobbm. — Oivm  any  ordinary  inner  Umiting  set  in  the  etraight  Une^ 
or  plane^  or  higher  space,  a  function  of  one^  or  two,  or  more  variables  eon 
be  constructed  having  precisely  the  points  of  that  set,  and  no  others,  as 
points  of  continuity.  I 

Construct  first  a  series  of  sets  of  normal  regions  having  the  given  set 
G  as  inner  limiting  set,  (§  2,  Theorem  I.). 

At  every  point  P  of  G  let  the  function  be  zero ; 

/(P)  =  0.  (1) 

If  there  be  any  limiting  point  Q  ot  O  which  does  not  belong  to  0, 
there  is  a  definite  smallest  positive  integer  ig  such  that  Q  is  not  internal 
to  any  normal  region  of  the  t-th  set,  for  all  values  ot  i'^ig.  In  each 
such  point  Q  let  the  function  have  the  value  e\  wheiie  e  is  any  small  posi- 
tive quantity  less  than  1 ;  . 

^  ^  f{Q)  =  e\  (2) 

This  function  is  then  certainly  discontinuous  at  every  such  point  Q. 

Any  point  R  which  does  not  belong  to  the  «et  F  got  by  closing  Q  has 
a  certain  minimum  distance  r  from  the  points  of  that  closed  set  F,  by  a 


*  See  note  on  p.  376. 

t  Another  way  of  proof  is  by  oonBidering  the  closed  set  of  all  the  points  at  which  the 
oscillation  of  the  function  ^  k ;  the  complementary  set,  which  indudes  all  the  points  of  oon- 
tinoity,  consists  of  all  the  internal  points  of  one  or  more  regions.  Thus,  giving  k  all  values  of  a 
Rcquence  having  zero  as  limit,  we  g^t  the  points  of  continuity  as  an  ordinary  inner  limiting  set. 
This  arg^ument  may  also  be  applied  to  determine  the  analogous  theorem  for  the  points  of  ooo- 
tinuity  on  the  boundary. 

X  This  theorem  was  proved  by  me  for  the  straight  line  in  the  Wiener  BeiHeht,  October,  1908, 
in  a  manner  closely  analogous  to  the  present. 
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well  known  theorem  easy  of  proof.  Thos  any  such  point  can  be  snrronnd- 
ed  by  a  small  region,  of  span  less  than  r,  containing  only  points  of  the  set 
complementary- to  F.  It  follows  that,  if  we  divide  the  points  of  this 
complementary  set  into  those  which  are  rational  and  those  which  are 
irrational,  there  will,  in  every  sufficiently  small  region  containing  JB,  be 
both  rational  and  irrational  points  of  that  complementary  set.  Thns,  if  at 
every  rational  point  B  of  that  complementary  set  the  fmiction  has  the 
corresponding  value  r,  and  at  every  irrational  point  B  the  value  zero,  the 
fonotion  will  be  discontinuous  at  every  point  of  that  complementary  set ; 

fiB)  =  r,  (8) 

/(JBO  =  0.  (4) 

All  the  points  of  continuity  of  this  function  /  are  then  certainly  among 
the  points  of  G,  and  it  is  easy  to  prove,  as  follows,  that  every  point  P 
of  G  is,  in  fact,  a  point  of  continuity  of  /. 

Take  any  large  integer  m  and  any  small  positive  quantity  h.  Draw 
the  normal  region  of  the  m-th  set  containing  P,  and,  inside  this,  draw  a 
region  d  of  span  less  than  h,  containing  P  as  internal  point. 

Then,  for  every  internal  point  of  the  region  d,  r  is  less  than  h,  since 
the  point  is  within  a  distance  h  ot  P  itself ;  also,  for  every  point  Q  of  F, 
but  not  of  6,  inside  the  region  d,  ig  >  m.  Therefore,  if  X  be  any  internal 
point  of  the  region  d,        |  y^p^  -/(XJ  |  <  h+e"^, 

which,  by  choosing  m  sufficiently  large  and  h  sufficiently  small,  can  be 
made  smaller  than  any  assigned  quantity ;  so  that  the  condition  that  P 
should  be  a  point  of  continuity  of  the  function  /  is  satisfied. 

Thus  the  function  /  has  the  given  ordinary  inner  limiting  set  for  the 
set  of  its  points  of  continuity. 

Cob. — K  jF  be  any  continuous  function,  the  function  F+f  will  then 
.also  have  the  points  of  the  given  ordinary  inner  limiting  set,  and  no 
others,  for  its  points  of  continuity. 

6. 

It  is  natural  to  base  a  classification  of  functions  on  the  theorems  just 
obtained.     We  get  in  this  way  three  chief  classes : — 

(1)  No  points  of  continuity  {totalli/  discontinuotis  functions). 

(2)  A  countable  set  of  points  of  continuity ;  this  set  contains  then 
no  component  dense  in  itself. 

(8)  The  points  of  continuity  are  of  potency  c. 
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The  latter  dass  inelndeB  three  important  special  eases : — 

(8a)  The  points  of  continuity  are  dense  nowhere  in  a  certain 
region  (the  function  is  pointwise  contmucus  in  that  region). 

(8&)  The  points  of  continuity  are  dense  everywhere  inside  a 
certain  region,  but  do  not  fill  it  up  (the  function  is  paintwi$e  du- 
continuotis  in  that  region). 

(8c)  The  set  of  the  points  of  continuity  contains  every  internal 
point  of  a  certain  region  (the  function  is  continuous  in  that 
region). 

Nothing  is  here  asserted  as  to  the  continuity  or  discontinuity  of  the 
functions  at  points  outside  or  on  the  boundary  of  the  region  con- 
sidered. 

There  are  various  special  cases  of  interest  in  the  classes  (8a)  and  (86) ; 
the  points  of  continuity  may,  for  instance  in  the  case  (8a),  include 
all  the  points  of  a  curve,  or  of  a  set  of  curves  ;  they  may,  however,  be 
entirely  disconnected  and  contain  no  curve,  and  yet  be  such  that  for 
every  value  of  x  there  is  a  point  of  continuity,  i.e.,  they  may  project 
into  a  straight  line,  as  in  the  case  of  the  set  of  points  discussed  by  me 
in  the  Mathematischen  Annalen  of  this  year.  There  are,  of  course, 
various  other  possibilities.  Remarks  of  a  similar  nature  apply  to  the  dis- 
continuities of  a  function  of  the  type  (8b). 

7.  Ordinary  Inner  LimHing  Sets  in  Curved  Space. 

In  order  to  discuss  satisfactorily  the  distribution  of  the  points  of 
continuity  of  a  function  on  the  boundary  of  a  region  in  which,  for 
example,  it  is  continuous,  we  need  an  easy  extension  of  the  idea  of  an 
ordinary  inner  limiting  set,  which  is  also  interesting  in  itself ;  this  is  the 
idea  of  an  ordinary  inner  limiting  set  with  respect  to  a  curve,  or  surfaeSf 
or  other  curved  space. 

To  take,  for  instance,  a  plane  curve  as  fundamental  region  ;  a  curve, 
in  the  most  general  sense,  has  been  defined  as  a  special  case  of  an 
ordinary  inner  limiting  set  *  :— 

A  plane  set  of  points,  dense  nowhere,  and  such  that,  given  any  small 
qtumtity  e,  and  describing  round  each  of  the  points  as  centre  a  circle 
of  radius  less  than  or  equal  to  e,  these  circles  always  generate  a  single 

•  **  On  Regions,**  &c.,  loe.  eit. 


1906.]  OrDINABT  INNBB  LIBfiriNO  BBTS  in  the  plans  OB  HIGHER  SPACE.         S79 

region  whose  span  does  not  decrease  indefinitely  as  e  decreases,  is  called 
a  curved  arc,  or,  shortly,  a  curve* 

On  Boch  a  carve  we  may  have  a  set  of  curved  arcs,  like  a  set  of 
intervals  on  a  straight  line,  and  a  countable  series  of  sets  of  arcs,  and 
the  set  of  points  each  of  which  is  internal  to  at  least  one  arc  of  every  set 
will  be  called  an  ordinary  inner  limiting  set  with  respect  to  the  curve. 
A  similar  definition  will  apply  to  any  carved  space. 

It  follows  from  the  fact  that  a  carved  arc  is  an  inner  limiting  set, 
and  that  an  inner  limiting  set  of  inner  limiting  sets  is  an  inner  limiting 
sety-f  that  an  ordinary  inner  limiting  set  with  respect  to  a  plane  curve 
is  itself  an  ordinary  plane  limiting  set,  and  has  therefore  the  properties 
of  such  a  set.  It  is  now  easily  proved  that  the  section  by  a  plane  curve 
of  any  plane  ordinary  inner  limiting  set  is  an  ordinary  inner  limiting 
set  with  respect  to  the  curve. 

For,  let  6  be  the  given  plane  set,  and  E  the  section,  P  any  point 
of  E,  and  d  any  one  of  the  regions  defining  O  as  inner  limiting  set  and 
containing  P.  Then  the  curve  cuts  the  region  d  in  one  or  more  curved 
arcs,  one  of  which  contains  P  as  internal  point.  Thus  the  series  of  sets 
of  regions  defining  G  give  a  series  of  sets  of  arcs  on  the  curve,  each  of 
which  certainly  contains  E,  so  that  every  point  of  E  belongs  to  their 
inner  limiting  set.  On  the  other  hand,  if  Q  be  any  point  of  this  latter 
inner  limiting  set,  every  arc  of  these  sets  which  contains  Q  is  a  part  of 
one  of  the  given  regions ;  so  that  Q  certainly  belongs  to  the  inner  limiting 
set  G,  and  therefore  to  E.  Thus  E  is  an  ordinary  inner  limiting  set 
With  respect  to  the  curve.  Q.  E.  D. 

(Conversely,  if  F  he  a  set  on  a  curve  which  is  not  an  inner  limiting 
set  with  respect  to  the  curve,  it  is  not  an  ordinary  plane  inner  limiting 
set. 

8. 

We  have  now  certain  information  with  respect  to  the  distribution 
of  the  points  of  continuity  of  a  function  on  the  outer  rim  t  of  a  region 


*  This  includes  a  segment  of  a  straight  line  if  the  span  in  one  dinotlon  only  deoveases 
without  limit. 

t  **  Open  Sets  and  the  Theory  of  Content,"  Fr^.  Lmdm  Math,  Soo.,  Ser.  2,  Vol.  2,  Ftat  1, 
p.  86. 

{  I  ase  **  outer  rim"  here  instead  of  *<  boundary "  because  tha  former  is  always  a  curre, 
the  latter  not.  The  outer  rim  of  an  ordinary  simply  connected  region  is  the  same  as  its 
boundary,  #.^.,  the  outer  rim  of  a  oirde  is  the  circumference ;  the  boundary  in  general  is  obtained 
by  cutting  out  holes,  (whose  rims  are  parts  of  the  boundary,  as  are  also  limiting  points  of  such 
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in  which  it  is  continoooB.     These  must  form  an  ordinary  inner  limiting 
set  with  respect  to  the  outer  rim,  which  is  itself  a  curve. 

Moreover,  a  function  can  be  constructed,  continuous  in  a  given  region, 
and  at  the  points  of  any  ordinary  inner  limiting  set  with  respect  to  the 
outer  rim.  For  instance,  the  points  of  continuity  on  the  outer  rim  may 
be  countable,  but,  if  so,  they  must  form  a  set  without  any  component 
dense  in  itself.    If  not  countable,  they  are  of  potency  c. 


xibm),  and  dotting  In  othar  boundazy  pcants,  (*<  On  Bflgiou,''  Ae.).  A  praoiMly  abnEarthaanm, 
lioweror,  hbldi  lor  the  bonndftiy,  tinoe  it  is  a  oloaed  set  of  pointa. 

Wa  may,  mdaed,  define  c»  frfiwary  wnmt  Umitimf  a$i  with  mptti  U  m  0httd  mi  •fpmmU  S  m 
ihtb  mi  O  ai  aJl  the  oommon  points  of  a  eeriea  of  oloaed  oompooentt  of  ^,  or  en  •mftiMry  immgr 
limiiM§  ml  with  rmpmt  /•  c»jf  inmtr  Umitmg  §H  JSbb  the  aet  (r  of  all  tlie  oommon  points  of  a  eeriea 
of  ovdinaxy  inner  iwwiHtig  seta  contained  in  ^.    In  both  theee  oaaet  the  azgomenta  naed  in  tlie 

of  a  onrre  apply ;  so  that  G  is  itMU  an  ordinary  inner  limiting  eet 
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A  METHOD  FOR  DETERMINING  THE  BEHAVIOUR  OP  CERTAIN 
CLASSES  OP  POWER  SERIES  NEAR  A  SINGULAR  POINT 
ON  THE  CIRCLE  OP  CONVERGENCE 

By  G.  H.  Habdy. 

[Bead  February  9th,  1906.— ReoeiTed  April  7tli,  1906.— Beriaed  May  I8th,  1906.] 

1.  Suppose  that  the  coefficients  a^  of  a  power  series 
(1)  f{x)  =  ao+aia?+aj«*+..., 

whose  radias  of  convergence  is  unity »  are  analytic  functions  of  certain 
parameters  a,  fi,  y»  and  are  capable,  when  the  real  parts  of  a+^— 1  and 
y  are  positive,  of  being  expressed  in  the  form 


(2) 


a.  =  j"  j  log  (-^)j-*  \i-uy»-»u>-»^''^(u)dti. 


where  ^(u)  is  an  arbitrary  function  of  u  which  we  shall  assume  to  be 
regular  at  and  in  the  immediate  neighbourhood  of  all  points  of  the  straight 
line  (0,  1).* 

Consider  the  contour  integral 

(8)  (    aogu)-^(w-l)^-»u^-^+''^(tt)rfw. 

C  denoting  a  loop  starting  from  and  ending  at  the  origin  and  enclosing 
the  line  (0,  1).  If  this  contour  is  so  chosen  that  ^(v)  is  regular  on  and 
within  it,  and  those  values  of  the  many  valued  functions  are  taken  which 
are  defined  by  the  equations 

wherein  log  u,  log  logu,  log  (u— 1)  are  all  real  at  the  point  where  C  crosses 
the  line  (1,  oo),  it  is  evident  that  (8)  is  an  analytic  function  of  a,  ^,  and  y 

*  That  ia  to  aay  that  p  (u)  is  reg^nlar  within  a  region  which  includes  the  line,  whUe  the  lower 
limit  of  the  distances  between  points  on  the  line  and  points  on  the  boundary  of  the  region  is 
positiTe. 
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regular  for  all  values  of  a  and  jS  and  all  values  of  y  whose  real  part  is 
positive.  Moreover,  if  the  real  part  of  a+/8— 1  is  also  positive,  the  con- 
tour C  may  be  deformed  into  a  contour  C  consisting  of  the  two  sides  of 
the  line  (0,  1),  and  the  contour  integral  is  equal  to 

Main  {(a+i8)x}  P  jlog  (-i.)p"\l-u)^-*u^-»+''(fii  =  2f  sin  {(a+/8)ir}a^, 


since  logii/(ii— 1)  is  regular  near     u=  1.    Hence  (unless  a+fi  is  an 
integer) 

provided  the  real  part  of  y  is  positive. 

Now  suppose  that  x  has  any  value  other  than  a  real  value  greater 
than  unity.  Then  the  contour  C  can  be  so  chosen  that  the  point  li  =  l/o; 
lies  outside  it.     But  in  the  particular  case  in  which  |  x  |  <  1 


(6)  fix)  =  2  a,af  = 

0 


2tsm{(a+p)x}  Jc  1— «u 


This  equation  therefore  holds  for  all  values  of  x  save  real  values  greater 
than  unity. 

We  now  draw  another  contour  C^  starting  from  and  ending  at  the 
origin  and  enclosing  the  contour  C  and  tJie  point  u  =  l/x,  but  no  other 
singularities  of  ^(u).     Then  it  is  obvious  from  Gauchy's  theorem  that 


(6)    /(«)  = 


2i  sin  \  (a 


2+p)Tr\  LJci  1— «t* 


-2^(logl.)-(i-l)'-.-.*(i)] 
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Now  vhan  x  tends  to  unity  the  seoond  term  on  the  right-hand  side  of  (6) 
tends  to  the  finite  limit 

HanM 


(7) 


^'"—  ri-ito+AW  (ioe|-)-a-»y-v-'-.»(I.)+^+.. 


where  r.  is  a  qnantity  whose  limit  is  zero  when  x  tends  to  1  along  any 
path  which  has  no  point  in  common  with  the  straighi  line  (1,  »),  the 
many  valsed  functions  being  fixed  by  the  eqoations 

(log— )"'  =  «'"-'>'^'^<"*,         a-xf-*  =  i^-'^'^<^-^, 

"where  IogIog(l/x),  log(l— 2),  and  logx  are  real  when  0<z<'  1,  the 
veal  part  of  y  is  positiTe,  and  a+jS  is  not  an  integer. 

2.  I  shall  now  illustrate  the  application  of  the  general  formula  (7)  by 
considering  some  interesting  special  cases. 

(i.)  Suppose  a  =  1,  ^(u)  =  1.     Then  equation  (2)  becomes 
0,=  r  (!-«)'-'«»-'+'((« 

^T{p>T{y+v)^T<ff)T{y)  Y(y+l)...(Y+v-l) 

roS+y+v)        r08+y)    0S+y){3+y+l)...05+y+^-l)' 

Sence,  if 

fW-r(g+r;r(i-^a-.).-v-.-. 

taids  to  a  finite  limit  wben  x  approaches  unity  along  any  point  lying 

'Within  or  along  the  circle  of  convergence.     This  may  be  verified  by  means 

L«f  the  relations  which  hold  between  the  particular  solutions  of  the  hyper- 


884  Mb.  G.  H.  Habdt  [May  18, 

Moreover  tbe  equation  (6)  fomiBhes  the  analytic  continuation  of  the 
function  f(x)  for  a  region  exterior  to  the  circle  of  convergence ;  a  region 
whose  extent  depends  on  the  extent  of  the  region  in  which  ^  (u)  is  regular. 
In  the  present  case  ^{u)  is  a  constant,  and,  if  f(x)  is  made  uniform  by  a 
cut  along  (1,  00),  the  branch  of  f(z)  thus  defined  is  regular  all  over  the 
plane  except  at  a:  =  1,  and  its  singularity  there  is  completely  specified 
^by  the  expression 

The  restriction  that  the  real  part  of  y  must  be  positive  is  easily  removed 
by  the  help  of  the  recurrence  formula 

except  in  the  -trivial  case  in  which  y  is  a  negative  integer  or  sero.  We 
also  supposed  that  ^  was  not  an  integer.  If  fi  (but  not  /8+y)  is  sero 
or  a  negative  integer,  F  {x)  reduces  to  a  sum  of  binomial  expansions.  If  fi 
is  a  positive  integer  greater  than  unity,  F{x)  remains  convergent  for  x  =  1 ; 
if  /8  =  1,  the  infinite  term  is  easily  found  to  be 

y  log  {1/(1 -a:)}, 
(ii.)  Suppose  jS  =  1,  ^(u)  =  1.     Then 

(y+i')*  being  equal  to  exp  {alog(y+i')[  where  the  logarithm  has  its 
principal  value.     Hence 


1     .       X        ,       «* 


tends  for  x  =  1  to  the  finite  limit 

ra-a) 


2x» 

In  this  case,  too,  the  restriction  as  to  the  real  part  of  y  is  easily  removed. 
The  restriction  that  a  is  not  to  be  an  integer  is  more  fundamanteL 
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To  consider  this  case  we  must  go  back  to  the  equation 

xu 


(9)      fixy^^JH-  |iog(l)p"'x-^+_l— f  aogt*)-^T^ 


Suppose  that  a  =  k+€t  where  &  is  a  positive  integer  and  e  is  small.  It 
is  easy  to  see  that  we  are  at  liberty  to  expand  in  powers  of  e  and  equate 
coefficients.     Thus  we  obtain 


and 


J^^^'-t^-Mt)] 


(10)  Tik)  )  J,  +  ^+- 1  =  (-)*«-  (log^)*"loglog  {±) 


+ 


<->"fao«..-.^,^(A)fi;*. 


2x      Jci  \tt/    1— iTW 

The  equations  (9)  and  (10)  may  be  used  to  study  the  behaviour  of  f(x) 
all  over  the  plane.  I  do  not  propose  to  go  into  this,  as  the  results  have, 
in  this  case,  been  already  obtained  by  other  methods.  But  there  is  one 
j)oint  to  which  it  is  worth  while  to  call  attention. 

The  integral  ^T^ — (   (\ogu)-''^f^^ 

^  2smaxJc7i  1—xu 

is  plainly  expansible,  in  the  neighbourhood  of  a;  =  1,  in  the  power  series 

<11)  TT^ 2(x-ir(   (\ogur'^rf^^du. 

2smaxo  Jc,  (1— u)"** 

In  particular  the  value  of  the  integral  (11)  can  be  assigned  without 
calculation  when  i^  =  0.  For  it  is  plainly  an  analytic  function  of  a  regular 
lor  all  non-integral  values  of  a  at  any  rate.  But,  if  the  real  part  of  a  is 
^eater  than  unity,  the  value  of  the  integral  is  clearly 

the  well  known  generalised  Biemann  zeta  function. 
It  follows  that 

It  is  interesting  to  note  that  the  function  ^  (a,  y),  which  may,  for  all  values 

- — m ■L-Ui—M— L^^— ^^-w    I  Ji      -  -    I  "    — ' — "     -       -  -     -  -  r  -     — I ■ ■ ■ 1 n ■-! 

*  It  WM  ftnt  |ifOT6d  hj  AppeU  {Comptm  BtmUu^  t.  xxxxyxi.)  that,  if 

/.(jr)-5r-*% 

t.    YQL.  S.     VO.  90S.  2   C 
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of  a,  be  defined  as  the  finite  term*  in  the  asymptotic  expansion  of 

in  powers  of  1/n,  appears  also  as  the  finite  term  in  the  expansion  okr<i 
2af/(y+i')*  in  powers  of  (1— a?). 

(iii.)  Suppose  that  a  =  1  and  4f>{u)  =  (1  — ^u)~^  t  being  any  qoantit]^ 
whose  modolus  is  less  than  unity.     Then 

Hence  the  term  which  is  not  regular  at  x  =  1  in  the  case  of  the  series 


(18) 


l  +  ]5+^^(*'  y+1^  i8+y+l,  t)x 


.^  r(^+y)r(i^^  (l-:^y'-^aJ»-^->-^aJ-r^ 

1  (y) 

(iv.)  Suppose  that  /8=  1,  and   that  ^(u)  is  an  integral  function 
log  il/u),  defined  by 

^(«)  =  |c,jlog(^)}'. 

such  that  ^{u)  remains  continuous  even  for  u  =  0,   provided    log(l/tf:? 
approaches  infinity  by  a  path  which  does  not  recede  indefinitely  from  the 
real  axis  in  the  plane  of  log  (1/u),  i.e.,  provided  u  approaches  0  by  a  path 

then  Um  [/.  (s)  J ^^^^  -  1    [ii(t)  <  1], 

when  X  tends  to  1  along  the  line  (0,  1).  Various  generalisationB  of  this  result  have  been-giten  hj 
Appell,  C^aro,  Pringsheim,  Le  Boy,  and  Lindelof  (C^saro,  JRsitd.  itUa  M.  Aeeademia  di  Nitpoh, 
December,  1893  ;  Fringsheim,  Ada  Math,,  Vol.  xzvm. ;  Le  Boy,  BulUtin  det  Se.  Math,,  1900-1, 
and  Atmales  de  la  FaeuUi  d$9  SeUneet  de  7\mlout9f  1900 ;  Lindeldf,  A§t0  Soe.  F9nnic4ty  t.  zzxx , 
No.  3). 

The  method  used  in  this  paper  was  deviiied  with  a  view  to  proving  the  partioular  fonnu]a 


l»f[5^-r(i-.){log(i-)]-]-fw. 


which  at  the  time  I  supposed  to  be  new.  As  a  matter  of  fact  it  was  first  prored  by  Lindeldf  in 
the  memoir  cited  above  (see  his  Cakul  des  JUtidm,  Oauthier-Villars,  1905) ;  M.  Lindelors  method 
is  entirely  different  and  rests  on  an  application  of  a  general  summation  formula  due  in  principls 
to  Abel.  The  function  2  s'/{y  -i-  r)*  is  an  infinitely  many  valued  function  whose  singular  pomto 
are  0,  1,  oo  ;  but  the  prineipal  hranek  is  regfular  at  the  first  of  these  points,  as  is  obvious. 

*  See  e,g,,  Barnes,  **  Theory  of  the  Oamma  Function,"  Mea$,  of  Math,,  VoL  xxix.,  p.  92. 
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which  does  not  wind  an  infinite  number  of  times  round  the  origin. 
Suppose  further  that 

the  series  being  convergent  for  all  values  of  v.  I  shall  not  delay  to  discuss 
what  hypotheses  as  to  the  nature  of  the  coefficients  c,  are  necessary  to 
ensure  the  truth  of  this  last  equation ;  it  is  enough  for  my  present  purpose 
to  say  that  such  functions  ^(u)  certainly  exist.  For  instance,  M.  le  Boy* 
has  proved  that 

of  which  the  first  corresponds  to  the  case  in  which 

a  =  y  =  1,         ^(ti)  =  sin  {log (1/w) }. 
Then,  for  example, 

<i^>  f  TW+W  -  T «-  hi)  '^ >°8  (t) 

X8  regular  in  the  neighbourhood  of  a;  =  1 ;   a  result  which  may  be  also 
<3edueed  from  (10). 

It  would  be  easy  to  multiply  examples :  but  I  prefer  to  indicate  shortly 
liow  the  same  method  may  be  generalised  so  as  to  apply  to  functions  of 
aeiveral  variables. 

8.  Suppose  that  we  have  a  double  power  series 

<^onvergent  for  |  x  |  <  1,        |  y  |  <  1  ;t 

^nd  suppose  that 

a,...  =  j"  jlog  (-i-)|  *''\l-w)'»-»u>-i^-^+-'''^(u)dtt 

C^t  any  rate  for  some  values  of  the  parameters  a,  fi,  y),  w,  co'  being  two 
<l^iiantities  whose  real  parts  we   shall,  for  convenience,  suppose  positive. 


*  .dmmUi  i§  la  FaettUe  det  Seimteu  tU  Tmdomt,  1900,  p.  342. 

t  That  is  to  wy,  that  (1,  1)  form  one  pair  of  raytmt  auoetit :  p.  Borel,  Z#fOiM  tw  lu  Sdriei  i 
pnUifi,  p.  86. 

2  C  2 
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Proceeding  as  in  §  1,  we  find 

(^«>  f^^  y>  =  2iBin|(a-h)8)xi  i,aog«rM«-iy-'  a^^^a-^r)  • 

The  argument  is  now  exactly  similar  to  our  previous  argument,  exoept 
that,  instead  of  having  to  consider  only  the  one  pole  u  =  1/x,  we  have  to 
consider  two  poles,  viz.  those  points 

whose  amplitudes  are  very  small  when  x  and  y  are  both  nearly  equal  to  unitj. 
We  deduce  that 


u  =  y-^'* 


(17)/(«,y)+:T 


sin{(a+i8)x} 


+ 


0)'-  { log  (i-)  I *"'  (1  -y»/-')'?-»  yd-Zi-rV-'  ^{^-^)  ^ 


tends  to  a  finite  limit  when  x  and  y  tend  together  in  any  manner  to  unity  <* 
provided  that  the  process  to  the  limit  is  made  in  such  a  way  that  tbe 
denominators  never  vanish. 

Let  us  suppose,  for  example,  that  ^(u)  =  1  and  fi  =^1.    Then 


(y+««(tt+«V)' 


xf'y' 


fix,  y)=T  (a)  22 ,     ."f,     ,,. . 


x^ 


Then  the  part  of  22  7 — ; — ^. — 7-7-  which  is  not  regular  near  (1,  1)  is 

{y+u>/uL+wvr 

(18)    ra-a)  — ^ ,  \'J_l.i^ —  + — * ,  ^y^: ... — 

Let  us  specialise  further  by  supposing  »  =  »'  =  1.    We  obtain 


(19) 


J''-'\MW^-y'-MT)r) 


ra-a) 


x-y 


This  result  may  be  verified.     For 


V 


f(x,y)=  2       2     a^.^x^y" 


_  £(0)^  j  -  a*^'-»*^M 


(y+*y 
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and  it  follows  from  §  2  that  the  irregular  part  of  2a:*+V(y+*)*  « 
It  may  further  be  shown  that 


(20) 


JS2,  {^^ ^y+Z\.^,y.-^M}  =  f,(a.a.«.«'). 


^{Xfff)  denoting  the  quantity  (18)  and  ^^(a,  a,  <0,  o)')  Mr.  Barnes'  double 
zeta  function,  and  the  procedure  to  the  limit  being  conditioned  as  specified 
above. 

It  is  evident  that  the  same  method  may  be  applied  to  the  multiple 

2         a?!  gy  ***  ^t 

ii  the  neighbourhood  of  the  point  (1, 1,  1»  ...»  1).  The  same  is  true  of 
mch  series  as  r</    i  i       i        \ 

ihe  natural  generalisation  of  the  series  considered  in  §  2  (i.).  These 
nultiple  series  are  exceedingly  interesting,  and  a  large  variety  of  results 
tan  be  proved  concerning  them  ;  my  present  object  is  merely  to  show  as 
ihortly  as  possible  that  by  the  method  employed  in  this  paper  valuable 
nformation  may  be  obtained  coneming  them,  and  I  hope  to  return  to  the 
subject  on  some  future  occasion. 
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THE   INTERSECTION   OF   TWO  CONIG   SECTIONS 


By  J.  A.  H.  Johnston. 


[BacwiTed  April  SOth,  1906.— Bead  May  11th,  1906.— Beoehred  in  roriaad  lom  Maj  39th,  1906.3  _  ^0 


It  is  stated  in  Salmon's  Conic  Sections,  sixth  edition,  p.  887,  that  th 
cases  of  four  real  and  four  imaginary  intersections  of  two  conies  have  noi 
been  distinguished  by  any  simple  criterion. 

In  the  notes  (p.  891)  of  the  same  volume  it  is  further  stated  that  thii 
discrimination  has  been  made  by  Eemmer  (Giessen,  1878),  and  his  resul 
are  quoted. 

The  problem  has  been  discussed  subsequently  by  Storey  {A 
Journal,  Vol.  vi.)  and  by  Gundelfinger  {Vorlesungeff,  Teubner,  Leipzig 
1896),  whose  results  differ  from  each  other  and  are  distinct  from  th 
of  Eemmer. 

It  is  the  object  of  this  paper,  whose  treatment  is  independent  of  theirs 
in  method,  to  establish  simple  criteria  for  the  cases  of  intersection  of  two 
conies,  with  corresponding  results  for  real  and  imaginary  tangents. 

The  forms  in  which  both  Eemmer  and  Storey  expressed  their  results 
will  be  derived  at  once  from  the  treatment  of  this  paper ;  of  Kemmer's 
four  conditions  one  will  be  shown  to  be  unnecessary,  and  the  results  of 
Storey  will  likewise  call  for  modification. 

The  following  notation  will  be  adopted  : — The  two  conies  (abcfgh)  {xyzf 
and  (a'b'c'fg'h')  (xyzf  wiU  be  called  S  and  S'. 

The  minors  of  the  determinants  A  and  A'  will  be  styled,  as  usual, 
A,  jB,  C,  F,  G,  H  and  A',  B\  C",  .... 

(6c'+6'c-2/')  will  be  caUed  if. 


{ac'+ca'-^gg') 

{gh'+g'h-af-a'f) 
(fh'+fh'-bg'-Vg) 
(fg'+fg-ch'-'&h) 


9f 


>> 


>> 


»> 


>9 


L, 
M, 

K', 
L', 
M'. 
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The  tangential  equations  of  S  and  8',  vis.,  (ABCFOH)  {uvw)'  and 
{A'B'CF'G'm(uvwf,  will  be  called  2  and  2',  and  the  contravariani 
{KLMK'L'W)  (uvtof  called,  as  osoal,  ^. 

The  invariants  of  the  conies  will  be  A,  6,  ff,  and  A',  the  cabic  determ- 
ining the  line  pairs  XS+S',  AX'+^X'+d'X+A'  =  0,  and  its  discriminant 
fl»e^+18AA'ee'-27A"A"-4Ad'«-4A'e»  =  D. 

The  question  of  the  intersection  of  the  two  conies  8  and  8'  may  be 
placed  opon  the  simple  basis  of  the  nature  of  the  several  line  pairs  \8-\-8'. 

If  XS+5'  break  up  into  straight  lines  (Jx+my-\-tu)  and  {l'x-\-m'y-\-n't), 
then  I,  m,  n  and  l\  m',  n'  can  be  so  determined  that 

6X+6'  ^  mm', 
c\-\-c?  =  nn', 

2CA+/')  =  «w»'+»»'n, 
2  igX-^-g')  =  nl'-\-n% 
2(h\-\-h')  =  lin'-^Vm. 
It  readily  follows  that 

(1)  -UX'+JfX+^O  =  |(A+/0*-»X+6')(cX+cO}  =  \{mn'-m'nf 

(2)  -(BX'+LX+BO  =  {(yX+jr'y'-CiJX+cOCaX-l-a')}  «  iCwT^n'i)* 
(8)    -(CX'+AfX+O  =  {KK-\-hf-{aK-\-a'){h\-\-h')\  =\{Jm'-Vtii^ 

(4)   -(FX«+ir'X+^)  =  i(aX+a')(^X+/)-(l^X+yO(AA+A')} 

=  jam'-Z'OT)(n?-n'0 

(6)    -(6X»+L'X+G')  =  {(6X+6')(jrX+yO-(A+/')(*X+A')| 

=  \{mn'—m'n)(Jm'—Vm) 

(6)  -(£rx«+arx+H')=  {(cx+c/XAx+Ao-CA+ZOCyx+^Of 

=  i(n/'— n'OCwm'— f»'n)  , 

a.) 

From  (1),  (2),  and  (8)  of  (I.)  it  is  readily  seen  that 
»V1  -U^^+KK-VA')]  ■\-V'^\-(B\*+L\-\-B')\ 

+  wV{-(CX«+lfX+CO}=i  «    »    w  .   01.) 


li 

r 

to 

/ 

m 

n 

r 

mf 

n' 
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Now.  if  both  rides  of  (1),  (2),  (8),  (4),  (6),  and  (6)  be  mnltipliad  hj 
nf,  «*,  to*,  Svto,  2»f0,  and  2uv  respectively,  and  the  results  be  added, 


-(2:x«+^X+2')  =  i 


u 

V 

w 

I 

m 

n 

V 

m' 

n' 

byOI.) 


If  the  line  pair  \S+S'  be  real,  equations  (III.),  where  li,  i;,  k;  are  any 
real  variable  line  coordinatee,  show  that,  since  the  squared  expresaions  are 
positive,  (2X^+^X+2')  is  essentially  negative  in  sign. 

If  the  line  pair  be  coincident,  then,  since     u    v     w     vanishes,  it 


u 

V 

w 

I 

m 

n 

V 

w! 

n! 

follows  that  (2X^+^X+2')  =  0. 

Again,  if  the  line  pair  be  imaginary,  and  the  values  of  X  be  real,  then, 
since  aX+a'  =  IV,  6X+6'  =  mm',  ...,  /  and  V,  m  and  m',  ...  are  all  pairs 
of  conjugate  complex  numbers,  and  therefore  (mn'-^rn'rii,  (Im'^rm),  ... 
are  all  entirely  imaginary  and  of  the  form  H,  where  t  is  real,  and  therefore 

=  t'i,  where  f  is  real.    Its  square  is  therefore  negative,  and 


u 

V 

to 

I 

m 

n 

V 

m' 

fi! 

consequently,  by  (III.),  the  value  of  (2X*+^X+2')  is  essentially  positive. 


In  equation  (III.) 


u 

V 

w 

I 

m 

n 

V 

m' 

n' 

=  0  is  plainly  the  equation  to  a  vertex 


of  the  common  self -polar  triangle,  and  the  three  values  of  V  { —  (ilX^+ . . .) } , 
V^|— (UX*+...)},  \/|— (CX*+...)[  are  proportional  to  the  coordinates  of 
its  three  vertices,  and  so,  if  we  contemplate  the  case  of  \S+S'  a  parallel 
pair,  and  these  vertices  at  infinity,  the  vanishing  of    sin  il    sin  B    sin  C 

I 


V 


m 


m' 


n 


W 


indicates  also  the  vanishing  of  (ZX^+^X+^O  for  these  special  coordinates,' 
and  includes  this  case  in  the  above. 

The  nature  of  the  line  pair  XS+S',  therefore,  depends  solely  upon  the 
sign  of  (2X^+^X+2')*  The  cases  of  four  real  and  four  imaginary  inter- 
sections of  two  conies,  it  is  well  known,  have  thus  much  ijLMMMIk  that 
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I,  the  diseriminant  of  the  oabie  AX*+dX*+^^+A'  =  0,  is  positive,  and 
lat  X  has  three  real  values ;  if  there  be  two  real  and  two  imaginary 
itersectionB,  D  is  negative  and  X  has  only  one  real  value. 
To  distinguish  the  first  two  eases,  we  notice  that 

(a)  For  four  real  intersections,  identified  geometrically  by 
the  existence  of  three  real  line  pairs  \8+8',  (ZX'+^X+2') 
must  by  the  foregoing  have  three  real  negative  values.  (TV.) 

08)  For  four  imaginary  intersections,  given  by 

(1)  8+it,        s'+if; 

(2)  s-it,        e'-itf', 

(8)     (r+»T,       «r'+»T'; 

(4)     <r— »T,       v'—vt', 

there  is  clearly  still  one  real  pair  of  common  chords,  «.«.,  the 
lines  joining  (1)  to  (2)  and  (8)  to  (4),  but  the  other  two  pairs  are 
imaginary.  The  values  of  X  are  all  real,  and,  as  \8-\-S' 
imaginary  implies  that  (2X'+^X+2')  is  positive,  it  follows 
that  of  the  three  values  of  (2X*+^X+2')  two  are  positive 
and  one  is  negative.  (Y.) 

The  three  values  of  (SX'+^X-f-^')  may  now  be  regarded  as  the 
oots  of  a  cubic  equation  in  z,  where 

z  =  2X»+^X+2', 

ubject  to  AX«+dX"+e'X+A'  =  0. 

The  elimination  of  X  yields 

^     e       ff  A'  0       =0,  (VI.) 

0     A       d  d'  A' 

2     <t>    ^'—z        0  0 

0     2        ^  2'— «        0 

0     0        2  f  2'— « 


a  which  we  note  that 

«!*,«,  =  n(2X''+^X+2')  =  1/A' 


'Hf. 


A 
0 
2 
0 
0 


e 

A 

2 
0 


e 

2' 

i> 

2 


A' 

0 

2' 


0 

A' 
0 
0 
2' 


=  <J/A«. 


894  Mb.  J.  A.  H.  Johnston  [May  29, 

and  we  propose  to  show  that,  in  all  cases  of  intersection,  the  determinant 
S  is  essentially  negative  in  sign. 

By  (lY.)  the  case  of  four  real  intersections  was  distinguished  by  the 
fact  that  (ZX'+^X+£0  had  three  real  negative  values.  The  product  of 
its  values  is  therefore  negative. 

By  (V.),  four  imaginary  intersections  required  that  (SX'+^+Z') 
should  have  one  negative  and  two  positive  values.  The  product  of  the 
three  values  is  therefore  again  negative. 

In  the  case  of  two  real  and  two  imaginary  intersections  the  product 
is  also  negative ;  for  the  cubic  in  X  has  now  two  imaginary  roots,  but  one 
real  pair  of  common  chords  remains,  i.e.y  the  line  through  the  two  real 
intersections  and  the  line  through   the   two   conjugate  imaginary  inter- 

sections.     (SXi+^Xx+ZO  is  therefore  negative  for  the  real  pair  \i8+S'. 

The  product  of  (SXl+^X^+S')  and  (ZXl+^Xs+ZO*  being  the  sum  of 
two  squares,  is  positive.  This  is  clearly  the  case,  since  X^  and  \  are 
conjugate  complex  numbers.  It  follows  that  the  product  n(2X'+^X+S0 
is  again  negative. 

The  foregoing  having  shown  that  11— (ZX'+^X+Z')  is  proportional  to 
ll(ux+oy+wz)^,  i.e.,  the  square  of  the  tangential  equation  to  the 
vertices  (x„  y^,  z^, ...)  of  the  common  self -polar  triangle,  it  is  now  possible 
to  identify  this  product  —i  with  F*,  where  F  is  the  well  known  contra- 
variant  of  the  two  conies.* 

The  cubic  equation  (VI.)»  when  written  in  full,  is 


^^  [2:(-fl»+2yA)-8A«2:^+eA»i  ^ 


+ 


.2?(e'*-2eA')+2'«8A«+22'(2^-40'A) 

■f2»(8AA^-ey)-r»2eA+»' 


-  AAy+ceSA'+dTA)^'- {2?A'e'+2'»Ae+22'(©d'-8AA0}  ^ 
f +2»A^»+r»A'-gr(2A^e-e^-r'2(2Ay-g»)L 

"1  ^  J 

=  0,     (VI.7 ' 

*  The  difltinotions  of  the  aboye  may  be  exemplified  bj  reference  to  the  Talue  Tof  the  area  9^ 
the  common  aelf -oonjngate  triangle,  which  can  be  ahown  to  be  given  by 


T^ Ml  J^ ^ 


I> 


4    8  4    Ani(3X«  +  ^X  +  l')' 

where  /a  «  AT^tm^  A  sin*^  sin'  (7,  7*  »  the  triangle  of  reference,  and  2,  f ,  and  't  oontain  line 
infinity  coordinatee. 
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which  we  shall  call  s^+p^+qx+r  =  0,  (Vl.r 

where  r  =  —  £/ A'  has  been  shown  to  be  positive  in  all  cases  of  inter- 
section. 

The  distinction  between  the  cases  of  four  real  and  four  imaginary 
intersections  is  now  apparent. 

In  the  former  case  the  cubic  has  three  real  negative  roots ;  in  the  latter 
one  real  negative  and  two  real  positive  roots. 

Therefore,  for  four  real  points,  p  and  q  most  both  be  positive. 
For  four  imaginary  points,  jp  or  9  at  least  must  be  negative.        (VII.) 

This  twofold  condition  may  be  embodied  formally  in  one,  if  we  note 
that,  at  the  minimum  point  of  the  z  cubic,  the  value  is  negative  in  the 
former  case  and  positive  in  the  latter,  inasmuch  as  r  is  positive. 

This  value  of  z  is  the  common  root  of  the  equations 

(1)  if+p^+qz+{r^C)  =  0, 

(2)  Sn^+ipz+q  =  0, 

for  the  minimum  case.  The  elimination  of  z  between  (1)  and  (2)  gives 
a  quadratic  for  (r— ^)  whose  greater  root  must  be  chosen,  and  ip^Sq)  is 
positive  by  the  conditions.     The  common  value  of  j?  in  (1)  and  (2)  is  easily 


found  to  be 


wd  therefore   27(r-^*+(4p»-18pj)(r-^+gr*(45-i>«)  =  0 ; 

9(r-f)=-^^y'-»py>+^(y'"«y>\ 

8 
and  therefore,  by  (8),       z  =  J[— p+\/(y— 8g)]. 

For  four  real  points  D  is  positive,  +\/(p'-**8j)— p  is  negative.  For 
four  imaginary  points  D  is  positive,  +\/(i>*— 8g)— p  is  positive,  which 
embodies  the  previous  twofold  conditions. 

It  can  be  easily  shown  that  the  four  points  of  intersection  are  given 
tangentially  by 

(X,-X8)V(2X?+^X+2')  ±  (Xa-\i)V(2X2+^X+2') 

±  (Xi-X^V(2X|+^Xs+2')  =  0, 

and  this  suggests  the  derivation  of  another  cubic  in  z'  whose  coefficients 
will  display  collateral  symmetry  in  Z,  ^,  Z'  and  the  invariants. 

If,  therefore,  the  roots  of  the  cubic  in  ;?  be  multiplied  respectively  by 
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A"(X^— X8)^  A^CXg— Xl)^  and  A*(Xi— Xj)*,  we    shall  arrive  at  a  oabie  in 
z*  whose  coefficients  are  the  expressions  used  in  Kemmer's  conditions. 

In  this  case,  to  form  z'^+p'z'^+q'z'+r'  =  0, 
we  have 

=  22(e^-8eAO+^(ee'-9AA')+22'(^-80'A); 


and  therefore 


i>'= 


2     ^     r 

8A      20        ff 

e     2d'    aA' 

and  simUarly 

?'  =  2  |AV'X,-X,)«(X,-X0»(2Xi*+^Xi+S')(2X,*+^X,+2'): 
=  i{y'-(^'-422')D}. 


and 


/  =  rDA'  =  -Di=:-D 


A  e  (y    A'    0 

0  A  e     0*    A' 

2  ^  2'    0      0 

0  2  ^     2'     0 

0  0  2^2' 


and  the  z'  cubic  appears  as 

2^2' 
z"+   8A     20      6'    «"+i 

d      26'    8A' 


i 


2^2' 
8A     20      6' 
e      ^ff     8A' 


9 


-(4?-4Sl')D  \  z' 


+ri)A«  =  0     (Vm.) 


or 


^'»+l>V»+gV+r'  =  0, 


and  all  the  former  conclusions  still  hold  from  the  positive  nature  of  the 
multipliers  of  the  former  roots  in  z. 


Criticism  of  Kemmer's  Besults. 

Kemmer's  results  are  that  for  four  real  intersections  the  following 
four  conditions  must  be  satisfied,  viz.,  2),  p\  q\  and  r'  must  all  be  positive- 
Now  r'  =  rDA^,  and,  if  i)  be  positive,  this  asserts  that  r  must  also  be 
positive. 

But  we  have  shown  clearly  that  in  all  possible  cases  of  intersection  r 
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is  positive  and  equal  to  F'/A';    and  therefore  this  fourth  condition  of 
Eemmer  is  superfluous. 

The  case  of  four  real  intersections  may  now  be  distinguished  with 
advantage  by  (1)  D  positive,  (2)  +\/(jP'*— 8}')— 1>'  tnust  be  negative. 


>.  (I.)' 


Ttie  Results  of  Storey. 

From  the  original  identities  (I.)  we  can  deduce  very  simply  the  results 
which  Storey  obtained  by  a  different  method. 

(1)  -{A\^+K\+A')    =  i  (mn'-m'n)^ 

(2)  -(BX*+L\+JBO     =i(nP-n'/)» 
(8)     -(CX»+AfX+C')     =^{lm'-rm)^ 

(4)  -{FX^+K'X+D    =  J(Zm'-Pm)(n/'— n'/) 

(5)  -(GX^+L'X+GO    =  Hmn'-m'n)(lm'-rm) 

(6)  -{HX^+M'X+H')  =  J  (nV-n'tiimn'-m'n) 

If  we  choose  for  u,  v,  to  the  quantities  (ax+hy+gz)^  (hx+by+fz),  and 
{gx+/y+cz)  as  multipliers,  and  multiply  (1)  to  (6)  respectively  by 
(aa+hy+gz)^,  ...,  2(hx+by+fz){gx+fy+cz),  ...,  and  add  once  more,  we 
shall  find  the  sums  to  give,  as  may  be  readily  verified  for  the  two  simplest 
conies, 

-\AS\^+(dS-AS')\+(d'8-F)}  =i\l{mn''-m'n)(ax+hy+gz)}\ 

(IX.) 

where  F  is  the  covariant  conic  of  S  and  S',  and  the  right-hand  side  now 
represents  the  square  of  the  equation  of  a  side  of  the  common  self -polar 
triangle  when  equated  to  zero. 

The  apparent  anomaly,  common  to  the  right-hand  sides  of  (IX.)  and 
(III.),  that,  despite  the  fact  of  real  vertices  and  sides  of  the  self -polar  triangle 
in  the  case  of  four  imaginary  intersections,  the  square  of  Ximn'^m'n)  u 
should  be  negative  is  explained  by  the  statement  that  (mn*'-m'fii^  ...  are 
only  proportional  to  the  values  of  the  coordinates  of  the  vertices,  e.g., 
(mn'— wt'n)  =  kx^i,  where  x^  is  real,  &c. 

The  function  —  |AS\*+(eS— AS')X+(^S— -P)[  now  simply  replaces 
the  former  —  (ZX^+^X+^^O)  aaid  all  the  conclusions  with  respect  to  the 
sign  of  the  latter  apply  equally  to  that  of  the  former. 

The  most  symmetrical  form  of  these  new  criteria  will  now  be  obtained 
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by  the  simple  summationB,  &c.,  used  for  the  s  cubic,  and,  jost  as  the  sum 
of  three  values  of  —  (SX'+^X+Z')  appeared  as  p,  so  does  the  sum  of  the 
three  values  of  -{A8\^+{dS-AS')\+{ffS-F)]  appear  as  Storey's 

Similarly  the  equivalent  of  ;  is  Storey's 

Sa  =  (eA'S*+0'AS'^+8F^+(ee'-8AAOSS'-2e'SF-2eS'F), 
and,  lastly,  the  equivalent  of  r  appears  as  Storey's 
58  =  i^-1^  (eS'+fl'S)+F  { A'eS*+A0'S'*+ (©d'-8AA')  SS' f -AA'«iS« 

-  A'A«S'»+ A'  (2Ad'-e^  S*S'+ A  (2A'e-e^SS'^. 

Storey  states  that  for  four  real  intersections  D  must  be  positive,  S^  >  0, 
Si  Ss  ^  0.  Now  Sg,  in  harmony  with  the  interpretation  of  (IX.) ,  and  on 
independent  grounds,  is  clearly  equal  to  J^,  when  J  is  the  Jacobian  of  8 
and  S\  and  iS;  moreover,  the  exact  equivalent  of  r,  which  we  showed  to  be 
positive  in  all  cases. 

The  same  reasoning  applied  to  Ss  as  to  r  shows  that  it  is  also 
necessarily  positive.  The  appearance  of  J^  is  what  we  should  be  led  to 
expect    from  the    reciprocal    method  implied   in  the  use    of  the  above 

multipliers  (dx+hy+gz) and,  just  as  we  showed  r  =  P/A*   to    be 

always  positive  and  F  always  real,  so  does  S^  remain  always  positive  and 
J  always  real.  The  results  of  Storey  should  consequently  be  modified  to 
read  D  positive.  Si  >  0,  Sj  >  0. 

Gundelfinger* 8  Results. 

By  different  methods  Gundelfinger  arrives  at  the  expression 
(2X*-|-^X+2'),  and  thence  deduces  Storey's 

Si  =  (-0'S-eS'+82O, 

the  equivalent  of  p  in  point  coordinates.  This  function  he  treats  as  a 
*^  combinant  "  conic  ^,  gives  it  a  geometrical  meaning,  and  deduces  three 
conditions  for  four  real  intersections  from  the  fact  that  it  must  represent 
an  imaginary  conic  in  this  case,  so  as  to  constantly  preserve  a  positive 
sign  for  all  values  of  the  variables. 

These  three  conditions,  however,  contain,  in  addition  to  the  invariants, 
the  specific  constants  of  the  two  conies  S  and  S\  and  do  not  present  the 
results  in  invariant  contravariant  or  invariant  covariant  forms  appropriate 
to  the  general  projective  problem. 
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The  following  alternative  criteria  have  now  been  established : — 
For  four  real  points 

(1)  D  must  be  positive  ; 

(2)  p'  =    Z      ^       Z'     mast  be  positive ; 

8A    %e      6' 
e     26'    8A' 

(8)     q'  =  i  {>'*-J5(^*-422')  [  must  be  positive ; 

for  all  values  of  the  variables. 

For  four  imaginary  points  (1)  D  must  be  positive,  (2)  p'  or  q' 
at  least  negative.  (X.) 

Or  for  four  real  points 

(1)  D  must  be  positive, 

(2)  Si  =  (—O'S—eS'+SF)  must  be  positive  or  zero, 

(8)  Sa=  {eA'S^+e'AS'^+SF^+{Oe'SAA')8S'-2e'SF-20S'F\ 

must  be  positive, 

for  all  values  of  the  variables. 

For  four  imaginary  points  (1)  D  must  be  positive,  but  not  at 
once  Si  >  0,  S,  >  0.  (XL) 

Both  sets  of  criteria  require  alternatives  for  special  cases  of  inter- 
section, as  follows : — 

In  (X.)»  if  2)  =  0,  or  if  there  be  contact,  the  other  intersections  are 
real  or  imaginary,  according  as  j?'  >  or  <  0.  If  J5  =  0  and  p'  =  0,  q*  is 
also  =  0,  and  double  contact  is  easily  inferred.  The  distinction  between 
real  and  imaginary  double  contact  is  given  by  the  sign  of  p  in  the  z  cubic, 
or  more  symmetrically  thus.  The  X  cubic  has  equal  roots,  one  common  to 
SX'-f^X+S'  =  0.  Two  values  of  2X*+^X+2'  vanish,  and  the  third 
value  ( =  —p)  is  easily  found  to  be,  since  the  unequal  root  of  X  is 
A'  (2^-6Ae')/A(8e'«-6A'0), 

_    _  lA'H2e^-6Ae')^+4>AA' (ey-9AA0'+ 2^A^2y'~6A^e)»    ^jj. 
P A*(2e'*— GA'd)*  '  ^       ' 

and  therefore  the  double  contact  is  real  or  imaginary,  according  as  p 
>  or  <  0.     The  cases  of  osculation  require  no  criteria. 

Similarly  in  (XI.).     For  four  real  intersections  Si  must  generally  be 
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positive  for  all  values  of  the  variables ;  but  in  the  ease  of  foor-pcmited 
oscolaticm  it  is  easily  shown  to  vanish  identically,  requiring  Si  ^  0. 

If  the  quantities  jf  and  9'  in  the  sf  cubic  receive  special  oonstant 
values,  i.t.y  sin  ^,  sin  J5,  sin  C  for  fi,  t;,  10  in  2,  ^,  and  2^  these  quantities 
are  invariants  for  projections,  such  as  the  linear  Cartesian  transformation, 
in  which  the  line  at  infinity  is  unaltered,  and  the  criteria  also  have  a 
metrical  significance  exhibited  in  a  footnote.* 

In  conclusion,  the  criteria  for  real  and  imaginary  common  tangents 
may  now  be  developed. 

If  we  reciprocate  the  original  conies  S  and  S'  with  respect  to 

a:«+y»+^  =  0, 
and  apply  the  foregoing  criteria  for  real  intersections  to 

we  shall  evidently  get  the  criteria  for  four  real  common  tangents. 
The  identities  analogous  to  (L)  now  assume  the  types 

(xnL), 

and,  if  we  multiply  these  six  identities  on  both  sides  by 

and  add  once  more,  we  shall  obtain  the  new  equivalent  of 
as  -|A*2\»+A(0'2-A2')X+A'(2e-A^)}, 

*  If  Q  represent  the  area  of  tlie  qoadziUteiml  formed  \sj  the  four  points  of  intevaeetioii,  and 

where  ^^  -  47*<  sin*^  sin^  ^  sin'  6\ 

it  can  be  readily  shown  that  the  three  Talnea  of  (J*  are  given  bj  the  roots  of  the  i'  oubio 

n  verification  of  this  equution's  validity. 

For  four  real  points  there  are  three  real  values  of  ^  which  are  positive,  viz.,  the  con- 
ventional area  (1234)*,  (A  123  -  Al24)«and  (A  124  ~  Al34)«. 

For  four  imaginaiy  points  there  are  two  negative  values  of  C  and  one  positive  value, 
correspunding  to  the  one  real  area  which  is  easily  shown  to  remain  for  two  pairs  of  conjugate 
imaginary  points.  The  invariable  values  of  2,  2',  and  ^  here  employed,  with  line  infinity  co- 
ordinates utted  for  the  variables,  subside  in  the  case  of  Cartesians  into  the  well  known  invariants 
(a* -A"),  (s^4.a'4-2AA'),  •ad  (•T-A'«). 


1905.]  Thb  intersbgtion  of  two  conic  sections.  401 

where  the  new  cubic  determining  Xi2+i2'  is 

AV+Ae'X*+A'eX+A'«  =  0. 

As  before,  the  product  of  the  three  values  of  this  new  quantity  is  positive 
in  all  cases  and  is  equal  to  rA^A^,  and  we  must  simply  express  that  the 
sum  of  its  three  values  is  positive  and  the  sum  of  its  product  pairs  positive 
for  four  real  common  tangents. 

The  sum  =  P  =  (-eA'S-0'A2'+8AA». 

The  sum  of  the  product  pairs 

=  g  =  AA'{0'A'2?+eA2'^+8AAV«+(0e'-8AAO22' 

-2eA'2^-2d'A2>}, 
and  the  product  =  rA*A'«  =  PA'A^ 

and  the  new  cubic  whose  roots  are  the  values  of 

- 1  A^2\«+A(e'2-Ar)\+A'  (2^- A^)} 

is  ^+P^+ gf +r»A«A'«  =  0. 

The  discriminant  of  the  new  X  cubic  is  now  A'A'^i),  where  D  has  its  old 
meaning. 

And  therefore  for  four  real  common  tangents  (1)  D  must  be 
positive,  (2)  P  must  be  positive,  (8)  Q  must  be  positive. 

For  four  imaginary  common  tangents  (1)  D  must  be  positive, 
and  (2)  P  or  Q  at  least  must  be  negative.  (XTV.) 

If  D  be  negative,  there  are  two  real  and  two  imaginary  common 
tangents. 

These  tangent  conditions  can  be  thrown  into  the  alternative  forms 
involving  S,  S',  and  the  covariant  f  ,  by  multiplying  the  identities  of 
(Xin.)  by  0^,  y^,  «*,  2yZy  2zXy  and  2xy,  and  then  adding. 

The  result  gives  —{A8\^+F\+A'S')  as  the  analogue  of  the  original 
-(2X«+^X+2'). 

Since  this  new  quantity  stands  in  relation  to  the  cubic 

AV+A0'X*+A'eX+A'^  =  0 

in  precisely  the  same  way  as  —  (2X^+^X+2')  stood  with  regard  to  the 
original  X  cubic,  the  new  results  may  be  at  once  inferred  from  (X.)  by 
writing  AS,  F,  and  A'S'  for  2,  ^,  and  2',  and  making  corresponding 
changes  in  the  invariants. 
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The  criteria  appear  as  follows : — 
For  four  real  common  tangents 
(1)     D  most  be  positive, 


(2)    Si  =  AA' 


8        F        8' 
8A     2A0'       0 
ff      2A'0    8A' 


most  >  0, 


(8)     Sa  =  J  i  Sj- A^A'^D  (i^-4AA'SS') }  >  0, 

for  all  real  values  of  the  variables. 

For  four  imaginary  common  tangents    (1)  D  must 


(XV.) 


0, 


(2)  not  at  once  S,  >0,  S^>0. 

The  results  of  (X.)  and  (XL),  of  (XIV.)  and  (XV.)  constitute  a  complete 
solution  of  the  problem  proposed.  While  it  is  obvious  that  the  results 
may  be  expressed  in  an  unlimited  number  of  modes  by  varying  the 
positive  symmetrical  multipliers  of  the  roots  of  the  cubics  discussed,  an 
effort  has  been  made  to  present  them  in  their  simplest  and  most 
symmetrical  forms. 
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ON  THE  PROJECTION  OF  TWO  TRIANGLES  ON  TO  THE  SAME 

TRIANGLE 

By  Professor  M.  J.  M.  Hill,  Dr.  L.  N.  G.  Filon,  and  H.  W.  Chapman. 

[Read  Maroh  9th,  1906.— Baoeived  Ifaroh  17th,  1905.] 

Ab8tra4:L 

There  are  in  the  theory  of  projection  many  constrnctions  for  the 
solution  of  a  problem  which  contain  one  or  more  arbitrary  elements.  In 
snch  cases  interesting  results  are  sometimes  obtainable  by  a  consideration 
of  the  aggregate  of  all  the  possible  solutions  of  a  problem. 

A  simple  example  is  the  construction  for  determining  the  corre- 
spondence of  two  homographic  point  rows  when  three  points  of  the  one 
and  the  three  corresponding  points  of  the  other  are  given. 

In  this  case  the  line  joining  two  centres  of  projection,  from  which 
both  point  rows  may  be  projected  on'  to  the  same  point  row,  touches  a 
conic. 

The  problem  considered  in  this  paper  is  the  projection  of  two  tri- 
angles on  to  the  same  triangle,  and  the  results  which  may  be  deduced 
from  a  consideration  of  the  aggregate  of  all  the  possible  solutions. 

We  are  not  aware  that  the  same  problem  has  been  dealt  with  by  any 
previous  writer.  Grassmann  in  the  fourth  section  of  his  paper  entitled 
"Die  stereometrischen  Gleichungen  dritten  Grades,  und  die  dadurch 
erzengten  Oberflachen  "  (which  section  deals  with  the  projective  relation 
between  planes  and  pencils  of  rays  in  space)  obtains  incidentally  a  eon- 
stmction  for  projecting  any  four  points  in  one  plane  by  three  projections 
and  three  sections  on  to  any  four  points  in  another  plane  (no  three  of  the 
four  points  in  either  plane  being  in  a  straight  line).  Other  writers,  of 
whom  we  believe  the  first  was  Seydewitz,  discussed  the  distinct  problem 
of  finding  the  number  of  ways  in  which  a  plane  containing  any  four  fixed 
points  can  be  moved  in  space  and  so  placed  on  another  plane  that  the. 
four  fixed  points  are  in  perspective  with  four  filed  points  in  the  second 
plane  (no  three  of  the  four  points  in  either  plane  being  in  a  straight  line). 
The  number  of  solutions  turns  out  to  be  four,  and  is  in  contrast  with  the 
number — six — of  solutions  of  some  of  the  problems  which  occur  in  this 
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paper.  But  the  problem  discussed  by  Grassmann  is  of  a  higher  order  of 
complexity  than  the  one  from  which  the  present  investigation  arises. 
The  present  investigation  leads  to  a  construction  which  solves  Grassmann's 
problem  in  a  way  which  at  one  step  is  of  a  more  general  character  than 
that  adopted  by  Grassmann ;  and  its  value  consists  in  the  light  whick  it 
throws  on  that  problem. 

The  first  result  that  is  here  obtained  is  this  : — The  straight  line  joining 
two  points  from  which  two  triangles  in  space  can  be  projected  on  to 
the  same  triangle  is  a  generator  of  the  regulus  of  which  the  three  directing 
lines  are  the  lines  joining  corresponding  vertices  of  the  triangles  (Art.  1). 

It  is  next  shown  that  the  two  triangles  can  be  projected  into  the  same 
triangle  in  any  plane  in  space  (Art.  2). 

From  this  the  construction  for  the  solution  of  the  problem  considered 
by  Grassmann,  and  referred  to  above^  follows  easily  (Art.  8). 

It  is  then  proved  that  the  projective  relation  between  the  planes  of  the 
two  triangles  is  unaltered  if  the  centres  of  projection  be  moved  to  other 
positions  on  the  same  generator  of  the  regulus  referred  to  in  the  first 
article  (Art.  4),  and  in  this  case  the  plane  on  to  which  the  two  triangles 
are  projected  passes  through  a  fixed  point  on  the  line  of  intersection  of  the 
planes  of  the  two  triangles.  The  fixed  point  is  a  self -corresponding  point 
of  the  planes  of  the  two  triangles  (Art.  5). 

A  construction  for  the  determination  of  this  fixed  point,  when  the 
position  of  the  generator  of  the  regulus  is  known,  is  then  given 
(Art.  6). 

The  next  two  articles  (7  and  8)  deal  with  special  positions  of  the  plane 
on  to  which  the  two  triangles  are  projected,  which  are  important  for  the 
drawing  of  the  figures  required. 

The  regulus  of  Art.  1  meets  each  of  the  planes  of  the  triangles  in  a 
conic.  The  vertices  of  one  triangle  and  the  point  in  which  the  generator 
joining  the  centres  of  projection  meets  one  of  the  conies  correspond  €o  the 
vertices  of  the  other  triangle  and  the  point  in  which  the  generator  joining 
the  centres  of  projection  meets  the  other  conic.  In  general  no  fifth  point 
of  either  conic  can  correspond  to  any  point  of  the  other  conic.  If  any 
fifth  point  on  the  first  conic  correspond  to  a  point  on  the  second  conic, 
then  all  the  points  on  the  first  conic  correspond  to  points  on  the  second 
conic,  and  the  projective  relation  between  the  two  planes  is  that  which 
is  determined  by  making  those  points  on  the  conies  correspond  which 
lie  on  the  same  generator  of  the  regulus  (Art.  9). 

It  is  next  shown  that,  if  three  points  i4i,£i,  C^  in  one  plane  correspond 
to  three  points  A^,  B^,  C^  on  another  plane/ then,  as  the  straight  line  join- 
ing the  centres  of  projection  describes  the  regulus,  the  point  D^  in  the 
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second  plane  which  corresponds  to  a  fixed  point  Di  in  the  first  plane 
describes  a  nodal  cubic  passing  through  A^^  B^,  C^  (Arts.  10  and  11). 

Arts.  12-14  are  concerned  with  the  construction  of  the  node  and  the 
drawing  of  the  cubic,  and  the  way  in  which  the  node  arises  is  explained. 

In  the  last  article  (15)  it  is  shown  that  the  least  number  of  projections 
and  sections  necessary  to  pass  from  one  set  of  four  points  in  a  plane  to 
another  set  of  four  points  in  a  second  plane  is  in  the  general  case  three. 
There  are,  of  course,  the  special  cases  in  which  two  or  one  of  each  are 
sufficient. 

It  follows  that  Grassmann's  solution  is  the  simplest. 

1. .If  AiBiCi  and  A^B2C^  be  two  triangles  situated  anywhere  in 
space,  and  if  Oi  and  O9  be  two  points  such  that  Oi  projects  AiBiCi 
and  O9  projects  A^B^C^  into  the  same  triangle  ABC^  to  prove  that  the 
sole  condition  which  must  be  satisfied  by  Ox  and  O9  is  that  O1O9  is  a 
generator  of  the  regulus  determined  by  the  three  directing  lines  AiA^, 
BiB^  and  C1C9. 

Since  OiAi  meets  O^A^  at  A^  therefore  the  points  Oi,  Ai^  0^  A^  A 
all  lie  in  one  plane. 

Therefore  OiOq  meets  Aid^. 

Similarly  OiOq  meets  BiB^  and  C^Cs. 

Hence  O1O9  is  a  generating  line  of  the  regulus  of  which  AiA^  -B^JB^, 
BXid  C1C2  are  the  directing  lines. 

Conversely,  if  Oi  and  O9  lie  on  a  generating  line  of  the  regulus  of 
which  AiA^  B1B2  and  CiCq  are  the  directing  lines,  then  OjOs  meets 
AiA^  and  therefore  OiAi  meets  O^A^  in  a  point  which  may  be  called  A  ; 
similarly  OiBi  meets  OqBq  in  a  point  which  may  be  called  B,  and  OiCi 
meets  O9C9  in  a  point  which  may  be  called  C  Therefore  Oi  projects 
AiBiCi  and  O9  projects  A^B^C^  into  the  same  triangle  ABC. 

Throughout  this  paper  AiA^,  BiB^  and  CiC^  will  be  said  to  belong  to 
the  first  system  of  the  generators  of  the  hyperboloid  on  which  the  above 
mentioned  regulus  lies ;  and  Oi  0^  will  be  said  to  belong  to  the  second 
system  of  generators,  and  will  be  sometimes  denoted  by  the  single  letter  g. 
The  intersection  of  the  two  planes  AiBiCi  and  idt^JB^Cs  ^^  ^  called  the 
line  i. 

2.  The  triangles  AiBiCi,  A^B^C^  having  any  position  in  space,  and 
any  plane  tt  being  chosen  arbitrarily,  then  it  is  in  general  possible  to  find 
Ox  and  O9  so  as  to  project  AxBxCx  and  A^B^C^  into  a  triangle  ABC 
situated  in  the  plane  ir. 
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Let  the  straight  lines  Bid,  CiAt,  AiB^,  B^C^  CfA^  A^Bi  meet  tin 
plane  t  in  the  points  J^,  Ki,  Li,  J^  Kf,  L,  respectiTel;.     (See  Fig.  1.) 


The  most  general  case  is  that  in  which  each  of  these  six  points  is  a 
single  fully  determined  point  and  all  the  six  points  are  distinct. 

This  case  will  be  taken  first. 

The  poiata  Ji,  Ki,  Ly  are  collinear,  because  they  lie  on  the  intersection 
of  the  planes  AiB^Ci  and  -k. 

Similarly  J^  K^  L,  are  collinear. 

The  straight  lines  J^K^Li  and  J^K^L^  are  in  general  distinct. 
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Since  J^KiLi  and  J^K^L^  are  in  one  plane  ir,  therefore  KiK^  will 
meet  LiL^  in  a  point  which  may  be  called  A. 

Similarly  let  LiL^  meet  JiJq  at  J5,  and  let  JiJ^  meet  KiK^  at  C. 

Then  BC  is  the  line  Ji  J^,  and  therefore  meets  Bi  Ci  at  Ji. 

Similarly  CA  meets  GiAiat  f  i,  and  AB  meets  il^jBi  at  Li. 

Since  Ji,  ^i,  and  Li  are  collinear,  therefore  the  triangles  ABC  and 
^1  Bi  Cj  are  in  perspective. 

Therefore  AAi^  BBi^  and  CCi  meet  in  some  point  Oj. 

Similarly  ili!,,  BBg,  and  CC^  meet  in  some  point  0^ 

The  positions  of  Oi  and  O2  have  therefore  been  found  which  will 
project  AiBxCi  and  A^B^C^  into  a  triangle  ABC  in  the  plane  ir. 

8.  The  construction  given  in  the  last  article  renders  it  possible  to 
determine  the  projective  relation  between  two  planes  when  four  points  in 
the  one  and  the  corresponding  four  points  in  the  other  are  given.  [It  will 
be  supposed  that  no  three  of  either  set  of  four  points  lie  on  one  straight 
line.] 

The  construction  about  to  be  given  is  in  the  case  of  one  step  a  little 
more  general  than  that  given  by  Grassmann  (Crelle,  T.  xlix.,  S.  55) 

Suppose  that  Ai^  B^,  C^,  Di  in  the  plane  'tti  correspond  to  A^,  B^,  C^,  D9 
in  the  plane  xj. 

Take  any  point  0^  (distinct  from  Ai  and  A^  on  the  straight  line  A^A^ 

Through  ^4^  draw  any  plane  tt^  (distinct  from  xi). 

Prom  Oa  project  ^2-^2^2-^3  i^^^  AiB^C^D^  on  xg.* 

Draw  any  plane  x  (distinct  from  xj  and  xg)  through  Ai.  Then,  by 
means  of  Art.  2,  find  the  centres  Oi  and  CX,  which  will  project  BiCiDi  and 
B^C^D^  into  the  same  triangle  BCD  in  the  plane  x. 

Since  the  point  Ai  is  common  to  the  planes  X|,  xg,  and  x,  it  follows 
that  the  projections  from  CXi  and  CX,  will  both  leave  it  unaltered  in  position. 

Thus  O2  projects  the  points  A^,B^fC2fD^  situated  on  xq  into  AifB^fC^yD^ 
on  X3. 

Then  CXg  projects  the  points  Ai,  B^,  C^  D^  situated  on  xg  into  Ai,  B,  C,  D 
on  X. 

Then  Oi  projects  Ai,  B,  C,  2)  on  x  into  Ai,  Bj,  Ci,  Dj  on  x^. 

There  are,  therefore,  three  projections  and  three  sections,  as  in  Grass- 
mann's  method,  necessary  to  estabUsh  the  projective  relation  between  the 
two  planes  when  four  points  in  one  plane  and  the  corresponding  four 
points  in  the  other  plane  are  given. 

*  Grassmann' 8  next  step  is  to  draw  a  plane  through  AiBi.  It  is  possible,  however,  to 
proceed  more  generally,  as  in  this  paper,  hy  drawing  any  plane  through  Ai. 
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4.  The  projective  relation  between  the  planes  of  the  two  triangles  is 
fully  determined  when  the  position  of  the  generator  9,  on  which  Oi  and  O^ 
lie,  has  been  fixed ;  in  other  words,  if  0^  and  0^  be  moved  to  other 
positions  along  g,  the  point  E^  in  the  plane  A^B^C^  which  corresponds  to 
a  fixed  point  JE^^  in  the  plane,  il^JBiCi  remains  unaltered. 

Let  g  meet  the  planes  ABC,  AiBiCi,  and  A^B^C^  at  D,  Dj,  and  D, 
respectively.  Then  Oi  projects  Ai,  Bj,  Cj,  Di  into  A,  B^  Cf  D,  which  are 
projected  from  0^  on  to  A^,  B^  C^  D^ 

Hence  Ai,  B^,  Ci,  Z>i  in  the  one  plane  correspond  to  A^f  B^  O9,  Da  in 
the  other  plane  for  all  positions  of.  0^,  0^  on  the  same  generator  g.  Now, 
when  four  points  in  the  one  plane  forming  a  quadrilateral  and  the  cor- 
responding points  in  the  other  plane  are  given,  the  projective  relation 
between  the  two  planes  is  determined  by  the  theorem  of  which  a  proof  is 
given  in  the  preceding  article. 

Hence  the  point  E^  in  the  plane  A^B^C^  corresponding  to  a  fixed  point 
El  in  the  plane  AiBiCi  will  not  be  altered  if  Oi  and  0^  are  moved  along 
the  fixed  generator  g. 

[It  must  be  noticed,  however,  that  the  plane  ABC  is  altered  in  position 
when  Oi  and  0^  are  moved  along  the  fixed  generator  gJ] 

6.  To  prove  that,  when  Oi  and  0^  lie  on  a  fixed  generator  9,  the 
plane  ABC  passes  through  a  fixed  point  on  the  line  of  intersection  of 
the  planes  AiBiCi  and  A^B2C29  and  that  this  is  a  self -corresponding 
point  of  the  two  planes. 

Suppose  that,  for  some  given  positions  of  0^  and  0^  on  g,  the  straight 
lines  JiKiLi  and  J^KiL^^  both  of  which  lie  in  the  plane  ABC,  meet 
at  P  (see  Fig.  1).  Then  P  is  the  intersection  of  the  three  planes  ABC, 
AiBiCi,  and  ^^BqCs. 

Then  0^  projects  P  in  the  plane  AiBiCi  into  P  in  the  plane  ABC, 
and  then  O9  projects  P  in  the  plane  ABC  into  P  in  the  plane  A2B2C2. 

Therefore  P  in  the  plane  AiBiCi  corresponds  to  P  in  the  plane  A^B^C^, 

Now,  when  the  generator  g  is  fixed,  the  projective  relation  between  the 
two  planes  is  determined. 

Hence  P  in  the  plane  A^BiCi  corresponds  to  P  in  the  plane  A^B^C^ 
tor  all  positions  of  0^  and  0^  on  g. 

Hence  the  plane  ABC  passes  through  the  point  P  for  all  positions 
of  Oi  and  O2  on  g. 

The  point  P  may  be  called  the  self-corresponding  point  of  the  two 
planes  when  0^  and  0^  lie  on  g. 

The  point  P  in  the  intersection  of  the  planes  A^BiCi  and  ^2^9  ^2 
will  be  said  to  correspond  to  the  generator  g. 
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6.  To  show  how  to  construct  the  position  of  P  when  that  of  g  is  known. 

Let  PAi  meet  B^Ci  at  Q^.    (See  Pig.  2.) 

Let  OiQi  meet  BC  at  Q. 

Let  O^Q  meet  B^G^  at  Q^. 

Then  Qi  in  the  plane  A^BiCi  corresponds  to  Q^  in. the  plane  A^B^C^. 

Also  OiQi  and  O^Q^  meet  at  Q.     Therefore  QiQ^  meets  OiO^. 

Also  i^ii^a  meets  OiOq. 

Again,  P,  Q^*  ^i  correspond  to  P,  Qs,  il^  respectively. 

Now  P,  Qp  i^x  ^^  collinear ;  therefore  P,  Q^»  A^  are*  collinear. 

Therefore  i^ii^a  meets  QxQ^. 

We  have  also  proved  that  A^A^  meets  OiOs»  and  QxQ^  meets  O1O9. 


Fio.  2. 

Hence  there  are  two  alternatives : — 

(a)  The  three  straight  lines  AiA^  OiO^,  and  QiQ^  all  lie  in  one  plane. 
In  this  case  P  lies  in  the  plane  which  contains  OiO^AyA^. 
Similarly  it  could  be  proved  that  P  lies  in  the  plane  OiO^ByB^  and 
in  the  plane  OiO^CiC^. 

But  these  planes  meet  in  OiO^. 

Hence  P  lies  on  OiO^,  which  cannot  be  generally  true. 
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(6)  The  lines  AiA2f  OiO^  and  Q1Q2  have  one  point  in  common. 

This  being  the  only  alternative  left,  we  take  it  to  hold. 

Let  A1A2  meet  OiO^  at  A^. 

Therefore  QiQ^  passes  through  A^^ 

The  line  A^QiQ^  meets  OiO^f  B^Ci,  and  B^C^. 

This  gives  the  following  constmction  for  the  point  P : — 

Let  A1A2  meet  the  generator  9,  i.e.  OiO^,  at  A^  Through  A^  di-aw 
the  single  straight  line  which  meets  both  B^  Ci  and  B^  Cq.  Let  it  meet 
BiCi  at  Qi,  and  ^2^2  &i  Q2'    Then  AiQi  and  A^Q^  meet  at  P. 

Hence  A^QiQ^  is  e^  genereior  of  the  regulus  which  has  PiCi,  B^C^ 
and  ^li^a  for  directing  lines. 

Hence  the  range  of  A^  on  A1A2  is  projective  to  the  range  of  Q^  on 

Jj2  C/2* 

Now  project  the  range  of  Q^  on  B^G^  from  ^^^  on  to  the  line  of  inter- 
section of  the  planes  AiBiCi  and  ^IsPsCq,  i.e.,  on  the  line  i. 

Then  the  range  of  Q^  on  P^  Cj  is  projective  with  the  range  of  P  on 
the  line  i. 

Therefore  the  range  of  A^  {i.e.,  the  point  in  which  the  selected 
generator  g  is  met  by  the  fixed  line  AiA^  on  the  fixed  line  AiA^  is 
projective  with  the  range  of  P  on  the  line  i. 

7.  It  is  necessary  now  to  return  to  the  exceptional  case  mentioned 
in  Art.  2,  viz.,  that  in  which  the  planes  AiBiCi  and  A2B2C2  meet  the 
plane  w  in  the  same  straight  line,  i.e.,  JiKiLi  and  J2K2L2  coincide.  In 
this  case  there  are  the  following  classes  of  cases  : — 

(a)  Ji  and  J2  do  not  coincide,  Ki  and  K2  do  not  coincide,  and  L^  and 
L2  do  not  coincide. 

This  is  the  most  general  case  of  this  kind,  and  it  arises  whenever 
the  plane  tt  is  drawn   through  the  intersection  of   the  planes  AiBiCi 

and  A2B2C2. 

In  this  case  the  straight  lines  cT'^cTs,  K1K29  and  LiLq  coincide  with 
the  line  of  intersection  of  the  planes  ;  so  that  the  triangle  ABC 
degenerates  into  a  straight  line  coinciding  with  the  line  of  intersection 
of  the  two  planes. 

If  in  this  case  points  Ox  and  0^  exist  such  that  OiAi  meets  O2A2 
at  A,  OiBi  meets  02^3  at  P,  and  OiCi  meets  O2C2  at  C,  where  A,  B,  C 
all  lie  on  the  line  of  intersection  of  the  planes,  then  A^A  lies  in  the 
plane  AiBiCi,  and  therefore  Oi  also  lies  in  this  plane. 

Similarly  O2  lies  in  the  plane  A2B2C2' 

As  in  the  general  case,  O1O9  meets  A^A2,  Pi  Pa*  and  CiCg.     Con- 
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sequently  OiO^  is  a  generator  of  the  regulns  determined  by  AiA^f  BiB^, 
and  CjCj. 

Hence  Oi  is  any  point  on  the  conic  in  which  this  regulns  meets  the 
plane  AiBiCi;  and  O9  is  the  point  in  which  the  generator  g  of  the 
second  system  through  Ox  meets  the  plane  A^B^C^. 

Hence  in  this  case  the  triangles  can  (in  an  infinite  number  of  ways) 
be  projected  into  the  same  triad  of  points  lying  on  the  line  of  intersection 
of  the  two  planes. 

[Although  Oi  is  in  the  plane  AiBiCi  and  O9  is  in  the  plane  i^Q-^a^t* 
the  points  on  the  plane  AiBiCi  correspond  uniquely  to  the  points  on  the 
plane  ^^2-^1  ^9  »  because  the  projective  relation  between  the  planes  is 
the  same  as  when  0^  and  0^  have  any  other  positions  on  the  generator  g.'\ 

(b)  Let  Ji  and  J,  coincide,  say  at  J. 

Let  Ki  and  K^  not  coincide,  and  let  Li  and  L9  not  coincide.     (See  Fig.  8.) 
In  this  case  KiK^  which  is  AC,  and  LiL^y  which  is  AB,  coincide  with 
the  line  i. 

The  point  B  is  the  intersection  of  J1J2  with  LiL^;   hence  it  is  at  J. 


Fxo.  8. 

The  point  C  is  the  intersection  of  JiJ^  with  KiK^ ;  hence  it  also  is  at  /. 

The  straight  line  BC,  which  is  Ji  J^^  goes  through  /,  but  is  not  otherwise 
limited  ;  but  B  and  C  are  not  separate  points  on  it.     They  coincide  at  /. 

In  this  case  the  straight  lines  BiCi  and  B^  C^  meet,  viz.,  at  J. 

Hence  BiB^  and  CiC^  meet,  and  therefore  in  this  case  there  is  no 
proper  regulus"^  determined  by  AiA2y  BiB^f  and  C^Cs. 

Again  Oi  lies  on  BBi,  i.e.,  on  JBi  C^. 

Also  O2  lies  on  BB^,  i.e.,  on  JB^C^r 

*  It  degrades  into  a  plane.  All  its  generating  lines  lie  in  the  plane  BiCiB^C^  and  pass 
through  the  point  in  which  A^A^  meets  this  plane.  By  taking  Ox  and  0^  on  any  generating  line 
it  is  possible  to  project  AiBiCi  and  A^B^Ct  into  the  same  triangle. 
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Further  OiO^  meets  AiA^ 

If 9  therefore,  A1A2  meet  the  plane  CiBiJB^C^  in  If,  and  any  line  be 
drawn  through  M  in  this  plane  meeting  BiCi  in  Oi  and  B^C^  in  Of, 
we  obtain  positions  of  Ox,  O2  which  project  AiBiCi  and  A^B^C^  into 
three  points  A^  B^  C  on  the  line  i  ;  but  two  of  these  points,  B  and  C, 
ooinoide  with  each  other. 

In  this  case  there  is  no  proper  projection,  i.6.,  so  long  as  the  plane 
ABC  is  drawn  through  the  line  i. 

(c)  Ji  and  J2  coincide,  say  at  J ;  Ki  and  K^  coincide,  say  at  K ;  but 
L|  and  Lq  do  not  coincide. 

Then  BC,  which  is  JiJ^  goes  through  J,  but  is  not  otherwise  limited. 
Also  ACf  which  is  KiK^t  goes  through  K^  but  is  not  otherwise  limited. 
Whilst  AB  is  the  line  LxL^,  which  is  the  same  as  JK. 
Hence  A  is  at  £*,  JS  is  at  /,  and  C  is  any  point  in  the  plane  x. 


Fko.  4. 

In  this  case  AAi^  BBi^  and  CCi  meet  at  Ci. 

Hence  Oi  is  at  C|,  and  there  is  no  proper  projection  of  the  plane 
AiBiCi  from  Oy 

Also  AA^f  BB^  and  CC^  meet  at  C^.     Hence  Og  is  at  C^. 

((2)  cTx  and  /^  coincide.  K^  and  iT^  coincide,  and  L^  and  L^  coincide. 
In  this  case  the  triangles  are  in  perspective,  and  the  points  0^  and 
Os  coincide  at  the  centre  of  perspective. 

8.  It  is  necessary  now  to  consider  a  particular  case  of  another  kind. 

In  the  preceding  cases  the  six  points  Ji,  K^^  L^,  J^,  K^,  and  L,  are 
all  fully  determined.  Let  us  now  suppose  that  the  straight  lines  Ji  Ki  Li 
and  J2K2L2  are  distinct,  but  let  the  point  J^  in  which  B^C^  meets  the 
plane  tt  be  not  fully  determined. 
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This  is  equivalent  to  the  case  in  which  the  plane  it  is  drawn  through 
S^C^ ;  and  then  J^  can  be  regarded  as  any  point  on  £2^2-     (S^  ^^'  6-) 

Now  C2A2  meets  x  at  K^.    Therefore  K2  is  at  C^. 

Also  ^^2-^2  m^ts  X  at  L2.     Therefore  L^  is  at  B^* 

The  lines  AiA,  B^B,  C^C  meet  at  Oi. 

The  lines  A^A^  B^B^  C^G  which  meet  at  0^  are  now  A^A,  L^B,  K^C 
respectively. 

These  lines  meet  at  A  ;  therefore  O2  is  at  A.  But  Oi  is  on  AAi ; 
Isherefore  0|ili02  is  a  straight  line ;  therefore  the  generator  OiO^  passes 
lihrongh  Ai. 

In  this  case  there  is  no  proper  projection.  For  the  plane  ABC 
passes  through  0^  which  is  at  ^ . 


Fio.  5. 

The  distinguishing  feature  of  this  case  is  that  the  generator  g  passes 
through  Ai. 

Conversely,  let  g  pass  through  Ai.  Then  the  straight  line  OiA^iA  g. 
In  the  general  case  O^Ai  meets  02^12  ^^  A. 

Hence  in  this  special  case  g  meets  O^A^  at  A.  But  g  meets 
O^A^  at  O2.    Hence  O2  coincides  with  A, 

Now  in  the  general  case  ^^2-^9  ^9  ^^  projected  from  0^  on  to  ABC. 
But  in  this  special  case  0^  is  the  point  A  in  the  plane  ABC. 
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In  this  case  there  is  no  proper  projection. 

Note  that  in  this  case,  since  BC  projects  into  B^  C^  the  plane  ABC 
is  the  same  as  the  plane  O^B^C^  and  it  therefore  passes  through  B^C^ 

Those  points  of  the  plane  A^B^C^  which  are  situated  on  B^C^  are 
projected  on  to  £C,  and  thence  on  to  BiCi. 

This  would  result  in  making  the  point  in  which  B^Ct  meets  the  line  i 
not  a  self -corresponding  point  unless  J%  is  taken  at  that  point.  This  will 
therefore  be  supposed  to  be  done  in  the  rest  of  this  section. 

All  points  on  the  plane  A^B^C^  not  on  B^C^  are  projected  from  0^ 
(which  is  il)  on  to  il,  and  thence  from  0^  on  to  i^i. 

Hence  when  g  passes  through  Ai^Hl  points  on  A^B2C2  which  are  not  on 
B^C^  correspond  to  Ai.    The  points  on  B^C^  correspond  to  points  on  Bi  Ci. 

It  is  required  to  determine  the  self-corresponding  point  when  the 
generator  g  passes  through  Ai. 

The  self -corresponding  point  is  the  intersection  of  JiKiL^  and 
J^K^L^.  Now  in  this  case  J^K^L^  is  B^C^  Hence  the  self -correspond- 
ing point  lies  on  B^C^.  It  also  lies  on  the  intersection  of  the  two  planes 
AiBiCi  and  A^B^C^.  Hence  it  is  the  point  mi  which  B^C^  meets  the 
line  of  intersection  of  the  two  planes. 

Hence,  if  the  generator  g  pass  through  Ai^  the  self -corresponding 
point  P  is  the  point  in  which  £2^3  meets  the  line  of  intersection  of  the 
planes  AiBiCi  and  AJB^C^. 

It  should  be  noticed  that  in  this  case  the  points  Bj,  C^,  and  P  which 
are  not  in  a  straight  line  correspond  to  B^,  C^,  and  P  which  are  in 
a  straight  line  and  all  points  on  A^B^C^  which  are  not  on  B^C^  correspond 
to  Ai-  This  confirms  what  was  shown  before,  that  there  is  no  proper 
projection  in  this  case. 

There  are  six  cases  of  this  class  :  viz.,  when  g  passes  through  Ai^ 
Biy  Ci,  A^,  B^j  C2  the  self-corresponding  points  are  those  in  which  the 
line  of  intersection  of  the  two  planes  meets  the  lines  B^C^f  C^A^  ^a-Bs* 
JBiCi,  GiAi,  A^Bi  respectively. 

Although  in  these  six  cases  there  is  no  proper  projection,  it  is  possible 
to  make  the  relation  between  the  two  planes  quite  definite  in  each  case. 
As  the  self-corresponding  point  P  moves  along  the  line  of  intersection 
i  of  the  two  planes  to  each  point  Ei  in  one  plane  corresponds  a  definite 
point  E^  in  the  other  plane  for  every  position  of  P,  except  when  it  takes 
up  one  of  the  six  exceptional  positions  noted  above.  As  P  approaches 
one  of  these  exceptional  positions  E^  approaches  a  perfectly  definite 
position,  and  this  definite  position  may  be  said  to  correspond  to  E^^  when 
P  occupies  the  exceptional  position.  That  this  is  so  follows  from  Art.  10 
below. 
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9.  The  regulus  whose  directing  lines  are  AiA^,  BiBg,  Ci  C^  outs  the 
?o  planes  AiBiCi,  A^B^C^  in  two  conies. 

If  g  meet  these  planes  at  Z>i  and  Dq,  then  Ai^  J3|,  C^  Z>i  on  the  one 
>me  correspond  to  A^,  ^q*  ^9>  -^a  respectively  on  the  other  conic. 

It  will  now  be  proved  : — 

(i.)  That  in  general  no  fifth  point  of  the  first  conic  can  correspond 
>  a  point  on  the  second  conic. 

(ii.)  That,  if  any  fifth  point  on  the  first  conic  correspond  to  a  point 
a  the  second  conic,  then  all  the  points  on  the  first  conic  correspond  to 
oints  on  the  second  conic,  and  the  projective  relation  between  the  two 
lanes  is  that  which  is  determined  by  making  those  points  on  the  conies 
orrespond  which  lie  on  the  same  generator  of  the  regulus. 

To  prove  (i.),  suppose,  if  possible,  that  a  point  Ei  of  the  first  conic 
orresponds  to  a  point  E^  of  the  second  conic. 

The  most  general  supposition  that  can  be  made  is  that  Ei  and  E^  are 
istinct  points.     This  will  be  taken  first. 

OiEi  meets  O^E^  in  a  point  E  of  the  plane  ABCD. 

Hence  EiE^  meets  OiOa. 

Hence  EiE^  has  in  common  with  the  hyperboloid  three  distinct  points, 
is.,  Elf  E^i  and  the  point  where  EiE^  meets  OiO^. 

It  must  therefore  be  a  generator  of  the  same  system  as  Ai^^*  -^i^s* 
nd  C1C9. 

Now  Oi  projects  AiBiCiDiEi  and  0^  projects  A^B^C^D^E^  into 
iBCDE. 

Draw  the  conies  through  ABCDE,  AiBiCiDiEi,  and  A^B^C^D^E^. 

Take  any  point  F  on  the  conic  ABCDE. 

Let  OiF  cut  the  first  plane  at  i<\ ;  then  Fi  is  on  the  conic  AiBi CiDiEi. 

Let  OiF  cut  the  second  plane  at  F^  ;  then  F^  is  on  the  conic 
1  ]  B^  C^  D^  Ei* 

Also  Fi  and  F^  correspond  to  each  other. 

As  F  may  be  any  point  on  the  conic  ABCDE ,  it  follows  that  every 
K)int  on  the  first  conic  corresponds  to  a  point  on  the  second  conic,  and 
he  line  joining  two  corresponding  points  is  a  generator  of  the  first 
lystem. 

This  conclusion  is  in  the  general  case  impossible,  because  DiDi, 
vhich  joins  corresponding  points,  is  a  generator  of  the  second  system. 

The  exceptional  cases  are  (a)  when  D1D9  is  a  generator  of  both  systems, 
l.e.f  the  hyperboloid  is  a  cone  ;  (b)  when  Dj  and  D^  coincide  in  one  point, 
io  that  Di  and  D^  both  lie  on  a  generator  of  each  system. 

Putting  aside  for  the  present  these  exceptional  cases,  it  follows  that 
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only  the  points  AiBiCiDi  on  the  one  conic  correspond  to  points  on  the 
other  conic,  viz.,  to  A^B^C^D^. 

In  the  exceptional  case  (a)  the  points  Oi  and  Oq  coincide  with  the 
vertex  of  the  cone  and  the  triangles  AiBiCi  and  il  2-^2^1  ^^  ui  perspective. 

The  second  exceptional  case  (b)  is  important.  It  brings  as,  in  fact, 
to  the  case  marked  (ii.)  above. 

Suppose  that  the  hyperboloid  meets  the  line  of  intersection  of  the 
two  planes  at  the  points  T  and  U.  Then  T  and  U  lie  on  both  the  conies. 
Suppose  that  g  is  taken  to  pass  through  T.  Then  D^  and  D,  coincide 
at  T.  In  this  case  AiBiCiT  corresponds  to  ilQ-^a^a^-  Therefore  the 
projective  relation  between  the  two  planes  is  fully  determined.  It  will 
now  be  proved  that  U  corresponds  to  U.  Let  the  rays  of  the  regulus  con- 
taining AiA^,  BiB^t  and  C1C2  which  pass  through  T  and  U  be  caUed  t 
and  u  respectively.  Then  the  points  T,  Ai,  Bi,  Ci  on  one  conic  fall  on 
the  rays  t,  AiA^,  BiB^f  CiC^  of  the  regulus.  The  conic  and  the  regulus 
^e  therefore  in  perspective,  each  ray  of  the  regulus  cutting  the  conic  in 
the  point  corresponding  to  it. 

In  like  manner  the  regulus  and  the  second  conic  are  in  perspective. 
Hence  the  point  U  of  the  first  conic  corresponds  to  the  generator  u  of  the 
regulus,  and  this  corresponds  to  the  point  U  of  the  second  conic.  There- 
fore U  corresponds  to  U. 

It  reptiains  only  to  find  the  position  of  the  self-corresponding  point 
when  g  passes  through  T.    It  will  be  proved  that  this  is  at  U. 

For,  if  the  plane  ABC  do  not  pass  through  U  when  g  passes  through 
T,  then  U  will  not  correspond  to  itself. 

Hence,  when  g  passes  through  T,  the  self -corresponding  point  is  U. 

Also,  when  g  passes  through  CT,  the  self-corresponding  point  is  T. 

Further,  these  two  positions  of  g  determine  the  same  projective  relation 
between  the  two  planes,  viz.,  all  the  points  on  the  first  conic  correspond 
to  points  on  the  second  conic,  corresponding  points  lying  on  generators 
of  the  first  system. 

10.  Given  that  Ai,  Bi,  Ci  correspond  to  A2,  B^,  C^,  to  prove  that  as  g 
describes  the  regulus  the  point  D^  corresponding  to  a  fixed  point  D^  in 
the  plane  AiBiCi  describes  a  cubic  curve,  having  a  double  point  and 
passing  through  A  2,  £3,  Cq. 

Suppose  that,  in  one  position  of  9,  P  is  the  self -corresponding  point. 

Let  PAi  meet  BiCi  at  Qi ;  let  PA^  meet  B^C^  at  Q^. 

Then  Q1Q2  meets  AiA^  at  A^,  where  A^  is  the  point  at  which  g  meets  AiA^ 

Let  PAi  meet  B^D^  at  B^  and  CiDj  at  Si. 

Since  Ai,  JSj,  Cj,  P  correspond  to  A^,  -Bj,  Cj,  P  respectively,  therefore 
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AiP^  BiCi  correspond  to  A2Pf  B^C^  respectively  ;  therefore  Qi,  the  inter- 
section ot  AiPf  BiCif  corresponds  to  Q^,  the  intersection  of  A^Pf  B^C^ 

Since  Ai^  Qi^  P  correspond  to  A^  Q^,  P,  the  ranges  on  AiQiP  and 
AtQ^P  cure  in  perspective,  and  the  centre  is  A^  (see  Fig.  6). 

Hence,  to  get  the  points  corresponding  to  i2|,  Si,  it  is  only  necessary 
to  make  A^Bi  meet  A^P  at  B^,  and  A^Si  meet  A^P  at  8^. 

Then,  since  Di  is  the  intersection  of  BiBi  and  C7|Sx,  therefore  Z>2  is 
the  intersection  of  B^B^  and  C^S^' 

As  P  moves  along  the  line  of  intersection  of  the  two  planes,  Qj,  22x,  Si 
describe  respectively  the  straight  lines  BiCi,  fiiDi,  and  CiDi. 

Qq  describes  the  fixed  line  B^C^. 

Projecting  from  the  fixed  point  Ai,  (P)A((3i)A(i2i)A(Si).* 

Projecting  from  the  fixed  point  A^,  (P)a(^s)  ;  therefore  (Qi)a(Q^. 


Fio.  6. 


Hence  QiQ^  describes  a  regains,  having  BiCi,  B^C^,  and  AiA^  for 
lines;  therefore  (Q^7:(Q^7:(A^ ;   therefore  {4^7: {Bi). 


*  The  ijmbol  A  la  used  to  denote  <*piojectiTe  with  "  and  (JP)  A  (Q|)  meens  **any  four 
poiitioBt  €i  PuoprojectiTe  with  the  four  ooiresponding  positions  of  (2i." 
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Henoe  A^Bi  is  a  generator  of  a  regalus  having  AiA^  and  B|Z>i  for 
directing  lines. 

This  regains  meets  the  plane  A^B^C^  in  a  eonic  on  which  B^  lies. 
This  conic  passes  through  A^  because  ilj  is  a  possible  position  of  A^  It 
also  passes  through  the  point  where  £i  A  meets  the  line  of  intersection 
of  the  two  planes. 

Similarly,  (A^7^(S0  ;  therefore  A^Si  is  a  generator  of  a  regulus  which 
has  A1A2  and  CiDi  for  directing  lines. 

This  regulus  meets  the  plane  A^B^C^  in  a  conic  on  which  8^  lies. 
This  conic  passes  through  A^  It  also  passes  through  the  point  where 
CiDi  meets  the  line  of  intersection  of  the  two  planes. 

There  are,  therefore,  two  conies  in  the  plane  A^B^C^  both  passing 
through  A^  The  points  B^  ^^^  S^  on  these  conies  are  projectively  related 
by  the  lines  drawn  from  A^.  Each  such  line  meets  one  conic  in  B^  and 
the  other  in  S^^ 

The  point  D^  is  the  intersection  of  B^B^  and  C^S^ 

If,  now,  we  draw  the  sheaf  of  planes  of  the  second  order,  whose  centre 
is  B^f  and  which  passes  through  the  generating  lines  A^BiBf,  it  is  pro- 
jective to  the  regulus  generated  by  A^BiB^f  and  therefore  to  the  points  £|. 

Similarly,  the  sheaf  of  planes  of  the  second  order,  whose  centre  is  Cf, 
and  which  passes  through  the  generating  lines  A^SiS^,  is  projective  to  the 
regulus  generated  by  A^SiS^  and  therefore  to  the  points  S],  and  therefore 
to  the  points  iij,  and  therefore  to  the  sheaf  of  planes  of  the  second  order 
whose  centre  is  B2  and  which  passes  through  the  generating  lines  A^BiBf, 

Now  the  surface  generated  by  the  intersections  of  corresponding  planes 
of  two  projective  sheaves  of  planes  of  the  second  order  is,  in  general,  a 
ruled  surface  of  the  fourth  order  having  a  nodal  line,  which  is  a  curve  in 
space  of  the  third  order  (Beye,  Geometric  der  Lage  (1886),  Zweite 
Abtheilung,  Fiinfzehnter  Yortrag,  S.  116). 

The  section  by  any  plane  is,  therefore,  a  curve  of  the  fourth  order 
with  three  double  points. 

In  this  case,  however,  there  is  a  simplification. 

It  will  now  be  proved  that  the  two  projective  sheaves  of  planes  have  a 
self -corresponding  plane.  The  ruled  surface  of  the  fourth  order  will  then 
reduce  to  this  plane  and  a  cubic  surface  of  the  third  order. 

Consider  what  happens  when  the  self -corresponding  point  P  is  at  the 
point  where  B^C^  meets  the  line  of  intersection  of  the  planes  AiBiCi  and 
A^B^C^'  Then  (Art.  8)  g  passes  through  Ai,  and  therefore  A^  is  at  Ai. 
In  this  case  both  B^  and  S^  coincide  with  P.*     Thus  the  locus  of  B^  is  a 

*  It  should  be  observed  that,  when  Bf  and  Sf  coincide  at  the  point  where  Bfy  meeta  the  line 
of  intersection  of  the  two  planes,  it  does  not  follow  that  D^,  which  is  the  intersection  ci  B^Sf  and 
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eonio  through  A^  and  the  point  where  B^  C^  meets  the  line  of  intersection 
of  the  two  planes.  This  is  the  point  J^  In  like  manner  the  locos  of  S^ 
is  a  eonio  through  A^  and  J^  Since  Bi  is  on  AiP^  both  Bi  and  B^  are  on 
AiPy  and  therefore  the  plane  B^BiB^  is  the  plane  B^AiP  which  contains 
(7s»  since  P  is  on  B^C^.  It  is  therefore  the  plane  iliBaC/Q.  In  like  manner 
the  plane  C281S2  is  the  plane  AiB^C^  Hence  the  two  sheaves  of  planes 
of  the  second  order  B^BiB^  and  C2S1S2  have  a  self -corresponding  plane. 

Hence  the  ruled  surface  of  the  fourth  order  reduces  to  this  plane  and 
a  cubic  surface. 

Hence  the  locus  of  the  intersection  of  B^B^  and  C^S^  is  a  cubic  curve. 

Since  the  locus  of  JBa  is  a  conic  through  A^  and  the  locus  of  S^  a  conic 
through  A^y  therefore  A2iB  €k  point  on  the  cubic  locus. 

By  symmetry  B^  and  C^  lie  on  the  cubic  locus. 

Hence  the  locus  of  D^  is  a  cubic  curve  through  A^f  B^,  Cg. 

It  has  a  double  point  at  the  point  which  corresponds  to  Di  when  the 
projective  relation  is  that  which  is  determined  by  making  the  regulus 
containing  ill il 2,  BiB^,  CiC^  perspective  to  the  two  conies  in  which  it 
meets  the  two  planes.  For,  if  the  regulus  meet  the  line  of  intersection  of 
the  two  planes  in  T  and  U,  then  we  get  the  same  projective  relation 
between  the  planes  when  P  is  at  T  as  we  do  when  P  is  at  U.  Hence  the 
same  point  will  correspond  to  Z>i  when  P  is  at  T  as  when  P  is  at  U,  This 
point  will  therefore  be  a  double  point  on  the  cubic  locus. 

11.  We  might  also  have  completed  the  proof  thus : — The  conic 
which  is  the  locus  of  B^  and  the  conic  which  is  the  locus  of  S2  intersect 
at  ilg.  The  straight  line  B^Cg  passes  through  one  of  the  intersections 
of  these  two  conies,  viz.,  the  point  cTg.  The  points  A2, 12a>  S2  are  on  a 
straight  line.  Therefore  B2  on  its  conic  is  projectively  related  to  S2  on 
its  conic.  So  the  pencils  B2B2  and  C2S2  are  projectively  related,  and 
they  have  a  self -corresponding  ray,  viz.,  B2C2  (for  when  P  coincides 
with  the  point  in  which  B2C2  meet  the  line  of  intersection  of  the  two 
planes  JB3  and  S2  coincide  with  P).  Hence  the  locus  of  the  intersection 
of  B2B2  and  C2S2  is  a  cubic  curve.  Hence  the  locus  of  Z>s  is  a  cubic 
curve.  (Beye,  Holgate's  Translation,  Art.  205 ;  or  the  German  edition, 
Erste  Abtheilung,  S.  187.) 

12.  In  order  to  draw  the  cubic,  a  further  examination  of  the  loci  of 
B2  and  S2  is  necessary. 

It  will  be  proved  in  the  first  place  that  the  locus  of  IZ9  touches  the 
locus  of  S2  at  ilg. 

C^Sfy  also  coinciden  with  this  point,  for  B^B^  and  C^S^  bave  in  thta  oaae  the  Mme  direetioii,  and 
the  limiting  poiiit  of  their  intersection  may  be  different  from  the  point  at  whioh  £^0^  meeti  the 
line  of  intersection  of  the  planes. 

2x2 
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The  locuB  of  B^  is  the  section  of  the  hyperboloid  generated  by  A^BiB^ 
by  the  plane  A2B^C^. 

The  tangent  plane  to  the  hyperboloid  at  A2  is  the  plane  which  con- 
tains AiA^  and  the  position  of  A^BiB^  when  A^  reaches  A^ 

Bat,  when  A^  is  at  A^  P  is  at  the  point  where  fii  Ci  cuts  the  line  i. 
This  is  the  point  we  have  previously  called  c7|. 

Hence  Bi  is  at  the  intersection  of  AiJi  and  BiDi,  say  at  JSi. 

Hence  the  tangent  plane  at  A^  is  the  plane  containing  AiA^  and  the 
line  joining  A^  to  the  intersection  of  AiJi  and  B|Dx.  But  this  is  the 
plane  AyA^Ji. 

Hence  the  tangent  at  A^  to  the  locus  of  £9  is  A^Ji. 

By  similar  reasoning  the  tangent  at  A^  to  the  locus  of  S%  is  also  A%Ji. 

Hence  the  two  conies  touch  at  A^ 


FiQ.  7. 

The  points  in  which  B^  C^  meets  each  conic  will  next  be  found. 

Take  P  (see  Fig.  7)  where  AiBi  meets  the  line  i,  i.e.,  take  P  at  Li- 

Then  PA  i,  i.e.,  A  i  Lp  meets  Bi  Gi  at  Qi,  and  Bi  D^  at  Bi  in  the  general  case. 

Hence  Qi  and  Bi  coincide  with  Bi. 

The  point  Q^  is  the  intersection  of  B^C^  and  A^L^. 

Hence  QiQ%  is  BiQ^f  and  this  meets  AiA^  in  A^ 

Now  ^8-^1  nieets  A2P  in  B2in  general. 

But  Bi  coincides  with  Qi. 
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Consequently  22,  coincides  with  Q^. 

Hence  one  position  of  B^  is  the  intersection  of  A^Li  and  B^C^ 
Similarly  one  position  of  S^  is  the  intersection  of  A^Ki  and  B^C^ 
The  loci  of  B^  and  8^  are  now  completely  determined. 

(1)  Each  locus  passes  through  A^  (Art.  10). 

(2)  Each  locus  is  touched  by  A^Ji  at  A^  (Art.  12). 
(8)  Each  locus  passes  through  J^  (Art.  10). 

(4)  The  locus  of  B^  passes  through  the  intersection  of  £iDi  and 

the  line  i  (Art.  10).  GaU  this  the  point  K.  (See  Fig.'  8.) 
The  locus  of  S^  passes  through  the  intersection  of  (7iD| 
and  the  line  i  (Art.  10).    Call  this  the  point  L. 

(5)  The  locus  of  B^  passes  through  the  intersection  of  B^C^  and 

A^Li.    Call  this  point  If. 
The  locus  of  8^  passes  through  the  intersection  of  B^C^  and 
A^Ki.    Call  this  point  N. 

18.  The  conies  are  determined  when  the  positions  of  Ai^  Bi,  Ci,  Di, 
A  2,  B^,  C2  and  the  line  i  are  given. 

But  the  converse  is  not  true. 

The  conies  are  determined  when  the  positions  of  J^,  JSTi,  Li  on  the 
line  i ;  the  position  of  J^  on  the  line  i ;  the  direction  of  the  straight  line 
B^C^  through  J^  (the  positions  of  Bg  and  Cq  on  this  line  need  not  be 
known) ;  the  position  of  A^  and  the  position  of  Z>i  are  known. 

If  the  positions  of  the  points  are  assumed  arbitrarily,  it  is  often  very 
difficult  to  obtain  a  sufficient  length  of  the  cubic  to  show  its  characteristics. 

It  is,  however,  possible  to  construct  the  cubic  in  a  convenient  manner 
by  first  drawing  two  conies  having  a  real  point  of  contact  and  two 
intersections,  and  then  to  construct  positions  of  Ai,  B^,  Ci^  Di,  A^  B^  C^ 
and  i  which  will  lead  to  these  two  conies. 

Draw  two  conies  touching  at  A^  and  having  two  real  interaeetkmB.^^ 
Call  either  of  these  J^. 

Draw  two  arbitrary  lines  through  J^.    Call  one  of  these  t»  and 
other  Bs  Cg  (B9  and  C2  may  be  anywhere  on  this  line) . 

Let  J^B^C^  meet  the  locus  of  Bj  in  If  and  the  locus  of  8^  in  N. 

Let  the  line  i  meet  the  locus  of  B^  in    K  and  the  loons  of  fi^  in  X 
Then  on  referring  to  Art.  12  it  is  seen  that  it  is  necessary  to  take  Ji  bt  -^ 
the  intersection  of  the  common  tangent  at  ^^  to  the  conies  with  the  line  u^, 
Ki  at  the  intersection  ot  A^N  with  i,  L^  at  the  intersection  of  A^M  with  m^* 

It  is  possible  now  to  draw  any  three  lines  through  Jx»  -'^i^  I^v  vii^i^^ 
JiBjCi,  KiCiAi,  LiAiBi,  which  will  give  the  positions  of  ilj,  B^,  (7i. 

Then  D|  must  be  taken  at  the  intersection  of  BiK  and  C^L. 


1906.]         PbOJBOTION  of  two  TBIANOLBS  on  to  THB  8AMB  TBIAMaLX.  428 

It  will  now  be  proved  that  the  positions  assigned  to  Ai,  By  Ci,  Z),, 
Af,  the  line  t,  and  the  line  B^C^  lead  nniqilely  to  the  conios  selected. 
For  (1)  both  conies  pass  through  A^ ; 
(2)  both  conies  toaoh  A^Ji ; 
(8)  both  conies  pass  through  J2 ; 

(4)  the  locas  of  B^  passes  through  the  point  K,  which  is  the  in- 
tersection of  BiDi  and  i,  and  the  locus  of  8^  passes  through 
the  point  L,  which  is  the  intersection  of  C^Di  and  i ; 
(6)  the  locus  of  B^  passes  through  the  point  Af,  which  is  the 
intersection  of  B^C^  and  A^Li\  and  the  locus  of  8^  passes 
through  N^  which  is  the  intersection  of  B^XJ^  and  A^Ki. 
Hence  the  conies  are  uniquely  determined  by  the  positions  assigned 

to  ill,  -^i*  ^i»  A>  ^s  c^d  ^^^  ^^B  ^%C%  cmd  i. 

In  order  to  draw  the  cubic,  all  that  is  necessary  is  to  draw  the  conies  ; 
then  any  line  through  A^  meets  the  conies  in  corresponding  points  B^ 
and  8^ 

Then  B^B^  and  C^S^  meet  on  the  cubic. 


14.  Construction  for  the  Double  Point  of  tJie  Cubic. 

Take  any  point  B^  on  the  locus  of  B^;  let  ^1 9 12s  ^^^  ^^^  locus  of  8t  in  8^- 

Let  B^B^  cut  the  locus  of  iZ^  in  12^,  and  let  A^B'i  cut  the  locus  of  89 
in  8't. 

Then,  if  828'i  passes  through  Cf,  the  double  point  of  the  cubic  is  the 
intersection  of  B^B't  and  8%8t> 

For  call  this  point  of  intersection  S.  Then,  when  A^B^S^  occupies  its 
first  position,  B^B^  and  CsiSt  intersect  at  ^,  and  therefore  J  is  a  point  on 
the  curve. 

Now  let  A^B^8t  move  into  the  position  A^B^S^.  Then  B^Bi  and  C^St 
intersect  at  j,  and  therefore  the  curve  passes  a  second  time  through  j,  and 
therefore  S  is  the  double  point  of  the  cubic. 

It  is  necessary  to  find  a  construction  for  the  double  point  S. 

Draw  any  straight  line  through  A^  meeting  the  conies  at  JR^  and  8^ 
Then  (B,)a(Sj). 

Let  B^B^  meet  the  locus  of  JR^  in  ii^.  Then  the  points  B^  Bi  an 
corresponding  points  of  an  involution  on  the  locus  of  B^.  Therefore 
(Bj)  A  (Bi). 

Let  A^B!^  cut  the  locus  of  8^  in  Si     Then  (Bi)  A  (S;).    Therefore 
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The  points  Si  are  detflrmiued  noiqaety  from  the  points  S„  and  the 
eonBtraetion  is  reversible. 

Hence  the  points  S^  and  Si  form  an  involution  on  the  conic 
Henee  S^Si  always  passes  throogb  a  fixed  point  W.     (See  Fig.  9.) 


ho  ' 


Hence  C,  W  will  meet  the  locus  of  S,  in  corresponding  points  8g  and 
Si,  sQch  that  the  line  joining  the  corresponding  positions  of  B^  and 
Bi  will  pass  through  B^  Then  B^Bi  meets  C^W  in  the  donble 
point  S. 

This  construction  can  be  completed  il  C^W  meets  the  locus  of  ^^  in 
real  points,  but,  if  Cg  W  meets  the  locus  of  Sis'}  in  imaginary  points,  then 
it  is  not  immediately  apparent  how  to  constmet  the  corresponding  posi- 
tions B^,  B'l. 

It  hftB,  however,  been  shown  that  the  double  point  S  lies  on  the 
straight  line  C,  W. 

It  IB  now  possible  to  get  another  line  which  pasees  through  S  thus : — 
Draw  through  C^  any  straight  line  meeting  the  locus  of  S,  in  i3„  SH. 
Let  A^Si  and  AjSi  out  the  locua  of  ii,  in  £,  and  Bi  Then  .B„  ^  are 
corresponding  points  of  an  involution  on  the  locus  of  B^. 

Therefore  S^Bi  passeB  through  a  fixed  point  X  (see  Fig.  9),  and  the 
double  point  lies  on  B^X. 

The  double  point  is  therefore  the  intersection  of  the  fully  determined 


1905.]       Projbction  of  two  tbunolxs  on  to  the  samb  tbiamolx.  425 

straight  lines  B^X  and  C^  W,  and  the  constraotion  is  one  which  does  not 
fail  when  C^  W  oats  the  locus  of  S^  in  imaginary  points. 

To  find  the  position  of  W^  take  S%  at  A^    Then  B^  is  also  at  A^. 

Therefore  22^  is  the  other  point  in  which  A^B^  cats  the  locas  of  iia, 
and  Ss  is  the  other  point  in  which  A^B^  cuts  the  locus  of  Sj.  Hence  in 
this  position  S^S  coincides  with  A^B^ 

Hence  W  lies  on  A^B^. 

Next  take  Sg  at  J,.  Then  B^  is  also  at  J^.  Then  it^  is  at  the  other 
point  in  which  B^J^  %.e.^  B^C^f  cuts  the  locus  of  M^.  Call  this  point  M. 
Then  A^M  cuts  the  locus  of  8^  in  Si.  Call  this  point  M'.  Then  8^8^  is 
now  in  the  position  J^HP.  Hence  W  lies  on  JJif\  and,  as  it  also  lies  on 
A^B^t  it  is  fully  determined. 

Similarly  X  can  be  determined.  In  the  first  place,  by  taking  B^tkt  A^ 
S^  coincides  with  A 2*  Therefore  ff^  is  the  other  point  in  which  A^C^cuts 
the  locus  of  82,  and  B^  is  the  other  point  in  which  A^C^  cuts  the  locus 
of  B^.  Hence  in  this  position  B^Bi  coincides  with  A^C^.  Hence  Xlies 
on  iltCg. 

Take  JR^  at  the  point  J^  in  which  B^  C^  meets  both  conies.  Then  8^  is 
also  at  J9.  Then  8%  is  at  the  other  point  where  CtJ],  i.e.,  B^C^  meets 
the  locus  of  8^  Call  this  point  N.  Then  B^  is  at  the  other  point  in 
^bich  A^Z  meets  the  locus  of  B^.  Call  this  point  N\  Hence  B^Ki  is 
now  J^N'.  Hence  X  lies  on  J^N\  and  also  on  A^C^.  It  is  therefore 
fully  determined. 

15.  It  has  been  shown  that  the  points  A^,  Bi,  Ci  may  be  projected  on 
to  the  points  A^,  B^  C^  in  an  infinite  number  of  ways  by  two  projections 
and  two  sections.  The  locus  of  the  point  D^  in  the  second  plane  corre- 
sponding to  a  fixed  point  Di  in  the  first  plane  has  been  shown  to  be  a 
cubic. 

Hence  it  is  in  general  impossible  to  project  four  arbitrary  points 
A  I,  Biy  Ci,  Di  in  one  plane  into  four  arbitrary  points  A^  B,,  Cg,  D^  in 
another  plane  by  only  two  projections  and  two  sections. 

Hence  it  follows  that  the  fewest  number  of  projections  and  sections 
necessary  to  project  four  arbitrary  points  Ai,  B^,  Ci,  D^  in  one  plane  on  to 
four  arbitrary  points  A^  B^y  C^,  Dg  in  another  plane  is  three,  which  is 
the  number  given  by  Grassmann. 

Suppose  now  that  a  third  plane  is  drawn,  and  on  it  three  points 
A^  B^  C9  are  taken  arbitrarily. 

Now  let  AiBiCi  be  projected  by  two  projections  and  two  sections  on 
to  A^B^C^  Then  the  locus  of  the  projection  of  Di  will  be  a  cubic 
through  A^  B^  C^ 
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Now  let  AtBtC^  be  projected  b;  two  projections  and  aeotiona  on  to 
AfB^Ci.  Then  the  Iocqb  of  the  projection  of  Dg  ie  another  eabic  through 
Af,  B„  Cf.    These  two  eubics  intersect  on  A^BiC^  and  six  other  points. 

Ijet  Da  be  one  of  these  six  points.  Then  A^BiGiDi  are  projeeted  by 
tvo  projections  and  two  sections  into  A^BiC^Di,  and  A^B^CyD^  are  pro- 
jected into  A^B^G^Dt  in  the  same  way. 

Hence  Ai,  £„  C„  Di  can  be  projected  into  A^B^CtD,  by  four  projee- 
tions  and  four  sections  in  six  ways,  as  there  are  six  positionB  of  D^ 

This  case  is  illustrated  by  a  comparisoa  of  Figs.  8  and  10. 

Pig.  8  shows  the  projection  of  A^,  fi„  <7„  D,  on  to  i4t>  -&*>  ^n  -'^s! 
whilst  Fig.  10  shows  the  projection  of  A,,  B^  Cg,  D,  on  to  the  same  four 
points  At,  Bi,  Ct,  Dt-  There  are  then  six  points  any  one  of  which  may 
be  taken  as  Dt-  These  are  marked  on  each  figure  by  a  circle,  bat  are  not 
lettered,  and  the  two  figores  8  and  10,  which  are  drawn  separately,  mnst  be 
saperposed.  The  points  Ai,  Bi,  C^,  Dt,  J^,  Ki,  Li  of  Fig.  8  correspond  to 
4„  B^  Ct,  Da,  Ja,K„  L,  of  Fig.  10  respectively. 

In  Fig.  11  the  position  of  the  points  is  snob  that  the  enbio  has  a  eosp. 
This  is  doe  to  the  fact  that  oorrespoading  positions  of  BtBt,  GtSt  simol- 
taneoosly  toach  the  conios.  This  figure  was  constructed  by  drawing  a 
ray  AtBtSj.  Then  tangents  were  drawn  to  the  conies  at  Rt  and  S^  to 
meet  the  line  taken  for  BtCt  in  Bt,  d.  The  intersection  of  the  tangents 
gives  the  cusp  at  S. 

In  Fig.  12  the  position  of  the  points  is  such  that  the  oubie  has  an 
acnode  at  S.  The  figore  is  obtained  thus : — The  conies  and  the  positions 
of  Jt  and  Bt  are  first  selected.  JtBt  meets  the  loons  of  Aj  in  JIf ,  AtM 
meets  the  locus  of  St  in  SP,  JtM'  meets  AtBt  in  W.  Then  Ci  is  so 
chosen  that  d  W  does  not  cut  the  locus  of  St  in  real  points.  Then  X 
and  therefore  S  are  determined.  T  and  U  are  conjugate  imaginary  points 
on  the  line  of  intersection  of  the  two  planes. 
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ON  THE  CONDITION  OF  REDUCIBILITY  OP  ANY  GROUP  OP 

LINEAR  SUBSTITUTIONS 

By  W.  Bubnsidb. 

[BeoeiTad  June  Sxd,  1906.— Bend  June  8tli,  1906.] 


Let  ^Ti  =  Z  (lijXj 

n 
Xi  =  ^fiijXj 


^    (i=  1,  2,  ...,») 


be  the  substitations  A,B,Cot8k  group  O  of  linear  substitutions,     Then,  if 

AB=C, 
where,  in  the  product  AB,  the  symbols  are  to  be  read  from  left  to  right, 

y^  =  XfiikOki.  (i) 

If  in  these  equations  the  a's  are  regarded  as  the  original  vaiiables  and  the 
y's  as  the  transformed  variables,  then  they  define  a  group  of  linear  sub- 
stitutions in  n^  variables  simply  isomorphic  with  G,  the  substitution 
given  being  that  corresponding  to  B,  Moreover  this  group  is  reducible, 
transforming  each  set  of  n  variables 

a*^     (A  =  1,  2,  ...,  9i) 

among  themselves  exactly  as  O  transforms  the  x*s. 

If  G  is  reducible,  it  is  possible  to  choose  new  variables 

ii  =  S^yXj     (i  =  1,  2,  ...,  n) 

so  that  the  first  r  «n)  of  them  are  transformed  among  themselves  by 

every  substitution  of  the  group.     The  transformed  group  so  set  up  may  be 

represented  by  n 

a  =  ^aijij     (i  =  1,  2,  ...,  n), 

the  substitution  given  corresponding  to  A  ;  and  in  this  form 

Qij  =0     (i=  1,  2,  ...,  r;  j  =  r+1,  r+2,  ...,  n) 
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for  every  substitation  of  the  groap.    Bat  in  this  transformed  form  of  the 

where  the  JB*8  are  constants  depending  on  the  equations  defining  the  new 
variables. 

Hence,  if  O  is  reducible,  so  that  a  set  of  r  new  variables  may  be 
chosen  which  are  transformed  only  among  themselves,  then  the  coe£Scients 
of  every  substitution  of  O  must  satisfy  a  system  of  rin—r)  independent 
linear  homogeneous  equations. 

Conversely,  suppose  that  the  coefficients  of  O  satisfy  a  system  of  s 
independent  linear  equations 

2C5X  =  0    (ft  =  l,  2,  ...,«).  (u) 

If  in  the  equations  (i)  the  n^  variables  are  replaced  by  n'  independent 
linear  functions  of  themselves,  of  which  the  first  8  are 

Au  =  :Ld^\    (*=1,  2,  ...,«), 
the  new  form  of  the  group  defined  by  them  will  be 

Ai=    1  BucAm    (*=1,  2,  ...,n»), 

where  the  B's  are  linear  functions  of  the  fi's  with  constant  coefficients 
depending  on  the  CTs.  If  in  any  given  set  of  these  equations,  specifying 
a  particular  substitution  of  the  group,  the  a's  which  occur  in  the  definition 
of  the  A's  are  replaced  by  the  coefficients  of  an  arbitrarily  chosen  substi- 
tution of  (t,  the  equations  become  identities.    Now,  when  this  is  done, 

Hence  the  first  s  equations  become 

2    BikAk  =  0    (i=  1,  2,  ...,«).  (iii) 

Now,  if  for  any  given  substitution  of  the  group  on  the  n*  variables  the  B's 
of  these  equations  are  not  identically  zero,  these  s  equations  are  equivalent 
to  a  further  set  of  linear  homogeneous  equations  connecting  the  coefficients 
of  every  substitution  of  6. 

Hence,  if  the  set  of  s  equations  (ii)  are  the  only  linear  independent 
equations  connecting  the  coefficients  of  every  substitution  of  G,  the  B's  in 
the  equations  (iii)  must  be  zero  for  every  substitution  of  the  group  on  the 
n'  variables,  and  the  s  symbols 

•^l>     -^S*      •••>     -^9 

are  transformed  among  themselves  by  every  substitution  of  this  group. 
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Now  it  has  been  seen  above  that  each  set  of  n  as  which  have  the  same 
second  suflSx  are  transformed  among  themselves  by  every  sabstitntion  of 
the  group.     Hence  for  each  j  the  set  of  8  linear  functions 

iT Cy\    (*  =  1,  2,  ...,«) 

are  transformed  among  themselves  by  every  substitution  of  the  group.  If 
for  any  second  suffix  j  which  actually  occurs  this  set  of  s  functions  is 
linearly  equivalent  to  r  ( <  n),  then  a  set  of  r  linear  functions  of 

av>  ayt  ,..j  a^j 

exists  which  are  transformed  among  themselves ;  and  therefore  there  is  a 
corresponding  set  of  r  linear  functions  of  the  x*s  which  are  transformed 
among  themselves  by  the  substitutions  of  (z,  i.e.,  O  is  reducible. 

If  for  each  second  suffix  that  occurs  the  s  functions  were  equivalent  to  n 
(in  which  case  s  must  be  a  multiple  of  n),  successive  sets  of  symbols  with 
the  same  second  suffix  might  be  eliminated  from  equations  (ii)  till  there 
remain  only  n  equations.     These  may  be  brought  to  the  form 


i8^+Bv,  +  ...=0 


fiT) 


where  JB^t*  ^v%9  -*•>  ^*h  ^^  ^  linearly  independent  functions  of 

Now,  in  the  group  on  the  n*  variables,  symbols  with  the  same  second 
suffix  are  transformed  among  themselves.  Hence,  if  Af^^  is  the  same 
function  of  a^  a$j^,  ...,  a,^,  that  Bfj,  is  of  the  corresponding  )8*s,  then 

...      .■•       *•• 

are  transformed  among  themselves,  and  therefore  aij^,  a^^,  . . . ,  Onj^  and 
A\jv  ^^>  ...y  Anj,  undergo  the  same  transformation  for  every  substitution 
of  the  group. 

Hence  also  a^,  a^,  ...,  o,^, 

and  Aij^,  i4^,,  ...,  ^,^ 
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undergo  the  same  transformation  for  every  substitution  of  the  group. 
This  is  the  same  as  the  statement  that  every  substitution  on 

is  permutable  with 

and  therefore  either  that 

^fit  =  *«n^i     (^  =  1»  2,  ...,  n), 

where  i  is  a  constant,  or  that  the  group  on 

is  reducible. 

Now,  if  for  each  set  of  symbols,  such  as  Bfj^,  which  occur  in  the 
equations  (iv),  £,^  =  kfirf^,  the  equations  would  be 

•••  •••  •••  ••• 

implying  that  the  determinant  of  the  substitution  is  zero.  This  is  not  the 
case.  Hence  the  group  in  a  set  of  symbols  with  the  same  second  su£Sx» 
and  therefore  also  the  group  on  the  x's,  is  reducible. 

The  result  may  be  stated  as  follows  : — 

Theorem. — The  necessary  and  su£Scient  condition  that  a  group  of 
linear  substitutions  on  a  finite  number  of  symbols  should  be  reducible  is 
that  one  or  more  homogeneous  linear  equations  should  be  satisfied  by  the 
coefficients  of  every  substitution  of  the  group. 

It  follows  that,  if  a  group  of  linear  substitutions  in  n  variables  has  a 
aet  of  n^  substitutions  Ai,  A^  ...,  A^it,  such  that 


an 

ais 

tlim 

an 

an 

dnn 

• .  • 
an 

.  • . 

"i. 

•  • . 

tihe  group  is  irreducible ;  and,  conversely,  if  the  group  is  irreducible,  there 
must  be  such  a  set  of  n'  substitutions. 

If,  in  analogy  with  groups  of  finite  order,  the  sum  of  the  coefficients 
in  the  leading  diagonal  of  a  substitution  A,  viz., 

is  called  the  characteristic  of  the  substitution  and  is  denoted  by  x^  i  the 

OB.  2.    70L.  8.    iro.  909.  2  F 
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preceding  conditdon  can  be  expressed  in  terms  of  the  characteristics  of 
the  products,  two  and  two,  of  the  set  of  n'  sabstitations.  In  fact,  apart 
from  sign,  the  square  of  the  preceding  determinant  is  the  determinant 
for  which  the  element  in  the  k-th  row  and  Z-th  column  is 

if     y     i* 

But  this  is  the  sum  of  the  coefficients  in  the  leading  diagonal  of  A^Ai. 

The  necessary  and  sufficient  condition,  then,  that  a  group  of  linear  sub- 
stitutions in  n  variables  should  be  irreducible  is  that  it  should  be  possible 
to  choose  from  it  a  set  of  n'  substitutions  for  which  the  determinant 

does  not  vanish. 
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ON    CRITERIA    FOR    THE    FINITENE88   OF    THE    ORDER    OF 

A   GROUP   OF   LINEAR  SUBSTITUTIONS 

By  W.   BUBNSIDB. 
[B«oeiTed  Jnne  ard,  1906.— BMd  June  aUi,  1906.] 

• 

1.  The  coefficients  in  the  substitutions  of  a  groap  of  homogeneous 
linear  substitutions  are  in  general  complex  quantities  of  the  form 
a+/8V(— 1)>  where  a  and  fi  are  real  numbers.  If  the  group  is  one  of 
finite  order,  there  is  a  finite  number  of  coefficients,  and  there  must 
therefore  be  a  finite  positive  number  JIf ,  such  that  for  each  coefficient 

\a\<M.        \I3\<M.  (i) 

Similarly  there  must  be  another  positive  number  m,  such  that  for  each 

coefficient  either  ^  i    i  ^       ^ 

a  =  0     or     |a|>m;| 

and  fi  =  0    or    |i8|  >  m  J" 

The  existence  of  these  two  numbers  M  and  m  is  a  necessary  condition 
if  the  group  is  a  group  of  finite  order. 

I  propose  to  shew  that,  if  two  positive  numbers  M  and  m  can  be 
assigned  so  that  each  coefficient  in  every  substitution  of  a  group  satisfies 
the  system  of  relations  (i)  and  (ii),  then  the  group  is  a  group  of  finite  order. 

The  equations  ^^  =  2  auosj     (i  =  1,  2,  ...,  n), 

defining  a  linear  substitution  of  a  group  G,  imply  the  equations 

«<  =  2  OiiXj     (t  =  1,  2,  ...,  n), 

^vrhere  x  and  x  denote  conjugate  imaginaries.      These  2n  equations  are 
equivalent  to 

^i+^i  =  2  i(ai^+uii)(xj+X4) 

-  2^  2V(=T)  ^^""^^  vFT)  ^"^^""^^ 


(i=  1,  2,  ...,n), 


A     .     A 
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which  define  a  linear  substitution  with  real  coeffioients  on  the  2n  variables 

Xi+xu        'T/TZi)  (^<""^)»    (*  =  1»2,  ...,  n). 

It  may  be  easily  verified  by  direct  calculation  that  the  system  of  linear 
substitutions  thus  formed  from  all  the  substitutions  of  G  have  the  group 
property  and  constitute  a  group  G'  simply  isomorphic  with  G. 

Moreover,  if  the  coefScients  of  G  satisfy  the  system  of  relations  (i) 
and  (ii),  then  the  real  coefficients  of  G'  are  such  that  each  one  of  them 
is  either  zero  or  numerically  {i.e.y  apart  from  sign)  less  than  M  and 
greater  than  m. 

As  the  succeeding  argument  does  not  depend  in  any  way  on  the 
number  of  variables  being  even,  their  number  will  still  be  represented 
by  n,  and  any  substitution  of  G'  by 

a:^  =  2  OijXj    {i  =  1,  2,  ...,  n), 

where  now  a^  is  a  real  number,  such  that  either 

dij  =  0 

or  M  >  \a^\  >  m. 

The  sum  of  the^  squares  of  the  coefficients  of  any  substitution  is  certainly 
less  than  n^M^,    Hence,'  if  On,  o^^,  ...,  Onn  be  regarded  as  the  rectangular^ 
co-ordinates  of  a  point  P  in  space  of  n^  dimensions,  the  point  is  restrioted- 
to  be  within  a  sphere  of  radius  nM  with  the  origin  as  centre.     Gonsidei 
now  the  aggregate  of  points  P  which  correspond  to  the  totality  of  thi 
substitutions  of   6'.      If  the  aggregate  is  a  finite  one,  the  number  oi 
substitutions  of   6',  i.e.,  its  order,  is  finite.      If   the  aggregate  is  nol 
finite,  then,  since  the  points  are  restricted  to  be  within  a  certain  spherc^^ 
of  finite  radius,  the  aggregate  must  have  at  least  one  limit  point.     Let 

be  the  coordinates  of  a  limit-point.      Then,  if  ^e  is  any   given   sm 
positive  quantity,  an  infinite  number  of  points  of  the  aggregate  lie  withi 
a  sphere  of  radius  ^e  described  about  the  limit-point  as  centre.     If 

be  an  assigned  one  of  these  points,  and    . 

be  any  other,  then  2  (o^— 6^^)*  <  e*, 

and  therefore  for  all  suffixes    |  o^— 6^  |  <  e. 


1905.]    FiNITBNBSS  OF  THE  OBDBB  OF  A  GROUP  OF  LINEAB  SUBSTITUTIONS.     487 

Let  A  and  B  be  the  two  substitutions  of  G'  which  correspond  to  these 
points,  and  denote  by  C  with  coefficients  c^  the  substitution  A'^B.  Then, 
since  «  , 

where  j;  lies  between  —  e  and  +€, 

I  Cii— 1  |<nilf€, 

\cij\<  nMe     (t  =f^j) ; 

and  G'  has  an  infinite  number  of  substitutions  whose  coefficients  satisfy 

these  inequalities,  however  small  e  may  be.     If,  for  every  one  of  them 

dj  (i  ::^j)  were  zero,  every  one  of  them  would  replace  each  of  the  symbols 

by  a  real  multiple  of  itself.     Since  there  is  an  infinite  number  of  these 

substitutions,  the  multipliers  caimot  all  be  either  +1  or  —1.    But,  if  any 

multiplier  is  different  from  +1  &nd  —1,  a  sufficiently  high  power  of  the 

corresponding  substitution  would  have  a  coefficient  which  is  either  greater 

than  Af,  or  without  being  zero  less  than  m.    If,  on  the  other  hand,  some 

Cij  is  not  zero,  then,  by  making  €  small  enough,  it  will  be  numerically  less 

than  m.    In  either  case  the  supposition  that  the  aggregate  of  points  P  is 

not  finite  leads  to  a  contradiction.     It  follows  therefore  that,  with  the 

limitation  of  the  coefficients  given  by  the  relations  (i)  and  (ii),  the  order 

of  G'f  and  necessarily  also  the  order  of  G,  is  finite. 

It  is  perhaps  worth  remarking  that  either  relation  (i)  by  itself,  or 

relation  (ii)  by  itself,  is  not  sufficient  to  ensure  that  the  order  shall  be 

finite.    In  fact  the  group 

x'  =  ax+l3y, 

y'  =  yx+Sy, 

where  a,  )8,  y,  S  are  real  integers  such  that 

aS — fiy  =  1 

is  not  of  finite  order,  and  has  no  coefficient  other  than  zero  numerically 
less  than  unity.    Again,  the  group 

x'  =  cosndo;— sinndy, 

y'  =  sinndx+cosndy, 

where  n  is  an  integer  and  ir/O  is  not  rational,  is  not  of  finite  order  and 
lias  no  coefficient  numerically  greater  than  unity. 

2.  If  the  order  of  a  group  of  linear  substitutions  is  finite,  the  order  of 
every  substitution  of  the  group  is  a  finite  number  equal  to  or  less  than 
the  order  of  the  group.  I  propose  to  show  that  the  converse  of  this 
theorem  may  be  proved  in  the  form  : — 
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If ,  in  a  group  of  linear  sabstitations  on  a  finite  number  n  of  symbols, 
the  order  of  every  sabstitntion  is  equal  to  or  less  than  a  finite  number  m, 
then  the  group  is  a  group  of  finite  order. 

As  above,  any  substitution  A  of  the  group  is  given  by  the  system  of 
equations  ^^^ 

X{  =  2  cmoPj    (i  =  1,  2,  ...,  n). 

The  substitution  A  being  one  of  finite  order,  equal  to  or  less  than  m»  its 
characteristic  i       i       • 

is  the  sum  of  n  roots  of  unity,  the  index  of  each  root  that  occurs  being 
equal  to  or  less  than  m.  Such  a  set  of  roots  of  unity  can  only  be  chosen 
in  a  finite  number  of  ways,  and  therefore  there  is  only  a  finite  number  of 
distinct  charaoteristios.  Now  the  characteristic  of  AB^  where  the  co- 
efEicients  of  B  are  )8m,  is  ^     o 

and  therefore,  whatever  substitution  of  the  group  B  may  be,  its  coefficients 
satisfy  the  equation  Y     A    — 

where  x  ^  one  of  the  finite  number  of  distinct  characteristics. 

Suppose  now  that  it  is  possible  to  choose  n^  distinct  substitutions  of 
the  group,  Ai,  A^,  ...,  Af^  such  that 


^1)      a^i)  a<*) 


^0; 


then  the  coefficients  of  any  other  substitution  B  satisfy  a  system  of  n' 
linear  equations  of  non-vanishing  determinant,  the  right-hand  sides  of 
which  can  take  only  a  finite  number  of  distinct  values.  In  this  case  then 
the  number  of  substitutions,  and  therefore  the  order  of  the  group,  is 
fiiiite. 

If  no  such  set  of  n*  substitutions  as 

"i»  "^a*   •••>  "»• 
exists,  there  must  be  one  or  more  homogeneous  linear  equations 

J:Bijl3ij  =  0 

satisfied  by  the  coefficients  of  every  substitution  of  G.  This,  however,  is 
known  to  imply  that  the  group  is  reducible.  Hence  under  the  conditions 
assumed  the  group  is  either  reducible,  or,  if  irreducible,  of  finite  oidir. 
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From  this  it  immediately  follows  that  it  mast  be  of  finite  order  in  any  case. 
Suppose,  in  faet,  that  of  the  n  variables  r  are  transformed  irreducibly 
among  themselves.  So  far  as  it  a£fects  these  r  symbols  the  group  is  of  finite 
order,  and  therefore  it  has  a  self-eonjagate  sob-gronp  of  finite  index  for 
which  each  of  the  r  symbols  is  onchanged.  The  sabstitations  on  the 
remaining  n—r  symbols,  if  in  the  equations  defining  them  the  first 
r  symbols  are  all  made  zero,  give  rise  to  a  group  with  the  properties  of 
the  original  one  in  a  smaller  number  of  symbols,  which  may  or  may  not 
be  reducible.  If  it  is  not,  it  again  is  a  group  of  finite  order ;  and  O  has 
a  self-conjugate  sub-group  of  finite  index,  whose  substitutions  are  of  the 

'"^^  x:  =  x.  (5  =  1,2,  ...,r), 

r 

«r+f  =  av+f+2aj«a:i     (s  =  1,  2,  ...,  n-^r). 

Unless  the  coefficients  a«t  are  all  zero,  so  that  the  sub-group  reduces  to 
the  identical  operation,  the  substitutions  of  this  sub-group  are  clearly 
not  of  finite  order. 

If  the  group  on  the  n-^r  last  symbols  is  reducible,  it  may  be  treated 
as  the  original  group.  Hence,  finally,  in  any  case,  whether  reducible  or 
not,  the  group  is  necessarily  of  finite  order. 

8.  A  group  of  linear  substitutions  of  finite  order  has  a  finite  number 
of  distinct  sets  of  conjugate  substitutions.  The  converse  of  this  theorem 
is  also  true  in  the  form  : — 

If  a  group  of  linear  substitutions  on  a  finite  number  of  symbols  has  a 
finite  number  of  distinct  sets  of  conjugate  substitutions,  the  order  of  the 
group  is  finite. 

The  characteristics  of  two  conjugate  substitutions  (t.e.,  the  sums  of 
the  coefficients  in  the  leading  diagonals)  are  the  same.  Hence,  if  the 
number  of  conjugate  sets  is  finite,  the  number  of  characteristics  is  finite. 
When  the  group  is  irreducible,  the  argument  of  the  preceding  paragraph 
then  shows  that  the  number  of  substitutions  is  also  finite.  When  the 
group  is  reducible,  the  same  argument  shows  that  the  group  must  have  a 
self-conjugate  sub-group  H  of  finite  index,  whose  substitutions  are  of  the 
form 

X,  =  Xt  («  =  1,  2,  ...,  Ti), 

«ri+«=  Xr,^,+  2   OtiXt  («  =  1,  2,   ....  rj), 

^n+r,+»  =  3:r,+r^+f+    2    ^j»flJr|+»+    2    y^x»      (s  =  1,  2,  ...,  rX 
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If  this  sub-group  actually  exists,  i.e.,  if  it  does  not  consist  of  the  identical 
substitution  only,  it  is  necessarily  not  of  finite  order. 

Now,  so  far  as  the  first  r^+^s  symbols  are  concerned,  it  is  an  Abelian 
group,  whose  substitutions  can  only  be  conjugate  in  respect  of  the  substitu- 
tions of  G  not  contained  in  H.  Of  these  there  are  only  a  finite  number 
of  classes,  and  therefore  unless  all  the  a's  are  zero  the  group  would  con- 
tain an  infinite  number  of  sets  of  conjugate  substitutions.  But,  if  the  as 
are  all  zero,  the  group,  so  far  as  it  a£fects  the  first  Ti+r^+r^  symbols,  is 
Abelian ;  and  the  same  reasoning  shows  that  all  the  fi*s  and  y's  must 
vanish.  Hence,  if  the  group  contains  only  a  finite  number  of  distinct 
conjugate  sets,  H  must  consist  of  the  identical  substitution  only,  and  G 
must  be  a  group  of  finite  order. 
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ON    A    CLASS    OF   ANALYTIC   FUNCTIONS 

By  O.  H.  Hardy. 

[Beodved  ICajr  17th,  1906.— Bead  June  8ih,  1906.~BeoeiTed  in  revised  fonn* 

August  8rdy  1906.] 

L 

1.  The  distinctioii  between  integral  functions  whose  increase  is 
regular  {JoncHons  a  croissance  reguliere)  and  those  whose  increase  is 
irregular  was  first  explicitly  formulated  by  M.  Borel.t  According  to  him 
a  function  is  a  croissance  reguliere  if 

liP,loglog3f(r) 
logr 


raoo 


is  determinate,  M{r)  denoting  the  greatest  value  of  the  modulus  of  the 
function  on  a  circle  of  radius  r.  A  function  is  then  &  craissance  irre- 
gtUiere  if  we  can  determine  two  constants  a,  /S  (a  <  j8)  such  that  for  an 
infinity  of  values  of  r  tending  to  infinity 

M(r)<e^, 

and  for  a  similar  infinity  of  values  of  r 

M{r)  >  e^. 

The  numerous  extensions  which  have  been  given  lately  to  the  theory  of 
integral  functions  render  it  necessary  to  give  a  greater  degree  of  precision 
to  this  definition.  We  shall  say  that  f{x)  is  a  function  whose  increase  is 
irregular  if  we  can  determine  fi,,  y,  {fip  <  y^)  so  that  for  two  infinities  of 
values  of  r  tending  to  infinity  M(r)  <  e^^^^^  and  M{r)  >  e^*^^^  respectively, 

where  ^^^^^  ^  A,f^(\og,rr  ...  Oog,-i  r)---» Oog, r)^. 

and  7j|(r)  =  A^f^dog^  r)** ...  Oog,-i  r^'  Gog.  ry% 

logi  r,  loga  r,  ...  denoting  as  usual  log r,  log  log r,  ... .  It  is  evident  that 
this  definition  applies  only  to  functions  of  finite  order  {genre)^  but  it  is 
easy  to  frame  similar  definitions  for  functions  of  higher  order,  the  general 
principle  being  obvious. 


*  The  oontente  of  the  paper  have  been  oonsideraUiy  altered  in  rerislon,  and  the  title  has 
been  changed. 

t  Le^om  tur  let  fonetiom  mtihru^  pp.  107  €t  ttq. 


442  Mr.  6.  H.  Hardy  [Aug.  8, 

In  this  paper  I  propose  to  consider  certain  classes  of  series  of  the 
general  type 

(1)  2  -T-^  a^, 

,»i  sm  KXA 

where  X  is  any  quantity  which  is  not  real  and  rational*  The  pecaliar 
interest  of  these  functions  lies  in  the  fact  that  for  the  same  set  of  values 
of  the  numbers  c,  the  series  may 

(i.)  be  convergent  for  all  values  of  x,  and  represent  an  integral 
function  whose  increase  is  either  regular  or  irregular ; 

(ii.)  have  a  finite  circle  of  convergence  which  is  a  critical  line  for 
the  function  represented  by  the  series ; 

(iii.)  diverge  for  all  values  of  x. 

All  these  peculiarities,  for  example,  present  themselves  for  di£ferent  values 
of  X  in  the  case  in  which  c,  =  1/v!,  to  which  I  shall  devote  particular 
attention. 

I  wish  to  point  out  that  the  series  (1)  is  not  an  instance  of  a  series 
artificially  constructed  in  order  to  provide  an  illustration  of  certain 
theoretical  possibiUties.    On  the  contrary,  the  series 

(2)  "^        *' 


vl  sinvXiT 


presents  itself  naturally  and  inevitably  when  we  attempt  to  determine  the 
behaviour  of  the  function  represented  by  the  simple  definite  integral 


(B) 


r 

Jo 


u+x 


and  is  therefore  (in  some  cases)  an  instance  of  a  fonction  a  croissance 
irrigulQre  quite  unlike  those  devised  by  M.  Borel.^ 

a 

2.  There  is  another  point  of  view  from  which  the  series  (1)  may  be 
regarded.     Let  us  suppose  that 

(4)  f(x)  =  Ic.x", 

and  that  X  has  such  a  value  that  (1)  is  convergent  for  at  any  rate  some 
values  of  x.     The  function  defined  by  (1)  is  then  the  most  obvious  soln- 


*  The  sorieB  Ib  obviously  meaninglem  if  A  is  real  and  rational. 
t  Loe.  cit. 
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tion  of  the  difiTerenoe  equation 

(5)  F{xe^-F(ze'^)  =  a»/(a?), 

an  equation  which  is  fundamentally  the  same  as  the  classical  difiTerence 
equation 

(6)  *(«+a)-*(a:)=^(fl;), 

to  which  it  may  easily  be  reduced  by  means  of  the  substitutions 


(7) 


The  Series   2      ^'^ 


,»i  sinvXx* 

8.  I  shall  now  consider  directly  what  is  the  nature  of  the  function 
defined  by  the  series  (1)  in  those  cases  in  which  it  has  a  radius  of  con- 
vergence other  than  zero.     I  shall  suppose  for  simplicity  that 

(8)  |cj  >|c,+il 

for  all  values  of  v,  and  that  lim  cl^"  is  determinate. 

4.  (i.)  If  X  is  complex  and  equal  to  Xj+^'Xs, 

(9)  |sinvXx|  =  i«^«^Ul+e), 

where  e  is  small  when  v  is  large.  The  radius  of  convergence  of  (1)  is 
then  pe'i^i,  p  being  the  radius  of  convergence  of  (4).  This  case 
possesses  no  particular  feature  of  interest. 

(ii.)  If  X  is  real,  we  may  without  loss  of  generality  suppose  it  positive, 
irrationaly  and  less  than  unity.  The  region  of  convergence  will  then 
depend  upon  the  arithmetical  nature  of  X.  The  radius  of  convergence  of 
(1)  is  certainly  not  greater  than  p.  I  shall  prove  first  that^  if  \  is  an 
algebraic  number^  the  radius  of  convergence  of  (1)  is  equal  to  p. 

For  suppose  that  X  is  algebraic  and  of  degree  m,  i.e.,  the  root  of  an 
irreducible  equation 

(10)  a:**+ai«'*-H...+a»=  0, 

where  o^,  ...,a^   are  integers.      Then,  by  a    well  known    property  of 
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algebraic  nambers,* 

(11)  u      .     ^    K 


V 


j^.*+l» 


where  K^  is  a  constant  (depending  only  on  m)  for  all  integral  values  of 
/A  and  V.    Hence 

a2)  lM-»'X|>z«v-^ 

from  which  it  obviously  follows  that 

(18)  I  cosec  v\ir  I  <  Z^v** 

for  all  values  of  v.  Hence  the  radius  of  convergence  of  (1)  is  not  less 
than  that  of  Sc,i^x%  i.e.,  than  p,  and  therefore  it  is  equal  to  p.  In 
particular,  if  p  =  oo ,  the  series  (1)  represents  an  integral  function  of  x. 

In  the  second  place,  values  of  X  can  be  found  such  that  the  radius  of 
convergence  of  (1)  is  any  quantity  By  where 

(14)  0<B<p. 

In  order  to  prove  this  and  the  further  results  which  we  shall  establish 
later  on,  we  must  consider  certain  properties  of  simple  continued 
fractions,  t 

5.  Let  us  suppose  that  X  is  expressed  as  a  simple  continued  fraction 

(16)  ^-r-V    ' 

and  thsApJq^  (v  =  0,  1,  ...)  are  the  successive  convergents,  while 

(16)  -Ed  =  ±         -2l  =  J.         J2l  =  _«L_ ; 

?o         1  ?1         «o  ?«        Oo^+l 

and  let  us  denote  the  complete  quotient 

(17)  a,+ 


^+1  +  ^+1  +  ••• 
by  al.    Let  m  be  any  positive  integer  such  that 

(18)  q  <m<  q,^i. 


*  Borely  Ze^otUf  i.,  p.  27.  This  inequality  is  employed  in  a  very  similar  manner  by  H.  J.  S. 
Smith,  **On  some  Disoontinnons  Series  oonsidered  by  Biemann/'  Iftu,  of  Math,,  Vol.  xi.. 
pp.  1-11. 

t  The  porpose  of  {{  5,  6  is  simply  to  establish  the  equations  (30)  and  (31)  at  the  end  of  f  6. 


1905.]  A    CLASS   OP   ANALYTIC    FUNCTIONS.  445 

We  caa  form  saocessively  the  equations 

mi  =  k^q^^i+vh       (0  <  ft,  <  a^.u  0  <  m^  <  q^^u 

y^tjf  *         •*.  ••*  •••  ••«  •••  •••  •••  ••• 

m,_j  =  K-iqi+m^^i  (0  <  *^_i  <  Oj,    0  <  w^.i  <  g,), 
.nh^i  =  k,qi+my  (0<ft^<ai,        0<m»,<gi), 

and  m  one  way  only.     Then 

(20)  m=  Z  ft,j^_,+i+mp. 

Now 

?"-•+!  ^  —  ?.'-«+l  T7 *       ^         ,  * —  l>r-.+l+ ;;^ -r- , 

since  JPr-tgr-t+i— g^-.l^r-.+i  =  (— 1)""'"*^^ 

Hence 

<21)  m\  =  Im+m^X+C-)"  S«, 

where 


r 


(22)  J,=  2  *.jp,_.^„ 

-which  is  integral,  and 


(-1 


<28)  S«  =  2  — 


(-)-•*. 


Hn  what  follows  I  shall  suppose  v  odd.  The  work  in  the  case  in  which  y 
is  even  is  strictly  analogoos.    And  I  shall  write 

so  that 

In  the  first  place  we  can  prove  that,  if  kr  is  the  last  k  which  does  not 
vanish,  Su  has  the  sign  of  (— r~^,  i.e.,  the  sign  of  its  last  term.  In  fact 
the  last  term  is  numerically  greater  than  the  sum  of  all  preceding  terms 
of  opposite  sign,  that  is  to  say, 

(24)  3^  >  -*rzi.  +  4^  +...  . 

?»-r+2  q^-r+S        ?K-r+6 

Suppose,  for  example,  that  r  is  even.     The  most  unfavourable  case  is 
obviously  that  in  which 
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and  aU  the  other  V%  vanish.  This  case  cannot  actually  oeenr.  For,  if  it 
could,  we  should  have 

%.€.,  =  9,^.1.  But,  even  if  it  could,  the  inequality  (24)  would  still  be  valid. 
For  we  should  have 

?r+l^   =  J«  —  Sim,   =  Pr+l  —  S«. 

Now,  as  V  is  odd,  jPr-i-i  '^  9r+i^* 

Hence  S»  <  0 ;  i.e.,  8m  has  the  sign  of  (— ^'^  A  fortiori  this  is  true  in 
any  case  which  can  actually  occur.  Moreover,  since  at  least  one  h  moBt 
differ  from  the  value  assigned  to  it  in  the  most  unfavourable  case,  the 
excess  of  the  left-hand  side  of  (24)  over  the  right-hand  side  must  be  at  least 

(26)  -^. 

Jr+l 

and  therefore  the  modulus  of  S»  must  be  at  least  equal  to  the  same 
quantity. 

If,  on  the  other  hand,  r  is  odd,  the  most  unfavourable  case  is  given  by 
taking  i.  -.  i      i.      «.  i.  _ 

i^T —  A,       Kr^i  — Oy.r-fSf       •••»       1^^  —  ^-l» 

I.6.,  =  $,.    But  then  we  should  have 

and,  as  p^  >  g^X,  8m  would  be  positive,  from  which  we  can  draw  the  sama' 
conclusions.     Thus  an  inferior  limit  for  |  S«  |  is  given  by  the  quantity  &S)^^ 

We  shall  also  require  a  superior  limit  for  |  S»  | .     11  Sm  is  positive,  it  ii 
certainly  less  than  Sm  deduced  from  8m  by  taking 

A^i  =  a,,     ^2  =  0,     ftg  =  0^-2,     . .  M     A:^  =  %, 

m— m,  =  a,g^+a,«2?r-2+...+fl^i?i  =  Ji^+i— ?o  =  Jr+i— 1. 
Then  ?,+iX  =  r«-S;+X, 

and,  as  Sr+iX  =p„+i+ 

and  Hi*  =!>..+ 1, 

(26)  s;  =  x r^ 


which  is  less  than  X,  and  nearly  equal  to  X  when  v  is  large. 

Now  Sm  can  be  equal  to  Sm  if,  and  only  if,  m  =  g^+i— 1,  m^  =  0.     In 
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this  case  8m  <  X  ;  in  all  other  cases 

(260  S«<X-J-, 

since  at  least  one  k  must  differ  from  the  valae  assigned  to  it  in  the 
formation  of  Sm. 

If,  on  the  other  hand,  5«  is  negative,  it  is  numerically  less  than  —  Sl^, 
deduced  from  8m  hy  taking 

hi  ^0,     Afi  :=  Or-if     Ajj  =  0,     ...,     i^  =  0, 
Then  q^\  =  7^— Si+o^X, 


and,  as 

g,X 

1 

and 

4 

=  l>r  — 1, 

(27) 

-s: 

=  1— Oo^ » — > 

which 
and  n( 

is  less  than                1  - 
iarly  eqnal  to  it  when  v 

-a.X  -        f 

is  large. 

To 

<  warn,  op,  we  have  obtained  the  following  limits  for  8m : — 

(i.)  n  s« 

>o, 

^m 

(28) 

1 

<s«<x--4-.* 

?r+l 

(ii.)  If  S, 

<o, 

(28') 

}  <- 

Jl'+l 

-Sm  <  1— aoX r-. 

6.  Now 
(29)  I  sin  m\ir  |  =  |  sin  (m^X— iSm)  ^  I  • 

There  are  two  cases  to  consider : 

(a)  Suppose  m^  =  0.     Then 

I  sin  mXir  |  =  |  sin  Sm'f  \  ^ 


'  -7 — , 

where  £*  is  a  constant. 

(6)  Suppose  1  <  m^  <  ao— 1.     If  Sm  >  0,  it  is  clear  that 

m^X— Sm  <  («o— 1)  X  <  1— X. 

On  the  other  hand,        wi^X— Sm  >  X— Sm  >  n —  • 
Smo 

*  One  eKception  to  the  seoond  of  these  inequalitiee  was  noted  above.    In  this  exceptional 
oaaa  the  meqnalitj  8m  <K  will  be  nuffioient  for  oar  purpose. 
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If  Sm  <  Oy  m^X— iS«  >  X,  and,  on  the  other  hand, 

m,\Sn  <  (oo-l)  ^-Sm  <  1-X. 
And  in  aU  cases 

(80)  I  sin mXir  |  >  -s —    (qp<m<  q^^i). 

On  the  other  hand,      |  sin  9,^1  Xx  |  =  sin  -^ , 

BO  that  for  large  valaes  of  v 

(81)  |8ing.^iXx|=^^^+^''\ 

where  e,  is  small  when  v  is  large.     The  two  formuIsB  (80)  and  (81)  will 
form  the  basis  of  the  sacoeeding  argument. 

§ 

7.  We  return  now  to  the  series  (1).     In  all  that  follows  I  shall  suppose 
that  ^      ^      ^ 

%  ■<  fltj -<  ^8  "^  •  •  •  » 

SO  that  for  large  values  of  v 

are  large  and  o^/a^y    ql/qm 

nearly  equal  to  unity. 

Suppose  first  that  the  radius  of  convergence  of  ^c^x''  is  finite;  we 
may  without  loss  of  generality  suppose  it  equal  to  unity.  And  let 
R  =  lla<l. 

It  is  easy  to  see  that,  if  we  are  given  any  sequence  of  ascending 

integers  Q,  such  that  lim  Qp^ilQv  =  oo ,  we  can  find  a  continued  fraction. 

such  that  ,.        ij^        ^ 

hmqplQp=  1. 

We  can  therefore  find  a  value  of  X  such  that 

(82)  lim  g^+i/a*'  =  1. 

The  radius  of  convergence  of  the  series 
(88)  2-A-^' 


sinjyXTT 

is  the  same  as  that  of  D  qv-^iCg^^'^" , 

and  is  evidently  22. 

The  remainder  of  the  series  (1)  is   S  u,,,  where 

r-il 


,+1  sinnXx 
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Now  kl  <ifvi  I  c,.«^|/(l-|^  I), 

and  80  the  radius  of  convergence  of  the  serieis  Sti^  is  at  least  B.  Hence 
the  radius  of  convergence  of  (1)  is  B. 

In  this  case  the  circle  |  ^  |  =  iZ  is  a  coupure  for  the  function 

(34)  Fix)  =  2  .^^[    . 

sin  vXtt 

For  F(x€^)-F  ixe'^)  =  iif{x), 

where  fix)  =  2c,x\  There  is  at  least  one  singularity  of  F(x)  of  the 
type  X  =  B^9  and  it  is  plain  that,  if  k  is  any  integer, 

is  also  a  singularity;  and  these  points  are  everywhere  dense  on  the 
circle  |  :c  |  =  iZ. 

If    p  is  infinite,   we    can  still   without  loss  of  generality  suppose 
j2  =  1/a  <  1,  and  we  can  determine  X  so  that 

lim  (Cq^qp+i)^^''  =  a. 

The  argument  is  then  substantially  the  same.  And  it  is  obvious  that  by 
supposing  q^^i  a  function  of  q,  whose  increase  is  sufficiently  rapid,  we 
can  in  any  case  ensure  that  the  series  (1)  shall  be  divergent  for  all 
values  of  x  other  than  zero. 

8.  In  order  to  justify  the  assertions  made  in  §  1,  it  remains  only  to 
prove  that,  when  f(x)  is  an  integral  function,  values  of  X  can  be  found 
for  which  F(x)  is  an  integral  function  and  its  increase  irregular. 

I  shall  consider,  for  simplicity,  the  particular  case  in  which  c,  =  l/vU 
^vrhich  enables  us  to  illustrate  adequately  the  different  cases  which  may 
CKJCur. 

In  the  first  place,  the  increase  of  F(x)  may  be  regular.  Suppose,  for 
example,  that  X  is  an  algebraic  number  of  degree  m.  By  a  well  known 
tiheorem  M(r)  is  greater  than  the  modulus  of  the  greatest  term  in  the 
series  (1),  and  so  certainly  ^  ^  -j  ♦ 

On  the  other  hand,  the  terms  of  (1)  are  less  than  those  of  the  series 


♦  Sinoe,  by  Stirling^a  theortm,    --  —  --==  (I  +  cj   when  n  is  large. 

«••       Vlun 
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(by  5  4),  and  80  VvH  <  fi:tf^r»- 

Thus,  if  y[(r\  =  ^w 

r-Jlogr+A"  <  r^H  <  r+jitlogr+ir, 
and  therefore  the  increase  of  F{x)  is  regubur. 


9.  I  propose  now  to  find  infi^rior  cuid  :»j^mor  limits  for  M{f)  when 
r  =  1/^,  and  to  dtntuee  thai  Fgr)  maj  W  aa  integral  function  whose  in- 
({fnaMi  is  irrogular.  1  shall  wrif  ^  r«  for  th»  $i?c«ral  term  of  the  series  (1), 
nnd  //,,  for  .^j-i 

NNfuuiiing  for  the  moui^nl  ihas  Fvf  is  an  integral  function,  su 
i^^rUyf  Htnit  to  Jl/(r)  is  giv«n  by  ih«  fael  (has  Jlfir)  is  greater  than  tiie 
ffiiKluhiM  <if  tho  uiunmcallY  gnMMi^  term  in  tbie  seiieB.  Selecting  the 
(/,,  Ih  SMtxWt  w(i  And  that 

AHMifi.  «ir«»«  I  •«***/'•  M  i*  gr^t<?64i  wh«i  is  =  ^^ 


(W7) 


tUidi  if  Mi^  v/m  ai*o  HO  ohoson  thai 


K 


\MW  im  V.^i*;=  *« 

S\\\%  In  otsi'iniMl;^  Ninall  in  oom)V!uri$on  wiih  \3^>. 
Oh  l*hi>  Hilit>i'  Inuid.  if  /A  >  r. 

♦J 

v\N     Now      n      < '^j^T-;;^  «:*'  •<A  iT^t      r^. 

^\  ^^^^V  ^«l^li^*(^i''*^<^  <^'  Stirliiif:*s  theorem,  and  so.  by   SS^ 

^j^AliWlWltj  ^  ^^"^  ^^^^^  '"^"^  ^*  ^^^^  ^^'*  *^  eic^eedicglv  small. 

'JWliffct'   ^  ^^^   ^^""^^^  ^'^"*    ^r.M+iXV^    is  eiceedinrlT    -sanal    ?f 
^|^l^^  Ulis  fact,  in  conjunction  witL  .89'  and  :{?7..  i:  tnut» 

•  In  the  notation  of  4  7,    V   =  »/.   ,  „  ^ 
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that  the  series  is  convergent  for  x  =  9,  and  that  the  modulus  of  its  sum 
is  less  than  „ 

The  series  (1)  therefore   represents  an  integi*al  function  F(x),  and  we 
have  the  inequalities 

(42)                                  q..^%<M{r)<KqU,^l 
But,  since  q^=:  r,  " 


qA       V^TTt' 
Hence 

<48)  q,^,  -^  <M{r)< KqU, -^ , 

v2xr  v27rr 

for  r  =  q^,  provided  the  conditions  (88)  and  (41)  are  satisfied. 
Now  let  us  suppose  that  when  v  is  odd 

?.+!  ^  ql    (p>  2), 
and  when  v  is  even  q^^i  -^  y*^»    (a  <  J). 

Then  when  r  =  g^  and  v  is  odd 

Jif (r)  <  Kf^^e\ 
and  when  r  =  9^  and  v  is  even 

Hence  the  increase  of  F{x)  is  irregular. 

10.  In  a  precisely  similar  manner  we  could,  by  taking 

C  =  l/(v!)^    or    c  =  l/r(/5v+l), 

construct  functions  F{x)  such  that,  for  an  infinity  of  values  of  r,  M{r) 
is  (roughly)  of  order  e  and,  for  another  infinity  of  values  of  r,  M(r)  is 
(roughly)  of  order  ^.r'/^iogr^ 

We  can  also  find  functions  of  infinite  order  which  possess  similar 
peculiarities.     For  example,  by  taking 

C^zz:  log  2.log  3  ...  log  I', 

we  can  define  a  function  whose  maximum  modulus  is  of  the  order  of 

for  one  infinity  of  values  of  r,  and  of  order 

2  o  2 
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for  another.      And  the  whole  of  the  preceding  analysis  might  be  made     n 
considerably  more  precise,  as  we  have  generally  left  a  considerable  margin 
in  our  inequalities. 

The  preceding  method,  however,  does  not  (as  might  at  first  sight 
be  expected)  enable  us,  for  a  given  set  of  coefficients  c^,  such  as  (v  =  l/B^^t 
to  determine  X  so  that  the  increase  of  F{x)  shall  be  arbitrarily  great. 
For,  since  we  must  for  convergence  have  g^+i  <  ?rS,  1«7,J  is  never,  when   . 
r  =  q^,  of  order  substantially  greater  than  e^^^"". 

II. 

11.  It  might  well  be  thought  that  functions  such  as  those  which 
I  have  considered  in  the  first  part  of  this  paper  were  merely  examples 
of  an  artificial  character  constructed  in  order  to  illustrate  theoretical 
possibilities.  This  is  far  from  being  the  case,  as  I  shall  proceed  to 
show. 

Let  us  consider  the  function 

u+x 

X  being  a  complex  variable  whose  variation  is  restricted  by  a  cut  along 
the  negative  real  axis,  X  and  a  being  any  real  or  complex  quantities 
subject  to  certain  restrictions  which  will  be  defined  later,  and  u^  and  u'~^ 
having  their  principal  values.  This  function  includes  as  particular  cases  a 
number  of  well  known  functions.     For  instance, 

(i.)  if  X  =  a  =  1,  and  we  suppose  for  a  moment  that  x  is  real 
and  positive, 

(2)     Fi,i{x)  =  ^r^  Ao  =  -^tt(e-')  =  eX  f|(-r"'g*_        1        I 

Jx    w  li      n,n\  '        ^    ) 

this  expansion  defining  the  behaviour  of  JPi,  i{x)  for  all  values  of  x. 

(ii.)  If  X  =  1,  a  =  i,  and  a;  =  ^*  is  real  and  positive, 

(8)  F,^^{x)  =  2^5^  ~  ^  ^^^e-^dt^ 


=  "i^"'^"li^)}' 


0  r(n+f) 

after  some  transformations  which  will  easily  be  supplied.     This  ex- 
pansion again  defines  the  behaviour  of  jPi,  j(x)  for  all  values  of  x. 

*  G.  F.  Meyer*8  edition  (1871)  of  Dirichlet's  Lectures  on  Dejinite  InlepraU,  f  98,  p.  286; 
Arendt's  edition  (1904),  p.  208. 
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*       (iii.)  If  X  =  J,  a  =  Ji  and  a?  =  ^'  as  before. 

From  this  we  can  deduce,  by  some  simple  transformations, 
JA\  r»    /  \  2cosVa;  L  .    S         (—ra?*         ] 


2  sin 
a  formula  which  again  defines  the  behaviour  of  F^iix)  for  all  values  of  x. 


12.  Let  us  now  consider  for  what  values  of  X  and  a  the  general 
integral  is  convergent. 

(i.)  If  X  is  complex,  we  may  without  loss  of  generality  suppose 
its  real  part  positive,  since  the  transformation  of  the  integral  by  the 

substitution  t*  =  —  gives 

V 


f..(«)=|f.,,.,(1.). 


If  X  =  /x+iv,  u^  has  its  principal  value,  and  so 

I  «-«*  I  =  e^^^i^^^\ 

and  it  is  easy  to  see  that  the  integral  is  divergent. 

(ii.)  If  X  is  purely  imaginary,  the  integral  is  convergenjb  if 

0<B(a)<l, 

and  may  be  expanded  in  the  form 


.nir+a— 1  ee  ^mlv 


(6)        Fi...(a:)  =  2^-       ^^-; du  =  ira:-^2  ^ 

0     »!    Jo     u 


+x  0  w!  sin(aH-nii')7r' 

where  x^'^  has  its  principal  value.  This  series  represents  an  integral 
function  of  x*^. 

(iii.)  If  X  is  real,  we  may  suppose  X  ^  0  after  what  precedes. 
The  case  of  X  =  0  is  trivial,  Fo.  aix)  reducing  to  a  constant  multiple 
of  af'-K 

(iv.)  We  need,  therefore,  only  consider  the  case  in  which  X  is  real 
and  positive.  In  this  case  the  integral  is  convergent,  if  B{a)  >  0,  for 
all  values  of  x  save  real  and  negative  or  zero  values,  and  it  represents 
a  branch  of  a  function  of  x  whose  only  singularities  are  0  and  oo  A 


*  Diriofalet  (Arendt),  p.  209.  The  transformatioii  really  dates  from  Ganchy's  *'  Mteoire 
tar  leu  Int^grales  D^finies  "  ((Buvres,  1. 1.,  p.  877). 

t  Although  the  integral  ceasee  to  oonTerge  when  x  is  real  and  negatiTu,  it  is  easy  to  see  that 
no  finite  negatiye  Talae  of  «  is  really  a  singularity. 
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13.  I  shall  now  consider  the  integral 


f'n- 

J-OOi 


J-ooi 

the   contour  of   integration   being  the  imaginary  axis  in    the  plane  of^i 
t  =  i+in,  and  P  denoting  the  principal  value.*     Since 

|r(-ii;)|  =  e-^^^^  I  i;  |-V2ir(l+e,), 

the  integral  is  convergent,  provided  the  imaginary  part  of  a  is  numerical!; 
less  than  ^tt. 

By  a  simple  application  of  Cauchy's  theorem  we  obtain  the  formula 

J-ao« 


This  may  also  be  put  in  the  forms 

(8)  pf    r(ii,)^"*''rfi|  =  2ir(€-"-J), 

(9)  Pf     r(ij7)«^-^*'»di;  =  2ir  (6"*'-i). 

If  w  =  re^,  we  must,  in  (9),  have  |  Xd  |  <  Jx.     The  formulae  (7)  and  (9) 
are  particular  and  slightly  exceptional  cases  of  the  formulsB 

r{-'t)e'^dt}  =  2«f- "     {k  >  0), 
where  X  and  5—1  are  real  and  positive. 


u"-' 


14.  Now   multiply  (9)  by    — r-  ,  where  0  <  R(a)  <  1,  and  integrate 
from  /<  =  0  to  tt  =  00 .     Since 


1 


*       o-l-A(^ 


^  dv  =  x'-'-^'^ -^ 


0     x+u  sin  (a — Xii;)  tt  * 


"-  r(-0  become;:  infinite  f or  f  «  0  like  —  1/^     I  have  oonKidered  the  theory  of  **  principal 
value*"  in  great  detail  in  three  |)aper8  in  thcHe  Proeeeding*  (Vol.  xxxr?.,  p.  l(i ;  Vol. 
p.  />5  :  and  Vol.  xxxy.,  p.  81). 

t  Tliis  formula  is  due  to  3IelUn,  Affa  6W.  Fvumra^  Vol.  xxix.,  4-,  p.  41. 
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where  x^~^~^*^  has  its  principal  value,  we  find* 

(10)  2F,.a(x)=^^+a:«-^Pr      ■ff'^^Ct     ^' 

sm  air  J _«  sin  (a— Xtiy)  v 

This  is  our  fundamental  equation.     It  has  been  proved  on  the  assumptions 
that  X  >  0,  — TT  <  am.x  <  tt,  and  0  <  B(a)  <  1. 


15.  Another  easy  application  of  Cauchy's  theorem  shows  that 

(U)  pT    T(u,)x-''^   ,  _  ipT*    r(-<)»"  j^ 

J_«  sin(a— Xij7)ir  i      J-«i  sin  (a+\t)ir 

=  27r  { ^  cosec  ax—  lim  Sr \ , 

where  Sr  denotes  the  sum  of  the  residues  of  the  subject  of  integration 
for  which  the  real  part  of  t  is  positive  and  1 1  \  less  than  JS,  and  B 
tends  to  infinity  in  such  a  way  that  the  circle  |  ^  |  =  i2  never  passes  at  less 
than  a  certain  fixed  distance  from  any  pole  of  the  subject  of  integration. 
Hence 

(12)  Fx,a(x)  =  TTX*"^  (cosec  ax—  lim  Sr}- 

15.  Let  us  suppose  first  that  X  is  rational ;  and  we  may  without  loss 
of  generality  suppose  it  integral.  For,  if  X  =  a/^,  a  and  fi  being 
integral,  we  find  on  transforming  the  integral  which  expresses  Fa,  a  (2)  by 
the  substitution  u=  to^,  and  splitting  up  ll(w^+x)  into  partial  fractions, 
that  Fa/fi,  a(x)  may  be  expressed  as  the  sum  of  a  finite  number  of  functions 

of  the  type  AgFa,afi{x^> 

We  may  remark  further  that  the  formulae  of  §  14  were  proved  on  the 
assumption  0  <iB(a)  <1.  The  case  in  which  i2(a)  =  1  will  be  con- 
sidered later.  Those  cases  in  which  i2(a)  >  1  may  be  reduced  to  these 
two  cases  by  means  of  the  formula 

<  18)  jFa.  a(a:)  =  ^  r  (^)  -xF;, a-i ix). 

We  shall  therefore  at  present  confine  ourselves  to  the  case  in  which  X  is 
Mil  integer  and  0  <  B(a)  <  1. 

16.  There  can  be  no  double  poles  of  the  subject  of  integration  in  (11), 
for  this  would  require  0  <  a  <  1  and  p  =  a+\q  for  integral  values  of  p 


*  The  inTenion  of  the  order  of  integration  is  easily  justified. 
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and  q,  which  is  manifestly  impossible.    Hence  we  find  that 
(14)  Sb=2     ^^'^^"/^^     +7-S(-rr  (^^W->, 

and  the  two  series  are  clearly  convergent  separately  when  prolonged  to 
infinity.     Hence 

(16)  F.M  =  XX-  ^^,i:(iX.)x+Tl  <-'T(-''±r=^)'-- 

Here  — tt  <  am.x  <  ir^  and  o^"^  has  its  principal  value.    It  can  easily 
be  verified  that,  if  X  =  ^,  a  =  ^,  this  equation  reduces  to  (8)  of  §  11. 

17.  It  is  easy  to  see  that,  if  a  =  1— e+io-  (tr^  0),  each  of  the  two 
sides  of  (15)  is  continuous  for  e  =  0.     Hence  (16)  holds  for  a  =  1+^- 

If  <r  =  0,  this  is  still  true,  but  we  can  no  longer  simply  substitute  the 
limiting  value  of  a  in  the  right-hand  side.  We  find  after  a  little  redue- 
fcion  that 

(16)  Fx.i(«)  =  -loga:.^->^^"'>  |.2'(^)»r  (-^  ^)  a» 


1     «    (  — )(A+l)P;p^l»   / 


--^2 


(y-i-T---"i)^ 


X   0  p\  V  "i  p 

the  dash  over  the  sign  of  summation  denoting  that  it  extends  to  all  values 
of  n  except  multiples  of  X. 

If,  e.g.,  X  =  1, 
(17)  FM(a:)=-e'logx-i^(y-l-|-...--i-). 

Comparing  this  with  (17),  we  are  led  to  the  conclusion  that 

(18)  i:(n-i+...+4-)^  =  «'2^=^^. 

0  \        a  p /  pi  1       n.nl 

which  is  easily  verified  with  the  help  of  the  well-known  identity* 

z  p 

18.  We  may  now  proceed  to  consider  the  much  more  interesting  case 
in  which  X  is  irrational.  Before  doing  so  we  may  summarize  our  con- 
clusions as  regards  the  rational  case  as  follows : — 

(i.)  If  X  is  positive  and  rational,  and  the  real  part  of  a  positive, 

•  ChryKtal*8  Algebra,  Vol.  n.,  p.  19,  Ex.  18. 
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the  function  Fa,  a  (^)i  which  is  partially  represented  by  the  integral  U)* 
has  two  singular  points,  viz.,  0  and  oo ,  and  no  others. 

(ii.)  If  the  x-plane  is  cut  along  the  negative  real  axis,  then  in  the 
rest  of  the  plane     p^^^^^  ^  x-^ G, (a^) + G (a?), 

where  G  and  Gi  are  integral  fonctions,  and  aJ""*  and  x^  have  their 
principal  values,  except  in  the  special  case  in  which  X  =  a/fi  and  a/3 
is  a  positive  integer,  when  the  expansion  contains  logarithmic  terms. 
In  this  equation  F^^ai^)  is  of  course  the  principal  branch  of  the 
function  peurtially  represented  by  the  integral  (1). 

We  may  observe  further  that,  if  ^  is  positive  and  ly  small,  the  values 
of  Fx,a(—i+il)  and  -FA,a(— ^— iiy)  differ  by  a  quantity  whose  limit  for 

is  the  arithmetic  mean  of  these  two  values ;  and,  finally,  that  every  branch 
of  the'  function  tends  to  zero  when  x  approaches  infinity  by  any  path 
which  does  not  wind  an  infinite  number  of  times  round  the  origin. 

19.  When  X  is  irrational  the  condition  for  double  poles  is  as  before 
p  =  a+Xg,  and  this  is  in  general  impossible  :  it  is  always  impossible,  for 
example,  if  a  is  complex  or  real  and  rational,  and  in  any  case  cannot  occur 
for  more  than  one  pair  of  values  of  p  and  q.*  We  shall  therefore  exclude 
this  possibility ;  the  modifications  necessary  if  it  should  occur  present  no 
difficulty. 

Using  Oauchy's  theorem  precisely  as  before,  we  find 

0  mi&mic 


X 


0  m!  sin  (aH- Xm)7r 

where  [&]  denotes  as  usual  the  greatest  integer  contained  in  &.  The  limit 
on  the  right-hand  side  is  certainly  determinate,  but  it  will  be  clear  from 
the  first  part  of  this  paper  that  the  series 

«  '^,M$^.'      X<-.T(-'-±P)«- 

are  not  necessarily  convergent. 

•  H,  #.^.,  X  »  --- 1  1 — —J ,   «  -  — ,  it  oociin  for  ^  •  1,  y  -  2,  and  no  other  pair  of  values. 
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20.  If  one  series  converges,  so  does  the  other.     We  can  prove,  as  i 
the  first  part,  that — 

(i.)  each  series  is  convergent  if  a  is  complex,  or  if  a  is  real  an>  j 
rational  and  X  algebraic  ; 

(ii.)  that  for  suitably  chosen  values  of  X  the  series  may  have  an^ 
radius  of  convergence,  and  represent  functions  for  which  the  circle 
convergence  is  a  critical  line ; 

(iii.)  that,  if  the  series  represent  integral  functions  of  x^  and 
respectively,  the  increase  of  these  functions   may   be  regular 
irregular. 

21.  If  a  =  1,  the  form  of  the  equation  (19)  must  be  modified  much 
as  in  §  17.     We  find 

(21)     Fx.i(x)=-(loga:+^) 

+  lim  f/g    (-)*a^*     I    1  ^^^     v^p/      n\    ,) 
B«co  V      1  wt!  sin  XfitTT       X    1  \      X/      I' 

The  series  2—^ — r— r — 

vi\  sinXmir 

is  one  of  those  to  which  the  first  part  of  this  paper  was  devoted.  The 
case  in  which  its  radius  of  convergence  is  finite  is  particularly  interesting, 
it  being  not  a  little  curious  to  find  that  the  sum  of  two  functions  of  x  and 
x^  respectively,  whose  region  of  existence  is  bounded  by  the  circle 
I  a;  I  =  i2,  should  be  a  function  of  x,  which  exists  all  over  the  plane. 

Many  other  pairs  of  series  can  be  constructed  possessing  similar  pro- 
perties.    For  example, 

sinrnXir        X         .    wir 

sm  -r- 
A 

is  such  a  pair.  In  this  case  the  radius  of  convergence  of  either  series 
cannot  possibly  be  greater  than  1,  and  is  equal  to  1  if  X  is  algebraic;  and 
the  circle  of  convergence  (whatever  its  radius)  is  a  coupure  for  the  function 
represented  by  either  series.  But  the  two  series  taken  together  in  a 
manner  analogous  to  that  indicated  by  (21)  in  any  case  converge  through- 
out the  interior  of  the  circle  r  =  1  (supposed  cut  along  the  negative  real 
axis). 

22.  AVhen  the  series  in   (21) — or   in    (19) — are  not  separately  con- 
vergent, we  have  an  interesting  example  of  the  phenomenon  of  a  "pair 
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of  series"  which  only  converge  when  taken  together  in  the  manner 
specified  in  those  equations.  Such  **  pairs  of  series  "  have  been  con- 
sidered before  by  Prof.  Lerch  and  myself,*  but,  so  far  as  I  know,  not  in 
connection  with  the  question  of  the  representation  of  an  analytic  function 
in  the  neighbourhood  of  a  singular  point. 

When  the  series  diverge  separately  for  all  values  of  z  the  eauation 

(21)  serves  none  the  less  to  detei*mine  the  behaviour  of  jP;^,  i  (x)  near  the 
origin.  +     Thus  Fa,  i  {x)  behaves  like 

(22)  -.(loga:+^). 

and  we  can  determine  the  way  in  which  any  given  differential  coefficient 
for  Fa.  1  («)  behaves  near  a;  =  0.     For  instance,  F^^\  (x)  behaves  like 


(28) 


(-)*n!p/_  n\  .  (-)Mn-l)! 


.      ^  (-r  Xm(Am-l)...(Xm-n+l)  ^., 

where  p  is  the  greatest  integer  such  that  Xp— n  <  0.  In  fact  the  in- 
formation furnished  in  this  case  is  really  not  less  complete  than  in  the 
case  in  which  the  series  are  separately  convergent. 

22.  We  can  write  (21)  in  the  form 


Fa,  1  (a;)  =  -  (log  a;+ -^J 


+lim 


TT  Z  — : — : — r -T"  i  ; T" 


1  ml  sin  Xifitr       X    i   r*  /i  i    ^  \  „•    wx 


(— TT  ^  am.x  ^  tt), 
The  function  Fa,  i  {x)  therefore  satisfies  the  two  difference  equations 


(24 ) 


F{ie^l')-F{ie'^l')  =  -  ^EyA-i). 


*  See  a  paper  **  On  oertaiu  Series  of  DiHcontinuoiu  FunotionH  connected  with  the  ModaUr 
Functions*'  {Quart.  Jour,  of  Math,,  Vol.  xxxvi.,  p.  93),  where  references  are  given, 
t  Our  previous  concluuions  as  to  its  behanour  elsewhere  are  still  valid. 


4fiO  A   0LA88  OF   ANALTTZO   FUNCTIONS. 

Y^here  E^iO  is  Mittag-Leffler's  funotioii* 

^•^^  =  fr(an+l)- 

The  latter  equation  may  be  verified'  by  means  of  the  expression  of  E^O)  as 
a  eontoor-integral  given  by  Mittag-Leffler.t 


*  Acta  MtUh,f  t.  XXIX.,  p.  101. 

t  A  fall  inTeBtigaticm  of  the  propeactiM  of  thi*  most  intemtmg  fanotioii  win  be  loimd  in 
Mittag-Iiefller*t  memoir  quoted  aboTe  and  in  two  memoirs  by  A«  Wimaa  in  the  nme  Tolmne  of 
the  Adm  MttthmuUim,  I  may  mention  incidentally  (though  it  haa  no  conneetion  witii  the  sabjeot 
of  thia  patMr)  thai  the  fonetion  A.  (x)  giTes  (for  auitable  Talnes  of  a  and  «)  an  interaatinggenemli- 
Ration  of  Heine'i  oontonr  integral  for  the  gamma  fonotion,  yia., 


j.jjy.(_«)(..).-.*.__i_^, 


the  oontonr  being  the  name  aa  in  Heine'i  foimnla,  to  whioh  the  above  equation  lednoei  for 
o-  1. 
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LINEAR  CONTENT  OP  A  PLANE  SET  OP  POINTS 

By  W.  H.  Young. 

[ReoeiTed  June  15th,  1905.-- Bead  KoTember  9th,  1905.] 

If  6  be  a  measurable  set  of  points  in  a  plane,  in  particular  if  6  be  a 
closed  set,  it  has  a  definite  plane  content,  which  may  be  found  by  enclosing 
each  point  of  G  in  a  small  region  of  span*  less  than  some  assigned  norm  d^ 
calculating  the  content  F  (d)  of  this  set  of  regions,!  and  proceeding  to  the 
limit  when. (2  is  indefinitely  decreased. 

If  the  set  G  lies  on  a  straight  line,  this  content  is  always  zero :  the 
content,  however,  calculated  by  the  rule  for  the  straight  line,  and  which 
may  be  called  the  ordinary  or  linear  content  of  the  set  with  respect  to  the 
straight  line,  may  be  quite  other  than  zero.  In  the  same  way,  if  G  lies 
on  a  circle,  or  on  some  other  curve  whose  arcs  can  be  measured,  and 
which  is  of  zero  plane  content,  the  plane  contient  of  G  will  be  zero,  but, 
enclosing  each  point  of  6r  in  a  small  arc  of  length  less  tlian  some  assigned 
noi-m  d,  the  content  A  {d)  of  this  set  of  arcs  may  have  a  limit  quite  other 
than  zero  when  d  is  indefinitely  decreased,  and  it  is  clear  that  this  limit 
will  play  an  important  part  in  the  theory  of  such  sets,  a  part  exactly 
corresponding  to  the  ordinary  or  linear  content  of  a  set  of  points  on  a 
straight  line.  We  naturally  call  this  the  linear  content  of  the  set  with 
respect  to  the  curve. 

Given  a  plane  set  6,  however,  it  is  not  always  easy  to  decide  whether 
or  no  it  lies  on  a  Jordan  curve,  or  indeed  whether  it  lies  on  any  curve  at 
all,  still  less  whether  the  arcs  of  such  a  curve  can  be  measured,  and  how. 
If  it  lies  on  a  curve,  it  may  again  lie  on  various  cun-es,  and  the  doubt 
arises  whether  the  linear  content  with  respect  to  all  the  cui-ves  is  the 


*  The  lipan  of  a  region  is  the  upper  limit  of  the  diMtance  between  two  pointn  internal  to  the 
re^on. 

t  Any  region  without  its  rim  has  a  definite  content,  and  any  set  of  regions  without  rims  has 
a  definite  content,  viz.,  the  sum  of  the  contents  of  the  equivalent  set  of  non-overlapping  regions 
without  rims. 

The  rim  of  the  region  is  the  locus  of  those  points  in  the  neighbourhood  of  which  there  aie 
■hnqpi  both  ordinary  internal  and  ordinary  external  points  of  the  region.  (**  Regions  and  Sets 
"  QmrUrlff  Join-nal  of  Math.,  No.  145,  1905.) 
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same,  and»  if  not,  to  which  curve  we  must  give  the  preference.  We  want 
a  definition  of  linear  content  from  the  point  of  view  of  the  plane  itself, 
and  to  develop  the  theory  of  linear  content  in  the  plane  independently. 

There  is  another  way  in  which  we  may  approach  the  matter. 

It  is  clear  that  the  mere  fact  that  the  plane  content  of  a  certain  closed 
set  G  is  zero  is  not  of  itself  sufficient  to  justify  our  putting  all  such  sets 
in  one  class  without  further  suh-divisions.  In  fact,  denoting  by  F{d)  the 
content  of  the  small  regions  corresponding  to  the  norm  d,  to  say  that  the 
plane  content  of  G  is  zero  is  merely  to  assert  that  F{d)  has  the  limit  zero 
when  d  is  indefinitely  decreased.  The  question  arises  :  What  is  the  order 
of  smallness  ot  F{d)?  In  actual  calculations  this  might  be  of  importance, 
and  in  theory  it  cannot  be  overlooked.  It  may  be  that  F{di  is  of  the 
same  order  as  d,  or  of  some  higher  or  lower  order.  Examples  of  this  are 
familiar  on  the  straight  line,  where  a  set  of  zero  content  (linear  content) 
is  of  order  d^  in  general,  or  at  least  of  the  order  cT^',  where  x  is  positive, 
while  a  set  of  positive  content  Qinear  content)  is  of  order  d. 

We  want  a  classification  of  sets  in  the  plane  whose  content  (plane  con- 
tent) is  zero,  and  it  is  clear  that  this  theory  must  be  based  on  the  mode  in 
which  F{d)  vanishes.  To  attempt  in  detail  the  discussion  of  all  possible 
modes  in  which  F(d)  can  vanish  is  by  no  means  desirable  as  a  basis  of 
classification  ;  but  the  analogy  with  ordinary  geometry  will  lead  U8»  in  the 
first  instance  at  any  rate,  to  confine  ourselves  in  the  straight  line  to  one 
kind  of  content,  in  the  plane  to  two  kinds  of  content,  in  space  to  three 
kinds  of  content,  and  so  on,  just  as  in  ordinary  geometry  of  three  dimen- 
sions we  have  length,  area,  and  volume. 

So  far  as  I  know,  however,  no  more  has  been  attempted  in  this  depart- 
ment than  the  formulation  of  definitions  which  would  occur  to  the  merest 
tyro.  The  theory  of  the  length  of  curves,  which  is  closely  connected  with 
that  of  linear  content,  has  indeed  been  the  subject  of  investigation  by 
more  or  less  varied  methods  from  old  times ;  but  even  this  theory  has  not 
been  attacked  from  a  broad  standpoint,  and  few  general  theorems  in  it 
have  been  discovered. 

The  theory  of  curves,  however,  is  not  a  mere  part  of  the  theory  of  sets 
of  zero  content.  One  of  the  most  important  contributions  to  this  theory 
with  which  I  am  acquainted  as  having  been  made  of  late  years  is  that  of 
Prof.  Osgood  in  what  may  be  called  the  reverse  direction  to  that  in  which 
I  am  at  present  proceeding.  It  relates  to  curves  of  infinite  length. 
Osgood  showed  that  the  points  of  a  Jordan  curve  without  double  points, 
although  nowhere  dense,  may,  so  to  speak,  have  an  area,  or,  more 
technically,  may  have  a  positive  plane  content.  Every  arc  of  a  curve 
which  is  not  of  infinite  length  has  necessarily  zero  plane  content ;  it  is 
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not  difficulty  however,  to  construct  curves  of  infinite  length,  or  which,  in 
the  ordinary  sense  of  the  word,  cannot  be  said  to  have  a  length  at  all,  and 
yet  of  zero  plane  content.* 

We  want  in  the  first  instance  a  definition  of  linear  content.  One  such 
definition  has  already  been  referred  to.f  It  presents  itself  naturally,  and 
we  may  assert  with  confidence  that  it  must  have  occurred  independently 
to  all  workers  in  the  subject ;  it  is  given  explicitly  in  §  2.  In  the  follow- 
ing articles  I  trace  out  some  of  the  consequences  of  this  definition,  and 
show  that  it  leads  to  surprising  and  even  paradoxical  results : — 

(1)  Even  the  linear  content  of  such  a  simple  set  as  a  countably  infinite 
set  of  concentric  circular  arcs,  with  no  other  limiting  point  except  the 
centre,  is  not  necessarily  the  sum  of  the  lengths  of  the  arcs,  but  may 
be  greater  than  this. 

(2)  The  linear  content  of  a  closed  countable  set  of  points  in  the  plane 
is  not  necessarily  zero.     It  may  even  be  infinite. 

The  question  naturally  arises :  Is  it  possible  to  give  a  different 
definition  of  linear  content,  one,  in  fact,  more  consistent  with  what  our 
knowledge  of  sets  on  the  straight  line  would  lead  us  to  expect  ?  In 
the  concluding  articles  in  this  paper  I  return  to  this  point.  I  have  not 
been  able  to  frame  such  a  definition,  and  careful  consideration  suggests 
that  such  a  definition  is  impossible.  Content,  whatever  its  dimensions, 
is  a  property  of  a  set  with  respect  to  the  fundamental  region  JS.  If 
the  set  lies  in  a  fundamental  region  B'  of  lower  dimensions  m,  there 
is  every  reason  to  suppose  that  the  m-dimensional  content  of  the  set 
with  respect  to  B  will  depend  not  only  on  the  ^/^-dimensional  content 
with  respect  to  B',  but  also  on  the  lie  of  B\  In  particular,  the  linear 
content  of  a  plane  closed  set  of  points  lying  on  a  curve  whose  arcs  can  be 
measured  may  or  may  not  be  the  same  as  the  linear  content  of  the  set 
with  respect  to  the  curve,  according  to  the  form  of  the  curve. 

I  may  add,  finally,  that  the  particular  example  I  have  constructed  of  a 
closed  countable  set  with  a  finite  linear  content  has  a  simple  closed 
expression  for  its  content,  viz.,  2Trlog(v'2H-l).  This,  I  think,  is  worth 
noting  in  view  of  the  fact  that,  even  for  sets  on  the  straight  line,  closed 
expressions  for  the  content  are  not  easily  found,  and  have,  as  far  as  I  know, 
never  been  given. 

*  Ongood,  IVant.  of  th$  Anm:  Math,  Soe,,  Vol.  iv.,  p.  1,  1903;  Qraoe  Chisholm  Young, 
QimtUrly  Journal  of  Math,  ^  No.  146,  1906. 

t  Gp.  Lebeegue,  Lemons  iur  VIntdffratum,  1904,  p.  37,  footnote.  In  this  note  there  ia  a  hint 
of  the  possibility  of  such  a  definition,  and  a  referenoe  to  MinkowBki*s  use  of  a  similar  idea  in  space 
of  three  dimensions  to  define  the  leng^  of  a  ourve  or  the  area  of  a  surface. 
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2.  The  definition  of  the  linear  content  of  a  plane  set  of  points  is  as 
follows : — 

Let  small  regions  he  described  rotmd  the  points  of  a  closed  set  G,  tuin 
tJie  process  of  finding  the  plane  content,  and  let  them  be  chosen  to  be 
circles  of  diameter  d  with  the  points  of  the  set  as  centres^  an4  let  F{d)  be 
their  content  Let  fid)  =  F  {d)ld  ;  then,  if  f{d)  has  a  definite  limit  I 
wlien  d  is  indefinitely  decreased,  I  is  called  the  linear  content  of  G. 

It  is  easy  to  prove  that  in  the  case  when  6  is  a  closed  set  of  points 
lying  on  a  straight  line  the  linear  content  so  defined  is  the  same  as  the 
ordinary  or  linear  content  of  the  set  with  respect  to  the  straight  line.  It 
is  easy  to  show  also  that  when  6  is  a  closed  portion  of  a  polygon,  or  a 
closed  arc  of  a  circle,  ellipse,  or  other  ordinary  curve,  the  linear  content 
defined  as  above  is  the  length  of  the  arc. 

8.  The  linear  content  of  a  set  of  intervals  on  a  straight  line  is  the  snm 
of  their  contents  (lengths),  and  the  same  is  true  of  circular  arcs  on  ^ 
single  circle  or  on  a  finite  number  of  circles.     It  might  be  supposed  that- 
this  property  would  bold  for  any  countable  set  of  measurable  arcs,  in 
particular  for  a  countable  set  of  circular  arcs. 

The  following  example,  simple  as  it  is  in  geometrical  character,  showi 
that  this  is  not  the  case,  and  that  even  circular  arcs  may  be  so  arrange 
in  the  plane  that  their  linear  content  differs  from  the  sum  of  their  lengtbs^sr  ^9 
(that  is,  the  sum  of  their  linear  contentKl. 

It  is  clear  that,  for  this  to  be  the  case,  the  number  of  arcs  must 
infinite.  This  necessitates  the  presence  of  at  least  one  limiting  point, 
simpler  case  of  an  infinite  set  of  arcs  is  inconceivable  than  such  a  set 
is  given  below  in  which  the  arcs  are  countable  and  have  only  one  limitinj^  ^^i 
point.  Yet  even  in  this  simple  case  it  is  shown  that  the  linear  content  oK^=3)f 
the  arcs  is  more  than  the  sum  of  their  lengths,  and  depends  therefore  noft'^^^ot 
only  on  this  latter  sum,  but  also  on  the  lie  of  the  arcs. 

4.  Ex.  1. — Take  a  set  of  concentric  circles  of  radii 

having  0  as  centre.     On  the  circle  of  radius  1/A  place  4  (ft+1)  points  a^-^^* 
equal  distances  all  round  the  circle  (Fig.  1). 

The  arc  between  two  consecutive  points  of  the  set  on  the  Af-th  circle  — ^ 
is  of  length  i         o 

1  Air 

4(^  +  1)   T' 
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We  can  therefore  make  each  point  the  middle  point  of  an  arc  of  length  xtt 

where  i 

4(fc+l)«»  =  -^,  (1) 


I 

/ 


Fia.  1. 


without  these  arcs  abatting  or  overlapping  at  all,  since 

2;w  1 

In  this  way  we  get  for  all  positive  integral  values  of  &  a  countable  set  of 
circular  arcs,  the  sum  of  whose  lengths  is 

These  arcs  therefore  may  be  said  to  have  length  ^.  The  only  limiting 
point  is  the  centre  0 ;  so  that  the  arcs  together  with  0  form  a  closed  set 
of  points  in  the  plane.  I  shall  now  show  that  the  linear  content  of  this 
set  is,  owing  to  the  lie  of  the  arcs,  certainly  greater  than  the  sum  of  the 
lengths  of  the  arcs. 

Let  ffk  denote  the  length  of  one  of  the  free  arcs  on  the  circle  of 
radius  k.     Then 

1         f27r         1     \  _   w         1  1 

^*      4(ft+l)  t  *       2^M  ■"  2    kik+1)      2*-^*(ft+l)' 

Therefore,  when  k  is  sufficiently  large,  yk  is  gi'eater  than       ,         ,  which 

k  (AP"rl) 

is  the  distance  between  the  k-th  and  the  (X:+l)-th  circles.    It  follows 

that,  if  we  describe  small  circles  of  diameter  d  with  the  points  of  the 

chosen  aros  iCk  as  centres,  these  wiU  form  bean-shaped  regions  with  semi- 

eiienlar  ends,  containing  each  one  of  the  arcs  Xk,  for  the  smaller  values 

m.  2.    ynuu  3.    so.  911.  2  H 


466 


Dr-  W.  H.  Young 


[Nov.  9. 


of  k  (Fig.  2).    When,  hov^ever,  k  reaches  the  valae  l,  defined  as  a  positive 
integer  by  the  following  inequality — 

1    ...   1  (« 


Hl+l) 


<d< 


i(i-iy 


the  bean>Bhaped  regions  will  begin  to  overlap. 
The  area  of  such  a  bean-shaped  region  is 


»'-i(i+l)-(i-4n+ 

Thus,  by  (1),  the  sum  of  the  areas  of  these 
bean-shaped  regions  on  the  k-th  circle 
(0  <  *  <  i)  is 

4(k+l)dxM+{k+l)ird!'  =  ^,+{k+l)7rcP. 

The  sum  of  the  areas  of  all  these  bean-shaped  regions  outside  the  ^th 
circle  is  therefore 


Fio.  2. 


d{^+^+...  +  ^]-\-'^cP{2+8+...+D 


=  d{\-^]+f^(l-mi+2). 


This  last  quantity  is  therefore  less  than  the  content  F  (d)  of  all  the  small 
circles  of  diameter  d. 

Dividing  by  d,  we  get  therefore 


Now,  by  (1), 


Therefore 


Lt  H  =  1. 


um^^+^. 


That  is,  the  linear  content  of  the  set  of  arcs,  or  of  the  closed  set  consisting 
of  the  arcs  with  their  single  limiting  point,  is  greater  than  the  sum  of  the 
lengths  Ginear  contents)  of  the  arcs,  the  linear  content  being  not  less 
than  i+i'Tf  while  the  sum  of  the  lengths  is  only  i. 

5.  One  of  the  most  characteristic  properties  of  the  content  on  a 
straight  line,  or  of  the  plane  content  in  the  plane,  or  the  n-dimensional 
content  in  space  of  n  dimensions,  is  that  the  content  of  a  countable  dosed 
set  is  zero.     On  this  theorem  are  based  some  of  the  most  hnpoctaiit 
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theoremB  about  the  oonient,  e.g,^  the  theorem  that  the  content  of  a  elosed 
set  is  the  same  as  that  of  any  one  of  its  derived  and  deduoed  sets.  I  am 
about  to  show  that  this  property  of  the  content  is  not  true  of  the  linear 
content  in  space  of  dimensions  higher  than  one,  although  the  linear 
content  of  a  plane  countable  closed  set  may  in  special  cases  be  zero.  The 
following  are,  in  fact,  examples  of  such  sets  having  positive  linear  content. 


6.  Ex.  2. — A  Plane  Countable  Closed  Set  of  Positive  Linear  Content, 
— ^Describe  round  the  origin  0  as  centre  a  countably  infinite  series  of 
concentric  circles  of  radii  1,  i,  (,  ...,  and  place  k'  points  at  equal  distances 


Fia.  8. 


round  the  circumference  of  the  k-th  circle,  for  all  positive  integral  values 
of  k,  where  Jc'  is  defined  as  an  integer  by  the  inequality 


27r  (A+1)  <  A:'  <  27r  (*+!)+ 1, 


(1) 


and  let  the  points  be  so  placed  that  on  a  fixed  straight  line  OX  through  0 
there  is  one  point  of  the  set  on  each  of  the  circles  (Fig.  8). 

These  points  together  with  the 
origin  form  a  countable  closed  set 
tchose  linear  content  is  about  5^. 
Now,  since  (Pig.  4)  Pia.  4. 


k{k+\)  ^k{k+\  ' 

2h2 


(2) 
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the  distance  between  consecutive  points  of  the  set  on  the  it-th  drde 
(represented  by  the  first  of  these  expressions)  is  less  than  the  distance 
from  the  &-th  to  the  (ft+l)-th  circle  (represented  by  the  last  of  these 
expressions). 

If  therefore  we  describe,  round  the  points  of  the  set  as  centres,  eirdee 
of  diameter  d,  these  will,  for  the  earlier  values  of  ft.  be  quite  separate,  but 
will  begin  to  overlap,  in  such  a  way  as  to  form  rings  covering  over  the 
circumferences  of  the  successive  circles,  as  soon  as  h  reaches  the  value  2, 
defined  by  the  following  inequality : — 

2ysiny  <d<2-|-sin-p     (ft<0.  (D 

■ 

Let  OX  be  the  fixed  radius,  C  the  point  in  which  it  meets  the  Ar-tk 
circle  (k'^l),  C*  the  point  in  which  it  meets  the  (ft+l)-th  circle,  and  C^ 
the  point  on  the  &-th  circle  consecutive  to  C  when  we  move  clockwise  oik. 


{ 
J 
I 

i 


Fio.  6. 

the  circle.     Fig.  5  shows  the  part  of  the  plane  between  the  ft-th  an<E:>'^^^ 
(iH-l)-th  circles  cui  out  by  the  radii  OX  and  OCi. 

The  point  in  this  part  in  which  the  circles  of  radius  d  and  centres 
and  Ci  meet  is  T,  and  OT  meets  the  circle  of  centre  C  in  2*,  and  th( 
chord  CCi  and  the  parallel  chord  CCf\mB  and  B'  respectively. 

The  circles  of  radius  d  and  centres  C  and  C  meet,  if,  and  only  if,  d  ie^  -^  ^^ 
greater  than  CC\  that  is,  if 

^>  h{h+iy 

Also,  since  CC  is  the  minimum  distance  between  a  point  of  the  set  on  thi 
ft-th  circle  and  one  on  the  (ft+l>-th  circle,  no  one  of  the  circles  whos' 


y 
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centres  are  on  the  k-th  circle  can  overlap  with  one  of  the  circles  whose  centres 
are  on  the  (k+D-th  circle  unless  those  with  centres  Cand  C  do  so.  Thus 
the  rings  corresponding  to  values  of  k  lying  between  I  and  (m— 1)»  l)oth 
inclusive,  will  not  overlap,  where  the  integer  m  is  defined  by  the  following 

inequality : —  ^  - 

= <  d  < = .  (4) 

m(in+l)  m(m— 1) 

The  circles  whose  centres  are  on  the  &-th  circle  {k'^l)  entirely  cover  over 

a  simple  circular  ring  bounded  by  two  circles  of  centre  0  and  passing 

through    the    points  of  intersection  of  consecutive  small  circles  whose 

centres  are  on  the  &-th   circle;   one  of  these  points  is  T  in    Fig.  5. 

Denoting  the  length  of  the  common  chord  of  the  small  circles  of  centres 

C  and  C  in  Fig.  6  by  <*, 

BT  =  itu, 

and  tjc  is  the  width  of  the  simple  circular  ring  in  question. 

On  the  (&+l)-th  circle  there  are  at  least  k'  points  of  the  set,  and 
therefore  the  distance  apart  of  consecutive  points  of  the  set  on  the 
(k+l)'th  circle  is  less  than  it  was  on  the  ft-th  circle.    Therefore 


:+l 


h. 


It  follows  that  the  simple  circular  rings  round  the  ft-th  and  (ft+D-th 
circles  will  certainly  overlap,  provided  k  is  not  less  than  n,  where  the 
integer  n  is  defined  by  the  following  inequality : — 

1  1 

Thus  the  whole  area  of  the  n-th  circle  (at  least)  is  tiled  over  by  the  small 
circles. 

Now  BT^+B(?  =  CT», 

that  is,  J^*  +  (y  sin  -^ j   =  J<?, 

(t)'+(s"°-f)'='-  '« 

Nov,  as  d  approaches  the  value  zero,  I,  m,  n,  P,  m',  n'  all  approach  infiaity. 
Moreover,  since,  by  (1), 

2T(k+l)  ^,   ^2ir{k+l)  .    1 
k'       ^     ^        k'       "^  k" 


Tbi 
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for  all  valoM  of  ifc,  we  have,  for  I  and  r» 

the  same  equation  holding  for  m  and  m',  and  for  n  and  n\ 

Again,  sinee, by  (8),  73  ^  T7  i"  greater  than  1  when  k  is  I,  and  leas       I  ^^ 
than  1  when  k  is  (I—  1),  we  have  1  ^^ 

«"'-       >i{f"^f)?^)(rri)i^='- 

whence,  using  (4),  hi  Pd^=  1=^  Lt  m^d.  ity 

4-0  4-0 

Similarly,  using  (6), 

T^    2     .    X        Tj^fn'     .     x\/2x(n+l)\/   »    \  1         Ti.  1         t^^ 
Lt  — =8m— r  =  Lt.i —  sm  -t-JI —   ,'    M  (— rrJ-ri  =  Lt-i5  =  Lt-2.  -- 

hence,  by  (6),  each  of  these  limits  has  the  value  1/^2 ;  so  that 

Lt  n^d  =  V2.  (8)      ^ 

4-0 

The  content  of  the  small  circles  is  best  calculated  in  three  parts.: 

F(di^L+M+N,  (9>     ^•^ 

where  L  is  the  content  of  all  those  small  circles  whose  centres  lie  outside 
the  {-th  circle,  M  of  those  of  the  remaining  circles  whose  centres  lie  out- 
side the  m-th  circle,  and  N  is  the  content  of  ihe  rest  of  the  circles.     Thus 


therefore,  by  (1), 


k-l  4 


2f  2x   2    (ft+l)<L<^2x   2    (*+2), 
tliat  ib,  2^  (/-l)tf+2)  <  L  <  2^  (/-.i)(/+4), 

whi^nce,  by  (7),  Lt^ ^  =  ^*  ^  =  T '  ^^®^ 

'fhti  ring  formed  by  the  small  circles  round  the  i-th  circle,  when  i  ^  /,  is 
Im<4  tri  area  than  the  ring  between  the  two  eiroles  with  centre  O  toaehing 
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the  ring  all  round,  that  is,  it  is  less  thfui 

'(i+i)'+'a-ir<-i- 

Thus/  using  (7),  Lt  ^  <  Lt  ir*T'  4"  =  <>.  (ID 

To  calculate  N^  we  will  first  calculate  the  content  of  the  parts  of  the  plane 
which  are  covered  by  the  small  circles  between  the  circumferences  of  the 
ifc-th  and  (ft+l)-th  circles,  where  m^k<n. 

By  (1)  the  number  of  points  of  the  set  on  the  (^+l)-th  circle  is  less 
than  &'+8.  Thus,  if  we  replace  the  points  of  the  set  on  the  (ft'+l)-tb 
circle  by  k'  points  at  equal  distances,  beginning  on  the  fixed  radius  OX, 
we  shall  alter  the  area  covered  between  the  ft-th  and  the  (&+l)-th  circles 
by  at  most  8(iir<f)  or  2<Px.f 

Thus,  if  we  calculate  the  content  between  the  ft-th  and  (ft+l)-th 
circles  on  the  supposition  that  there  are  only  k'  points  of  the  set  on  the 
(ifc+l)-th  circle,  and  then  sum  from  X;  =  m  to  ft  =  n— 1,  we  shall  in- 
troduce an  error  in  ^  of  at  most  2ir(n— m)c2',  and  therefore  an  error 
in  the  linear  content  of  at  most  Lt  2x(n— fii)c{  =  0.    Thus  it  is  allowable 

to  calculate  N  in  this  manner.  We  have  then  k'  small  uncovered  areas 
between  the  ft-th  and  (&+l)-th  circles,  all  equal,  and  each  bounded  by 
four   circular   arcs,  as  in  Fig.  5,  where   one  of   these   areas,    TMTW^ 

*  H^re  ife  iMe  a  pwtioiiUr  MM  of  the  geMtml  theorem 

Lt      a    ±.Ltlog^. 

To  prove  this  we  have  1     -r-  —  a  -. , 

km  K  l^X 

where  A  ->  y ,  and  «  hae  the  Talnee  0,  -y,  ~>,   ...,  **"^"^  ;  thiu,  if  /,  m  are  made  inihiite  in 

the  ratio  1 :  ^,  we  get  an  the  limit  of  the  rammation 

1-1   4x 


. 


•     1-^* 


-log/. 


t  Let  Mk  denote  the  content  of  the  cirolee  whoee  \^ntrei  lie  on  the  4r-th  drole,  and  itj^  the 

content  of  (A^*^)  circles  of  diameter  d  placed  evenly  roimd  the  oircumlerenoe  of  the  Ar-th  cirde. 
Then  ^jn  jt  *k         » 

4  4  kd        Jf 

K''  (*'-^)  — -2  (*'-«)  ^(•'-8inrcoeeO»       coe  •' -  :^  sin  ~^!^  >ooe». 
4  4  kd        »  —  ^ 

Therafove  9f  <  $ 

•ad  ^  >  (V-q)^ -Wj(»-na»ix»»), 
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is  shaded.     Now 

i  area  TMTM' 

=  quadrilateraLBCC'fi'— trianglesBCr,B'C'r',  CC'Jlf — sectorsrCJIf,^^ 

"  Mf  "  (ft+l?l  "^"F  ^^^  ¥  "^  r"^  ^*  ^*  Ok+sm  0*+i  cos  ft 

+2  sin  V^^  cos  V^,.+^  -  ^ -0»-V^fc+ -|1  + -^ -ft+i- V^l^^ 
where  ft  is  jBCT  and  Vrj^  is  ilf  CC' ;   so  that 


^*+i 


air 
sin  -TT 


'^^*  =  —kd-'      *»«^*  =  ]fc(JfcTi)5- 

Thas,  neglecting  small  quantities  which  vanish  in  the  limit, 

— Jc?{x— ft— ft+i— 2^+sinftcosft+sinft+iC08ft+i+2sm^tCOS^}  [^ 

Now,  writing  cos  ^  =  l/^d,  we  see  that  ft,  ^t,  and  ^  all  have  the  aam 
limit.  Thus,  writing  tt  for  &'  sin  x/&'  cos  ^/X;',  27ft  for  k',  and  ^^  for  ft 
ft^.1,  and  ^jb,  we  introduce  no  error  in  the  limit, 

+27rdA:  l^t— sin^jkcos^*}  jj 

=  Lt  (^ -f-^  -  4?  -  ^  (»•-«•) 


ften-l 


+x  ^2^  2&£2(0iL--8in^oo8^t}  ij 


ft-m-l 


=  U  (^  +  ~"  (n*— mV-x  Js^  2ft£i(^— sin^cos^i)). 

Now  sec  ^+1— sec  ^  =  2*d+c?  =  A(sec  ^4) ; 

thus,  neglecting  under  the  sign  of  summation  small  quantities  whose  sum 
vanishes  in  the  limit,  we  may  write   A  (sec  ^i)  for  ikd^  and  sum  with 
respect  to  <p  from  +0  to  ^tt— 0 :    in  the  limit  the  summation  becomes 
the  integrals 
Now 

j  (0— sin  <f>  cos  0)  d  sec  0  =  (0— sin  tp  cos  <p)  sec  0— J  sec  ^  (1— cos  2^)  d^ 

=  (0— 8in0cos0)sec0— 2J(1— cos*0)8ec0d^. 
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UB  J*"  V-Mn^co8^)d  see^  =  {j-j)  V2-2  log  Va+l)+2-^ 

Ji\j='^+jW^--i)-'j's/2-'^+iirlogWi+l) 
=  -^+2xlog(v'2+l). 

Now,  by  (10),  Lt  §  =  ^. 

TThufl  I  =  2ir  log  (V2+1)  =  6-688  approximately. 

7.  Ex.  8. — il  Plane  Closed  Countable  Set  of  Infinite  Linear  Content. 
— ^Take  a  set  of  concentric  circles  of  radii  1,  i,  ^,  ...,  l/k,  ....  On  each 
circle,  of  radias  say  l/k,  place  2*  points  at  equal  distances,  beginning  on 
a  fixed  radias,  the  same  for  all  valnes  of  k.  The  points  so  constructed, 
together  with  the  centre  of  the  circles^  form  a  closed  countable  set  of 
infinite  linear  content. 

To  prove  this,  consider  that,  since,  for  all  valaes  of  k  greater  than  6, 

2    .    X  ^       1 

k^'^'^^W+ry 

the  distance  between  consecutive  points  of  the  set  on  the  &-th  circle 
(represented  by  the  former  of  these  expressions)  is  less  than  the  least 
distance  between  points  of  the  set  on  the  &-th  and  on  the  (ft+l)-th 
circles  (represented  by  the  latter  of  the  two  expressions).  Thus,  if  d  be 
sufficiently  small,  small  circles  of  diameter  {2,  with  the  points  of  the  set  as 
centres,  will  be  distinct  from  one  another  for  small  valaes  of  ft,  and  will 
first  begin  to  overlap  when  k  =  l,  where  the  integer  I  is  defined  by  the 
following  inequality: — 

From  the  Z-th  to  the  n-th  circle,  where  n  is  defined  by  the  inequality 


n(n+l)  n(n-l)' 

the  small  circles  form  rings  round  the  circumference  of  each  of  the  circles 
of  radii  1/ft,  but  the  rings  are  distinct  from  one  another ;  as  soon  as  we 
get  to  the  n-th  circle,  however,  the  rings  begin  to  overlap.     It  is  only 
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neoessary  to  ooasider  the  content  N  of  these  rings  in  order  to  prove  the 
content  to  be  infinite. 

The  area  of  the  ring  round  the  A:-th  circle  is  greater  than  that  of  the 
ring  boonded  by  the  two  concentric  circles  through  the  points  of  inter- 
section of  the  small  circles ;  that  is,  it  is  greater  than 


(8) 


(4) 


where  J4  =  Jd»-  (j  sin  ^  . 

Let  m  be  the  integer  defined  by  the  following  inequality : — 

^Bini<id<^sin^,;  (5) 

Then,  since  —  sin  -^  <  W  <  id, 

m  is  not  less  than  l.    Also,  since 

i»i(m+l)        lm-1  ^^l    X     m(m+l)' 
which,  if  m  is  sufficiently  large,  is  greater  than 


Bin  5;;^, 


m-1  2*-^       w-1       2 

it  follows  that  — ; — r-^  >  d ; 

wt(ifi+l) 

so  that  m  is  less  than  n. 

By  (4)  and  (6),  for  all  values  of  k  greater  than  m,  ^  is  grsfttor 
than  fc? ;  and  therefore  tu  is  greater  than  ^  Thus,  after  A;  =  m— 1,  the 
area  of  each  of  the  rings  is,  by  (3),  greater  than  Tr/kd.     Thus 

Lt  ^  >  Lt  4-  2  2xfc4-  >  Lt  X  2  4-  >  Lt  x  log^^ — i 

d«0    (*  4-0    a       I  ^  dmO         w      ^  (f»0  ^ 

>  4Lt  xlog.        ^.y» 

Now,  by  (2)  and  (5), 


n(n+l)  ^         1         ^  1  ^  1^2* 


-$ 


(w- 1)  4  sin  ^3^      (m- 1)  ^^^^ 

which  can  be  made  as  large  as  we  please  by  sufficiently  decreasing  d. 

Thus  ,, 

Lt  -T-  =  00  ; 
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a  fortiori  the  linear  eontent  of  the  whole  closed  countable  mi  of  points  is 
infinite. 

8.  It  is  not  clear  from  the  definition  of  linear  content  given  in  §  2  that 
the  linear  content  in  the  case  of  a  closed  set  always  exists.  In  other 
words,  it  is  conceivable  that  f(di  may  oscillate  between  certain  positive 
limits  of  variation.  In  the  case  of  the  plane  content  in  the  plane  or  the 
linear  content  on  the  straight  line  this  difficulty  did  not  exist,  since  F{di 
is  dearly  a  monotone  function  of  d  which  is  continuous.  In  the  examples 
given  in  §§  6  and  7  the  linear  content  was  definite,  but  it  cannot  be 
assumed  without  proof  that  this  is  always  the  case.  It  is,  however, 
important  to  devise  a  definition  by  which  the  content  of  a  closed  set  is 
always  definite,  since  this  would  enable  us  to  extend  the  theory  of  linear 
content  to  open  sets,  precisely  as  was  done  in  the  case  of  the  ordinary 
content.  If  it  could  be  shown  that  the  linear  content  as  defined  in  §  2  is 
not  always  definite  for  a  closed  set,  it  might  be  convenient  to  take  the 
lower  and  upper  limits  of  variation  of  the  limit  as  measures  of  the  content. 

There  is  another  point  which  cannot  be  passed  over.  In  the  case  of 
the  ordinary  content  (whether  linear  content  on  the  straight  line,  plane 
content  in  the  plane,  or  n-dimensional  content  in  space  of  n  dimensions) 
it  can  be  shown  that,  if  regions  of  span*  less  than  d  be  described  in  any 
manner  so  as  to  enclose  all  the  points  of  the  closed  set,  and  the  content  of 
these  regions  be  ^(^,  then  ^((2)  approaches  a  definite  limit  as  d  is  in- 
definitely decreased,  independent  of  the  form  of  the  regions.  Thus  the 
choice  of  circles  with  the  points  of  the  set  as  centres  and  of  equal 
diameters  d  is  merely  apparently  arbitrary,  and  the  ordinary  content  as 
originally  defined  by  Cantor  by  means  of  circles  (or  spheres)  can  be  found 
by  the  rule  given  at  the  commencement  of  this  paper. 

In  the  case  of  the  linear  content,  however,  it  may  be  shown  that,  if 
#  (dijd  have  a  definite  Umit  as  d  is  indefinitely  decreased,  this  limit  may 
be  quite  different  from  the  linear  content  as  defined  in  *§  2.  It  is  easy  to 
see  that  the  Umit  may  be  zero,  even  when  the  linear  content  is  positive 
(for  instance,  when  the  set  lies  ou  a  straight  line,  we  only  have  to  take 
the  span  of  the  regions  in  the  direction  perpendicular  to  the  straight  line 
to  decrease  without  limit  compared  to  d)y  but  the  limit  may  also  be 
greater  than  the  linear  content  as  defined  in  §  2. 

If  the  set  lie  on  a  straight  line,  it  is  easy  to  show  that  the  regions  may 
be  so  constructed  that,  if  I  be  the  linear  content  as  defined  in  §  2,  we  get 
for  ^({2)  the  limit  2C2J,  but  they  cannot  be  constructed  so  as  to  get  a  greater 


\  Sm  footnote,  p.  461. 
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limit.   Supposing  for  simplicity  the  set  to  be  a  closed  segment  AB^  we  onlj^K.  ily 
have  to  divide  AB  into  two  sets  Gi  and  G^,  both  dense  everywhere  in 
and  describe  circles  round  the  points  of  6^  with  their  centres  on  one  of  thi 
parallels  to  ilB  at  a  distance  \d—e^  where  ^  is  as  small  as  we  please  com 
pared  to  d^  and  circles  round  the  points  of  G^  with  their  centres  on  th». 
other  parallel.       Such  sets  of  circles  have  a  content  differing  by  as  littl# 
as  we  please  from  2(2/. 

On  the  other  hand,  whatever  set  G  we  have  in  the  planer  of  linear 
content  J,  the  content  of  a  set  of   small  regions   of  span  d  enelosinm: 
the  points  of  the  set  cannot  exceed  2d(I+d'),  where  d'  vanishes  loith 
For  each  such  region  lies  within  a  circle  of  radius  d  with  its  centre  at  an^j 
point  internal  to  it.     Therefore  the  content  of  the  small  regions  is  n< 
greater  than  that  of  a  set  of  circles  of  diameter  2d  with  their  centres 
the  points  of  the  set.     By  the  definition  of  the  linear  content,  the  conten 
of  these  circles  is  2d{I+d')f  where  d'  vanishes  with  d;  which  proves  th»* 
statement  made  above. 

It  is  notf  howevevy  always  possible   so  to  choose  the  regions  as 
rea4^h  nea^r  the  limit  2dl.     Ex.  2  is  a  case  in  point;    whatever  forci^ 
of  region   we  take,   we  cannot    get  a  content  much,   if  at  all,  greater 
than  dl.     To  prove  this,  consider  that  the  regions  of  span  cZ,  howevor 
constructed,  cannot  possibly  cover  over  the  whole  circumference  of  the  ^tfa 
circle,  where  /  has  the  same  meaning  as  in  §  6,  so  that 

Ltfid—1. 

Thus  we  get  an  upper  limit  for  the  content  of  the  small  regions  if  ¥^e 
suppose  the  whole  area  of  a  circle  of  radius  (1/l+di  to  be  tiled  over,  and 
the  remaining  small  regions  to  be  non-overlapping.  Since  the  area  of  a 
region  of  span  d  is  at  most  iircP,  we  get  as  upper  limit 

7r(-j+d)V  2U^^*'<^(-y+^)Vj^c?  2'  {2^(ft+l)  +  lf 

<d{ir+i7^+d'] 

<  d  18-14164-2-467418+i'} 
<d  {6-609013+d'} 
<d{/+0-071018+d"}, 

d'  and  d*'  being  small  quantities  which  vanish  with  d. 

9.  These  considerations  suggest  that  the  following  definition  of  linear 
content  might  be  used  instead  of  that  given  in  §  2. 
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Let  smaU  regions  of  span  d  be  described  in  any  manner  round  the 
jxnnts  of  the  given  closed  set.     Let  their  content  be  ^(d),  and  let  ^{d)l2d 
be  denoted  by  <l>{di.     As  dis  indefinitely  decreased,  let  J  be  the  upper  limit 
of  the  variation  of  hi  d>{di ;  J  is  called  the  linear  content  of  G. 

It  is  dear,  from  what  has  been  pointed  out,  that,  if  G  lie  on  a  straight 
line,  or  circle,  or  ordinary  algebraic  curve,  /  will  coincide  with  I.  Ex.  2 
shows,  however,  that  J  does  not  always  coincide  with  /,  since  by  the 
calculation  of  §  6  we  can  get  the  limit  of  $((2)/ 2(2  =  ^/,  the  regions  being 
chosen  to  be  the  circles  of  §  6,  but  we  cannot  get  a  limit  greater  than 
^1+0*036607,  by  the  preceding  article,  so  that  J  cannot  differ  much,  if 
at  all,  from  ^7. 

By  this  definition  the  linear  content  J  of  a  closed  set  is  always  definite, 
and  the  content  of  a  set  of  regions  of  span  d  round  the  points  of  the  set  is 
less  than  2c2(e7'+(2').  where  d'  vanishes  with  d,  but  can,  by  proper  choice 
of  regions^  be  made  as  near  as  we  please  to  2dJ. 

10.  Neither  of  the  definitions  of  linear  content  given  in  §§  2  and  9 
affects  the  anomalous  results  alluded  to  in  the  introduction.  The  investi- 
gations of  §§  6  and  7  show  that,  whether  I  or  J  be  taken  as  the  linear 
content,  a  countable  closed  plane  set  may  have  positive  or  even  infinite 
content)  and  §  4  shows  that  J  for  the  set  of  arcs  of  Ex.  1  cannot  be  less 
than  i  (i+i'ar),  and  is  therefore  greater  than  i,  which  is  the  sum  of  the 
lengths  of  the  arcs. 
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